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Foreword to the Third Russian 
Edition 


Mechanics by late Professor S. P. Strelkov is the first part of the general course 
in physics meant for students of Physical and Mathematical Departments of 
universities and pedagogical colleges, 

The book is based on the material of the seminars and lectures given by the 
author for many years at the Physical Department and at the Professional 
Courses for college teachers of the Lomonosov State University of Moscow. 

The first Russian edition of the book appeared in 1956. In the second edition 
(1965) the author perfected the course, extended the material of some sections 
related to the branches of engineering and science whose importance has in- 
creased in recent years (such as satellite and spacecraft flight, weightlessness, 
and motion with supersonic velocity) and introduced into the course the fun- 
damentals of special relativity theory. 

The author did not complete the third edition of the book but performed the 
necessary preparatory work. In accordance with the new extended school pro- 
grammes in mathematics and physics, the third edition includes a number of 
additional theoretical questions. For instance, the tensor character of the 
moment of inertia and the basic tensors dealt with in mechanics of isotropic 
elastic body are discussed, the chapter devoted to the special relativity theory 
is revised and extended. However, the visual physical interpretation of the 
basic physical phenomena and laws characteristic of the previous editions has 
been retained. 

In the preparation of the present edition of the course and its extension and 
further improvement much valuable work has been done by A. A. Kharlamov 
who collaborated with the author of the book for many years. 
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Introduction 


Physics is one of the fundamental natural sciences studying the laws of inanim- 
ate nature. 

The universe consists of material bodies which are in permanent interaction 
and motion. All the observable natural phenomena are governed by certain 
laws. The study and the explanation of the laws governing the connections 
between various processes and phenomena are the fundamental aim of every 
branch of science. The analysis of the interaction of material bodies and of the 
laws of electromagnetic phenomena is the aim of physics. 

It is rather difficult to give an exhaustive description of the phenomena stud- 
ied in physics and to outline definitely its boundaries; in this connection we 
limit ourselves to noting that new scientific discoveries and new fields of prac- 
tical applications of our knowledge permanently extend these boundaries. For 
instance, in recent years such new divisions as plasma physics, elementary 
particle physics, physics of semiconductors, biophysics, solid-state physics, 
etc. have been intensively developed. These new branches of science are par- 
tially dealt with in the general course of physics but the primary aim of the 
course is to give the necessary prerequisites for studying the new divisions of modern 
physics. The new divisions are basically treated in special courses and studied 
in laboratories after the study of the general course of physics. It is impossible 
to pass to the special courses without knowing the basic laws and phenomena 
studied in the general course of physics. 

The general course of physics is usually subdivided into (1) mechanics, (2) mo- 
lecular physics, (3) electricity and magnetism, (4) optics, and (5) atomic and 
nuclear physics. 

The motion of the substance has various forms: mechanical, electromagnetic, 
thermal, etc. The mechanical form of motion of the substance is the simplest 
one: it is connected with displacements of various bodies relative to each other 
and with changes of the shape of the bodies. The laws of mechanical motion 
are studied in mechanics which is the initial part of the general course of physics. 
The other parts of physics cannot be studied without mechanics since various 
displacements are observed almost in all physical phenomena. 

Mechanics is usually subdivided into three parts: kinematics, statics, and 
dynamics. In kinematics the motion of the bodies is considered irrelative to the 
factors causing the motion or changing its character. Statics deals with the 
laws of equilibrium of the bodies. Finally, dynamics studies the laws of motion 
and the causes producing the motion and changing it. On the other hand, if the 
laws of motion are known it is possible to derive the laws of equilibrium as 
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a special case of the. former. Therefore usually in physics the laws of statics 
are not considered separately and are studied in connection with the general 
laws of dynamics. 

Before proceeding to the study of mechanics as a part of the general course 
of physics we shall briefly discuss some questions concerning the subject and 
the methods of physics and also define some basic notions. 


Physical Phenomenon. By a physical phenomenon (or a physical process) is 
meant a sequence of changes of definite bodies developing with time according 
to certain laws. All the changes of this kind studied in physics are estimated 
qualitatively by means of measurements. 


Physical Experiment. The laws defining the connections between various 
changes of the bodies are studied by means of observation of phenomena taking 
place both in nature and in special laboratories with the aid of experiments 
providing the conditions in which these connections can be observed in the 
clearest and most distinct way. Laboratory and technical experiments together 
with the observation of natural phenomena are the basis of physics and provide 
the basic criterion for the correctness of our conclusions concerning natural pro- 
cesses or phenomena. This criterion lies in the coherence between the results 
of the scientific analysis and those of the experiment.| 


Physical Measurements and Physical, Quantities. Physics belongs to the 
class of exact sciences in which the quantitative analysis of the processes plays 
the most important role. In physics we deal with various physical quantities, 
such as force, velocity, length, potential difference, and the like. Physical 
quantities define properties of bodies or characterize processes in which the 
changes involved should be described quantitatively, that is by means of meas- 
urements comparing a given quantity with a definite quantity of the same kind 
chosen as a wnit. 

A precise and correct measurement of physical quantities in the course of 
observations and experiments is the basic part of every scientific analysis in 


physics. 


Physical Laws. All the phenomena and processes are in definite causal con- 
nections with each other. By means of observations and experiments a scientist 
discovers these connections and finds a definite causal interrelation between the 
changes of various quantities. 

The general laws governing various processes are established on the basis of 
the analysis of the results of observations and experiments. It is these general 
rules that are called physical laws and provide the basisfor the analysis of every 


concrete phenomenon. 


Abstraction and Simplification. When analysing complex processes in which 
it is difficult to find and elucidate the basic causal ccnnections and laws because 
of the presence of a number of additional connections and interrelations we 
first of all try to separate the basic phenomena and connections from the secon- 
dary ones. To decide what plays the most important role in a process in question 
and what is of secondary importance we rely on the results of check experiments. 
For instance, laboratory experiments show that the free fall of a steel ball in the 
air and the free fall in vacuum give the same results whence we conclude that 
the air friction affects the motion of the ball very slightly and therefore the free 
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iall of the ball in the air can be considered with a high accuracy as a uniformly 
zeccelerated motion under the action of gravity. The analysis of a phenomenon 
makes it possible to separate the basic factors and to drop the secondary ones;. 
this leads to the construction of a conditional scheme (model) of the phenomena 
sy means of scientific abstraction. By abstraction is meant a notion which de- 
scribes only some definite basic properties of things or some definite basic 
characteristics of a process. Examples of this kind are, for instance, the no- 
-ions of a material point, of a straight line, of a force applied at a point, of a 
nuid without viscosity etc. 

When an abstract model is applied, which describes a real process approxi- 
mately or represents only a certain characteristic of a phenomenon, one should 
always take into account the limitedness of every abstract scheme. 

For instance, in mechanics when studying motions of various bodies we use 
the notion of a material point (a particle) but it is insufficient to say simply that 
a given body can be regarded as a particle because it is necessary to indicate 
the type of motion for which the body in question can be treated as a material 
point. For example, the annual motion of the Earth round the Sun can be con- 
sidered as the motion of a particle while there are cases when the motion of 
a molecule cannot be treated as the motion of a material point. A material 
point is an abstract notion by means of which only some features of a given 
motion can be described; for instance, when considering the Earth as a material 
point we can describe correctly:the orbital motion of the Earth but at the same 
time this abstraction provides no means for studying the rotation of the Earth 
about its axis. 

If there is a discrepancy between the results of a theoretical investigation 
and those of an experiment it is necessary to subject to a thorough analysis the 
correctness and the admissibility of the simplifications lying in the foundation 
of the model we deal with. For instance, in many phenomena water can be 
treated as an imcompressible fluid because even under considerable variations 
of the pressure a given volume of water changes very slightly and therefore for 
small variations of the pressure the changes of the volume can be, neglected; at 
the same time, in the investigation of the phenomenon of the propagation of 
acoustic waves in the water the compressibility of the latter should be taken 
into account although the variations of the pressure in the acoustic waves are 
not very large. Thus, when investigating a phenomenon one should always know 
exactly which features of the phenomenon are taken into account in the concrete 
choice of the model and to what extent is it allowable to use this abstraction. 

In the choice of a model of a phenomenon it is necessary to estimate accurate- 
ly which quantities are large and which are small. For instance, when saying 
that a certain quantity is very small we must indicate clearly in comparison 
with what quantity the former quantity is considered small; for example, if 
we deal with a free fall of a ball in a room the force of friction exerted by the 
air is small compared with the force of gravity. 

It may turn out that in experiments and phenomena of one kind small varia- 
tions of some quantities play an essential role while even considerable variations 
of the same quantities in experiments and phenomena of another kind do not 
affect their course. Only a thorough and repeated checking with the aid of 
various experiments and calculations may convince us that our assumptions 
are correct. 


Experimental and Theoretical Investigations. Physics is an experimental 
science because the basic facts it deals with and the conclusions it comes to 
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are obtained as results of certain experiments. However, it would be impossible 
to subject to a detailed study the laws of physics without theoretical analysis 
whose fundamental means are mathematical methods. 

In physics, when investigating a complex phenomenon, some schematic 
model is constructed which describes the basic facts and the sought-for laws 
of the phenomenon. In the construction of such a model admitting of the appli- 
cation of mathematical methods the general theoretical assumptions and the 
known facts concerning analogous phenomena are taken into account. 

The inferences obtained on the basis of a theoretical investigation repre- 
sented by some qualitative relations are then checked by measurements with 
the aid of observations and laboratory experiments. The results of such a com- 
parison and checking confirm or disprove the adequacy of the model under con- 
sideration. Such a comparison can at least lead to a construction of a more per- 
fect model which in its turn should be subjected to a mathematical investiga- 
tion followed by an experimental check, etc. 

Such a successive mutual influence of theoretical and experimental analyses 
is a continuous process leading to a more thorough knowledge of the laws of the 
phenomena in question. The history of the discoveries in physics gives many 
convincing examples of extremely productive collaboration of theoreticians and 
ex perimentalists. 

In recent years investigation processes of this type have been considerably 
accelerated. It is characteristic of modern science that the methods of experi- 
mental studies are permanently perfected and that the effective means of applied 
mathematics provided by electronic computers are successfully used. 


Length and Time. In physical phenomena we encounter various physical 
quantities among which length and time are of special importance and are dealt 
with in almost all the cases. 

Length measures the extension of bodies and time is the measure of duration 
of processes and phenomena. The definition of these quantities is closely related 
to the philosophical notions of space and time. Materialism considers space and 
time to be the forms of the existence of substance without which there cannot 
be any substance and phenomena. 

Every material body has certain sizes which are determined by such quan- 
tities as lengths, areas, and volumes known from geometry. 

The fundamental quantity by means of which the spatial properties of the 
bodies are determined is the length of a line segment taken as unit length. 
In physics as unit length is taken the metre defined as the distance between two 
lines on a standard bar; area and volume are measured in square and cubic 
metres respectively. 

Physical bodies move relative to each other or, in other words, their motion 
is connected with changes of mutual disposition of bodies or of various parts 
of a body (deformation). 

Each motion involves at least two bodies and therefore to describe the motion 
we can choose one of the moving bodies and connect a frame (system) of reference 
with it. Any of the bodies can be chosen as such a body. 

A frame of reference connected with a chosen body can, for instance, be 
thought of as a system of rectangular coordinates. The positions of all the points 
in space are then uniquely determined relative to three (imaginary) hard mutu- 
ally perpendicular rectilinear bars rigidly connected with the body in question 
and passing through a known point called the origin. The lengths of the segments 
of the bars should be measured with the aid of a certain unit of length. Then 
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the position of every point is uniquely determined by three numbers called its 
coordinates which indicate the distances reckoned along the axes of the bars 
from the origin to the foots of the perpendiculars dropped from the given point 
to the axes of the bars. 

In the present course we primarily deal with motions for which it is known 

from experiments that the properties of space are independent of the choice 
of the frame of reference and of the direction of motion. In other words, when 
passing from one reference system to another, we should only take into account 
the geometrical properties of the frames of reference while the physical prop- 
erties of the bodies with which the frames of reference are connected can be 
neglected. However, as is known from more sophisticated investigations, such 
an approach to the notion of space is not always adequate: there are certain 
kinds of motion in some phenomena (their thorough analysis falls outside the 
limits of the present course) whose investigation is connected with the corres- 
ponding changes of some properties of space dependent on the properties of the 
material bodies involved (the theory of relativity). 
.esMechanical motions reduce to changes of the positions of the moving bodies 
in space with time. As was mentioned, time is the measure of the duration of 
processes. Therefore the time elapsed can be measured by means of the duration 
of a certain process (or phenomenon). 

A measurement of time can be performed with the aid of the processes whose 
course is periodically repeated {watches and clocks). The uniformity and the 
periodicity of a process is established on the basis of experiments in which 
the durations of various processes are compared. The time interval corresponding 
to the duration of a certain process of this kind is chosen as a unit of time. In 
physics as a unit time the second is taken which is 1/86,400th of the mean solar 
day, the latter being the duration of one full revolution of the Earth around its axis. 

Experiments show that in the investigation of motions of bodies with veloc- 
ities very small relative to the speed of light (3 x 410!° cm/s) it can be assumed 
that time is independent of the properties of the bodies and of their motion 
(Newtonian absolute time). Under this assumption we can regard the course 
of time for various processes and phenomena as being uniform and independent 
of the character of the phenomena and of the properties of the bodies taking 
part in the phenomena. However, some special investigations indicate that 
the duration of a physical process considered in different moving systems of 
reference depends in fact on the relative motion of these systems. Consequently, 
there exists no common time for different systems of reference when the bodies 
involved move with arbitrary velocities (Einstein’s relativity theory). But this 
difference is practically negligibly small for ordinary velocities of motion suf- 
ficiently small relative to the velocity of light. 

We conclude this introductory discussion with mentioning that the concept 
of absolute time, which is invariable for different frames of reference, is an 
abstraction whose admissibility is confirmed by experiments in which the 
velocities of motion of frames of reference relative to each other are much small- 
er than the speed of light. As a measure of the error appearing in the application 


2 
of this abstraction the quantity B = ro can serve, where v is the velocity of 


motion of the frame of reference and c is the velocity of light. The smaller the 
quantity B relative to unity, the more precise are the results of the application 


of the concept of absolute time whose course is invariable for moving reference 
systems. 
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Dimensions of Physical Quantities. Every physical quantity is determined 
on the basis of certain laws established in experiments. A numerical value of 
a quantity appears as the result of a measurement, that is of the comparison 
of the given quantity with a certain quantity of the same kind chosen as unit 
measure. Generally speaking, the choice of a unit measure can be made quite 
arbitrarily. It is quite possible to choose conditional unit measures (units) 
for all physical quantities independently of each other. However, there are 
some reasons why in physics we do not follow this way and choose arbitrarily 
only certain units for some basic quantities (basic units) while the units for 
all the other quantities (the derived units) are chosen to be dependent on the 
basic ones. It turns out that using the known physical laws we can find the 
dependence of derived units on the basic ones. This dependence becomes quite 
definite if we indicate in each case how the proportionality coefficients are 
chosen in the formulas expressing the corresponding physical laws. When deter- 
mining the derived units we try to choose these coefficients in the simplest way. 

In mechanics we choose as basic units the units of length and time, for in- 
stance, the metre and the second (1 m and 1 s). Besides, as a third additional 
basic unit the unit of mass is introduced, for instance, the kilogram or the 
gram (41 kg, 1 g). 

There exist different systems of units each of which is determined by the choice 
of the basic units. At present in physics is preferably used the International 
System of Units (SI). 

In this course we shall use the SI system and the system cgs. 

Since there exist extensive technical literature and engineering handbooks 
in which the technical system of units is used we will in some cases (for reference 
purposes) give the values of physical quantities in the technical system as well. 

All the derived physical units depend on the choice of the basic units. The 
formulas expressing the derived units in terms of the basic ones are called 
dimension formulas. Every quantity has a certain dimension, which makes it 
possible to determine the variation of the corresponding derived unit caused 
by that of the basic units. For instance, if time is denoted ¢ and length is denot- 
ed J the dimension formula for the acceleration a will be 


[a] = lt- 


This formula implies that when the unit of length is increased n times the unit 
of acceleration is also increased n times and when the unit of time is increased 
m times the unit of acceleration decreases m? times. The dimension formulas for 
derived units are determined by the laws connecting the corresponding physical 
quantities. 


Physics and Engineering. Physics is closely related with all natural sciences 
and, especially, with technical sciences. The laws of physics create the founda- 
tion for a number of technical sciences. 

Discoveries and investigations in new divisions of physics lead to the appear- 
ance of new branches of engineering. For example, machine-building is based 
on the laws of mechanics, electrotechnics and radio engineering are based on 
the laws of electromagnetic phenomena. The achievements of physics are applied 
in technology to solving practical problems. For instance, at present there are 
industrial atomic power stations, that is there has appeared a new field of tech- 
nology, atomic power energetics, the idea of which seemed fantastic even 30 years 
ago although the existence of enormous reserves of atomic energy was discovered 
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z+ physicists about 70 years ago. Investigations in the field of solid-state physics 
ive led to the creation of rapidly advancing semiconductor technology which 
+25 raised to a much higher level radio engineering, communications engineer- 
_.z. high-speed electronic computer technology, etc. In its turn, the develop- 
—ent of technical sciences contributes to the perfection of exploratory methods 
-i physics; for example, observation radio aids in radio astronomy have pro- 
vided new effective means for investigating astrophysical phenomena, the con- 
=ruction of powerful charged-particle accelerators has become possible only 
zecause of the high level of modern technology, etc. Space exploration is setting 
sew physical problems and expanding our knowledge of the laws of nature. jig 


Mathematics and Physics. Mathematics and§physics (andZother natural 
sciences) are closely interrelated in their development. Physics cannot be stud- 
‘ed without the knowledge of mathematics because all the laws of physics are 
=xpressed by means of relations between numbers. Only the application of 
mathematical methods makes it possible to analyse complicated laws governing 
zhysical phenomena. 

The development of mathematical methods is to a certain extent always 
zirected to practical aims providing means for studying laws of nature. That 
-s why even those parts of physics which are studied in the general course or 
zelong to experimental physics are closely connected with the study of mathe- 
matics. ~ 


Historical Notes. Before proceeding to the study of mechanics it is advisable 
to get familiar with the basic facts of the history of that science. The develop- 
ment of mechanics is inseparably linked with the history of the human culture. 

The Pyramids and other remnants of ancient structures show that the ancients 
were to a certain extent familiar with the basic laws of mechanical equilibrium 
without which such grand structures could not have been built. The Greek 
philosopher Aristotle (384-322 B.C.) summed up in his Physics the facts of 
mechanics known to the ancients; however the basic law he stated connecting 
force and motion was incorrect, which was found 19 centuries later. The law of 
the lever on which the construction of all machines is based and the law of 
equilibrium for floating bodies were stated quite clearly and correctly by the 
great Greek scientist Archimedes (the 3rd century B.C.). Since then mechanics 
has been developing as an independent science. The medieval scientists obtained 
some new results concerning the equilibrium of bodies and their properties 
but they stuck to the incorrect idea of Aristotle concerning the basic law of 
motion of physical bodies. 

Only in the seventeenth century did G. Galileo (1564-1642) discover and 
state correctly the basic law of motion of the bodies. Proceeding from that law 
and from the achievements of his contemporaries the great English scientist 
I. Newton (16438-1727) discovered the fundamental laws of mechanical motion 
and stated them so clearly and concisely that they are still used in that very 
form both for solving practical and technical problems and in research work. 

The successors of G. Galileo and I. Newton elaborated a more general form 
of the basic laws of mechanics and perfected the methods of investigation of 
complex mechanical phenomena. The outstanding results of the studies of these 
scientists among which we should first of all mention L. Euler, D. Bernoulli, 
and J. D’Alempert are treated in courses in theoretical mechanics. 

The new stage in the development of mechanics is connected with the funda- 
mental works of A. Einstein (1879-1956) and some of his predecessors. Their 
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results are an important generalization of the laws of mechanics; they include, 
as a special case, the laws of motion of bodies with velocities smaller than the 
speed of light. Newtonian mechanics can now be regarded as a part of Kinstein’s 
relativistic mechanics. 

The laws of motion and interaction of particles forming atoms and molecules 
and also those motions which take place in very small regions of space (of 
dimensions of the order of 10-*° m) differ in principle from the laws of classical 
mechanics, that is from the laws of motion of macroscopic bodies containing 
a great number of molecules. The laws of intraatomic and intramolecular phe- 
nomena are studied in quantum (or wave) mechanics. It should be noted that, 
under certain conditions, quantum mechanics and Einstein’s mechanics include 
the classical Newtonian mechanics as a special case. 

Many generations of engineers and scientists have made valuable contribu- 
tions to the development of mechanics; the high level of modern technology 
is to a large extent based on their discoveries, and their practical results proved 
the correctness of our knowledge in the field of mechanics. The investigations 
of the scientists of the nineteenth and twentieth centuries have considerably 
expanded our understanding of mechanical phenomena. 


PART ONE 
Mechanics 
of Rigid Bodies 


CHAPTER 1 


Kinematics of a Particle 


‘. Motion of Bodies 


_? we observe a moving body, for instance, a rolling wheel, a moving car, a 
*:ling pellet or a skater sliding on the ice, we are struck by the variety and 
:omplexity of the motion. Any body such asa wheel, an automobile, an engine 
‘zn be mentally divided into parts, and the motion of any part can differ from 
"22 motions of the other parts. 

To investigate the motion of the parts of a moving body we can attach small 
-.ectric bulbs to the parts and then photograph the moving body with the aid 
<f a fixed camera, the exposure being chosen so that the picture only shows the 


FIG. 1 


traces of the moving shining bulbs. Knowing the time and the scale of the pho- 
tography we can thus analyse complex motions. As an instance, see Fig. 1b 
showing the picture of the traces of three electric bulbs placed along the handle 
of a hammer with the aid of which a man drives in nails (Fig. 1a). Changing 
the positions of the bulbs, photographing them from different sides, and using 
the blinker light we can study in this way the motions of various bodies whose 
form may change in the process of motion (deformable bodies). 

Each shining bulb (together with the part of the moving body it is attached 
to) moves along a definite curve; if the dimensions of the bulbs are sufficiently 
small the picture only shows the traces of the bulbs. Such a curve represents 
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the projection of the trajectory of motion of the corresponding bulb onto the 
plane of the photographic plate or film. Hence, to study the laws of motion 
of a complex body whose different parts are in different motions one 
should begin with deriving the laws of motion of the particles that form the 
body. 

When the position of a part of a body (or of the whole body) is uniquely 
determined by the position of a point on a line we use the notion of a material 
point. By a material point is meant a small part of a moving body whose dimen- 
sions are sufficiently small relative to the dimensions of the whole body or 
even the whole body itself provided that its dimensions are small compared 
with the distance travelled by the body in the phenomenon in question. For 
instance, the annual motion of the Earth round the Sun can be regarded as the 
motion of a material point. A translatory motion of a rigid body can always 
be represented as a motion of a material point because in this case the position 
of the whole body is completely determined by the motion of any of its parts. 
After the laws of motion of a material point have been studied we can proceed 
to the study of the laws of motion of rigid and deformable bodies. Such bodies 
can always be thought of as collections of separate material points connected 
with each other. 

In what follows, when studying a motion of a material point, we may simply 
speak of a motion of a point (of a particle). 


2. Rectilinear Motion of a Particle 


The simplest motion of a point is its rectilinear motion. When a particl 
is in a rectilinear motion it moves along a straight line, its distance from 
a chosen point on the line increasing or decreasing with time. In such a case 
we can connect a frame of reference with that straight line and consider 
the motion in question relative to the chosen fixed point serving as the 
origin. 

If the coordinate z of the point (that is its distance from the chosen origin O) 
is known as function of time ¢ the law of motion of the point (the particle) is 
completely determined. To analyse the motion it is convenient to plot the graph 
of the dependence of the coordinate x on time ¢ (see Fig. 2) by choosing a certain 
length scale and setting off the values of the coordinate z along the axis of ordi- 
nates while the values of time ¢ are set off along the axis of abscissas, a certain 
segment of the latter representing unit time. The graph shown in Fig. 2 makes 
it possible to investigate the motion of the point. If the variable point of the 
curve x (t) moves upwards as ¢ increases, the distance of the particle from the 
origin O increases; the steeper the curve ascends, the faster does the distance 
between the particle and the point O increase. The parts of the curve that are 
line segments parallel to the axis of abscissas correspond to the states of rest 
of the particle; if the variable point of the curve goes downwards the distance 
between the particle and the origin decreases. 

To construct the graph representing the motion of the particle in the straight 
line it is necessary to measure the distances z at the corresponding moments ¢. 
The quantity x can be measured in different ways; for instance, we can make 
snap shots of the moving particle at definite moments with a fixed camera. 
We can also attach to the moving body (the particle) a device which makes 
marks, in certain time intervals, on a fixed body along which the particle 
moves, and the like. 
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Generally speaking, in this way we find the coordinates x of the point at the 
r.ven moments ¢ but not the distances travelled by the point. The distance trav- 
ied can be found from the coordinate z only in the case when the particle 
moves in one direction. For instance, in the motion of the point represented by 
ize diagram in Fig. 2 the coordinate of the point cannot be greater than z, 
:. though after time f¢, the distance S (¢) travelled by the point exceeds x, (while 
=2e coordinate z becomes less than z,). To elucidate what has been said let us 
nonsider an example of a moving car. If we read the data from a tachometer 
cdicating the number of revolu- 
sions of the wheels of the car at 
‘ertain fixed moments we find, 
with a certain accuracy, the depen- 
zence of the distance travelled by 
the car on time. If the car moves 
constantly in one direction the dis- 
‘ance travelled is equal to the 
-oordinate describing the motion 
sut when the direction of motion 
thanges to the opposite the distance 
still increases while the coordinate 
Secreases. | 

The dependence of the coordinate 
an time completely determines the FIG. 2 
motion of the particle in the line 
put in mechanics it is important to know two more quantities, namely 
velocity and acceleration of the moving point. 


3. Velocity of a Particle in Rectilinear Motion 


The velocity of a point is a physical quantity determining the rate of change 
of the coordinate with time. The numerical value of the average velocity is equal 
to the ratio of the distance travelled by the point to the time taken. Let the 
particle be at a point x, at time ¢, and at a point z, at time ?,; then the displace- 
ment of the point is equal to x, — xz, whence its average velocity is 


_. te—7%1 
ar SST (3.4) 


Van 


Displacements are measured in units of length (that is in centimetres, metres, 
kilometres, and the like) while time is measured in time units such as seconds, 
minutes, hours, etc. Velocity is a derived physical quantity (distinct from length 
and time) which is measured in derived units dependent on the choice of unit 
length and unit time. 

The dimension of velocity is equal to the ratio of the dimensions of length 
and time: 


[v] =lt-! (3.2) 


The velocity is measured in cm/s, m/s, km/h, etc. 

It is obvious that the average velocity depends on the time interval for which 
it is computed. If, in a given motion, the average velocity is the same for any 
time interval the motion has a constant velocity and is said to be uniform. 
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For a uniform rectilinear motion the graph representing the dependence 
‘of the coordinate on time is a straight line. In the case of a uniform motion 
which starts from the origin there is no difference between the value of the coor- 
dinate and that of the path travelled. 

In a non-uniform motion the average velocity is no longer a constant quan- 
tity and it depends on the time interval for which it is computed. For a non- 
uniform motion the average velocity no longer gives an adequate description 
of the variations of the motion of the body for different parts of its path; in 


| 
| 
| 
| 
| 
i | 
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FIG. 3 % 
order to characterize such a motion more completely it becomes necessary to 
introduce the notion of the instantaneous velocity (or, simply, the velocity) of 
the point at a given time f. 

Suppose that we know the value of the displacement Az of the point corres- 
ponding to a small time interval Az; then, for this time interval, the average 
velocity is 


Az 
Yar Te 


Let the point have a coordinate zx at time ¢ (Fig. 3); then at time ¢ + At the 
value of its coordinate is z + Az. Suppose that we have performed a number of 
measurements of Az for various values of At which consecutively decrease, that 
is we have measured the coordinate x + Az for the moments ¢ + A,t, t + 
+ A,t, etc., where A,t> A,t>.... It is obvious that if the value of A;¢t and the 
corresponding value of A;z are so small that the motion over the path A,z can 
be approximately regarded as uniform then for all sufficiently small values of 
At the values 
_ Ag 
U= Tht 


of the average velocity are almost the same. It is this (limiting) value of the 
average velocity that is meant by the (instantaneous) velocity of the point at 
time moment t. 

A more rigorous mathematical definition of the velocity at time ¢t is expressed 
in the form 


v= lim} 2 (3.3) 
at+o At 
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+ --ch implies that the velocity is the limit to which tends the ratio of the incre- 
nznit \z of the coordinate to the corresponding time increment At as the latter 
-2cds to zero. In mathematics this limit is called the derivative of the coor- 
:_zate x with respect to time ¢ and is denoted 


ax 


== (3.4) 


v 
_. the last expression the quantity dt is by definition equal to At while dz 
:iffers from the corresponding value 
-= Ax by quantities proportional 
12 dt?, dt, etc. (see Fig. 4). For- 
miulas (3.3) and (3.4) read: the value 
- the velocity is equal to the der- 
ative of the coordinate with respect 
7: time. Relation (3.4) can also be 
rewritten in the form 


dx = vat (3.5) 
Relation (3.5) indicates that a suffi- 


ciently small increment of the 
:oordinate is equal to the product 


of the velocity by the increment 0 ; ae ae 
of time. 

The value of the velocity can be 
found and the velocity-time dia- FIG. 4 


‘gram can be constructed from the 
graph representing the dependence of the coordinate of the moving point on 
time (i.e. from the displacement-time graph). Suppose that the graph of 
z (t) is as shown in Fig. 5a. Let the axis of abscissas ¢ be divided into subin- 
tervals dt so small that the parts of the curve z (¢) corresponding to them 
can be regarded, with high accuracy, as segments of the tangent line*; 
then the slope of the tangent line which is equal to tana = = coincides with 
the numerical value of the velocity measured in derived units corresponding 
to the chosen basic units of length and time. 

It is obvious that for the values of time for which the curve z (¢) is close to 
a straight line in its shape (or coincides with a straight line) the time intervals 
dt must not necessarily be very small; however for the parts of the line z (2) 
which are sharply curved we should take very small intervals dt to obtain 


= = v with high accuracy. Practically this can be very difficult to perform and 


therefore the accuracy of the determination of the velocity from the displace- 
ment-time diagram may not be sufficiently accurate for such time moments. 
Figure 5b represents the values of the velocity v (¢) corresponding to the graph 
of x (¢) shown in Fig. 5a, the time scales in both figures being the same. The 
comparison of these graphs shows that to the moments at which the greatest 
values of the velocity v (¢) are achieved there corresponds the greatest rate of 
increase of the coordinate z (¢), that is the steepest ascent of the graph of z (tz). 


*The tangent line to a curve at its point is defined as the limiting position of the secant 
passing through that point and some other point of the curve as the latter point ap- 
proaches indefinitely the former. 
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We see that, in principle, the values of the velocity of a moving point at 
given moments can be determined, as described above, by measuring the values 
of the coordinate in small time intervals, but practically this method is inef- 
ficient. Therefore there were constructed a number of special devices measuring 
directly the values of the velocity of a moving body. An example of an apparatus 
of this kind is the speedometer measuring the velocity of an automobile. 

The (instantaneous) velocity of a point at a given time is a physical quantity 
characterizing the rate of change of the coordinate with time. This physical 
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quantity exists because of the continuity of the change of the coordinate with 
time and because there is a certain law governing the variations of these quan- 
tities. The value of the velocity is determined by the difference in the position 


of the moving point in space corresponding to two moments arbitrarily close 
to each other. 


The strict definition of the value of the instantaneous velocity was given by 


I. Newton; proceeding from this definition he developed the foundation of the 
analysis of infinitesimals. 


4. Relationship Between the Velocity and 
the Distance Travelled 


For a point moving with a constant velocity v,, the distance travelled from 
time 7, to time 7, is obviously equal to the product of the velocity v, by the 
time difference ¢, — ¢,: 


Ly — Ly = Vo (tg — ty) (4.1) 
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This formula makes no sense when the velocity of motion is not constant. 
-? the average velocity vay corresponding to the time interval ¢, — ¢, is known 
iz2n the distance travelled can be expressed by a formula analogous to (4.1) 
z=t vg should be replaced by v,yy. 

in the case when the average velocity is unknown the computation of the 
zath length travelled by a body is performed with the aid of a special method 
:zsed on the fact that every motion can be regarded, with a sufficient accuracy, 
+s being uniform for any sufficiently small time interval. Based on this prin- 
":ple, we can determine the distance dz travelled by the body during a suffi- 
::ently small time interval dt by multiplying the velocity v at the given time 
a2ment ¢ by the corresponding increment of time dt: 


dx = vat (4.2) 


Now let us suppose that the whole time interval ¢, — ¢, is divided into infi- 
iitely many infinitesimal subintervals dt. To each (infinitely) small interval dt 
iaere corresponds a certain small increment dz. The distance z, — z, travelled 
zuring the time ¢, — ¢, can be written as the sum of all dz. A sum of this kind 
zx called an integral and is written in the form 

1X 

L3—- Ly = \ dz 
, xy 

Next we replace dz under the integral sign by the equal quantity v dt and per- 
form the summation with respect to time ¢ ranging from ?¢, to ¢,. It follows that 
the distance covered by the body during the time interval ¢, — ¢, can be writ- 
ten as 

ts 

Lo — Ly = \ v at 

ty 
The computation of the quantity z, — z, from a known value of the velocity 
« (t) is a problem of the integral calculus. Integration is an operation inverse 
to differentiation, that is inverse to the computation of the derivative. The 
value of the distance travelled is equal to the integral of the velocity v with 
respect to time ¢. Thus, the laws connecting the three physical quantities— 
the coordinate, the velocity, and the time—are expressed mathematically with 
the aid of the derivative and the integral. 

In Fig. 6 we see the graphs of the coordinate and of the velocity for two 
motions one of which is uniform and the other non-uniform. When the graph 
of the velocity of motion v (¢) is known it is possible to find the graph of x (t)* 
with a sufficiently high accuracy. In Fig. 7a we see the graph of the velocity v 
as function of ¢. Let us consider the interval dt shown in the figure; the numerical 
value of the area v dt (this area is densely dashed in the figure) measured in the 
units corresponding to the scales chosen for the coordinate axes v and t is equal 
to the increment of zx (¢) corresponding to dt (see Fig. 7b). The coordinate of the 
moving point at a moment ¢,, that is x (¢,), is obviously equal to the whole area 
bounded by the curve v (¢) on the interval ranging from ¢t = 0 to t = t, because 


x (t,) = f 17 = j v dt 
0 0 


* If, in addition, the position of the point at a certain time is given. 
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7zus, the computation of the area lying under the curve v (¢) on the interval 
om ¢t = 0 to t = t, gives us the value of the coordinate z for any time 4. 
ze result of the numerical integration is shown in Fig. 7b. The computation 
-- the area can be performed sufficiently accurately and therefore the deter- 
— ination of the coordinate from the given velocity-time diagram is more precise 
-;an the determination of the velocity from the graph representing the time 
variation of the coordinate. 


5. Acceleration of a Particle in Rectilinear Motion 


The velocity of a point moving non-uniformly is a variable quantity and, 
itke the coordinate, can be regarded as a function of time. As we know, the value 
of the velocity determines the time rate of change of the displacement of the 
sody. As to the rate of change of the velocity, it is characterized by another 
quantity called acceleration. 

The acceleration of a body at a given moment of time is defined as follows. 
Let the velocity have a value v at time ¢ and a value v + dv at another moment. 
: — dt where dv and dt are infinitesimals; then the ratio 

du 


eae (5.4) 


is called the (instantaneous) acceleration. Thus, the value of the acceleration i 
equal to the derivative of the velocity with respect to time. 
The dimension of the acceleration is equal to the ratio of the velocity and 
time dimensions: 
[v] ~2 
w)] = —-=lIt 5.2) 


x 


If the velocity is measured in m/s and the time of motion is measured in 
seconds the acceleration is measured in m/s’. As a rule, the units of velocity and 
acceleration have no special names. However, in navigation a special unit of 
velocity is used which is called the knot and is equal to one nautical mile (that 
is 1.853 km) per hour. In aviation and astronautics the acceleration is some- 
times expressed with the aid of the normal acceleration due to gravity (this 
unit is equal to 9.81 m/s? and is denoted g). Usually in calculations in physics 
and engineering the derived units of velocity and acceleration are used; they 
are specified by the choice of the basic units of length and time. 

In a motion with a constant acceleration the velocity increases or decreases 
uniformly with time while the coordinate increases or decreases as a quadratic 
function of time. A free fall of a body on the Earth is an example of a rectilinear 
motion with constant acceleration. 

Analysing the results of experiments with bodies falling in the air G. Galileo 
found that the acceleration of free fall (near the Earth’s surface) is the same 
for all bodies (provided that the effect of the air friction is negligibly small). 
This acceleration depends on the latitude; for instance, at the latitude of Mos- 
cow it is approximately equal to 9.81503 m/s*. The time diagrams of the accel- 
eration, of the velocity and of the coordinate of a body thrown vertically 
upwards in vacuum are shown in Fig. 8. 

Free fall of bodies in vacuum is an example of a motion with constant accel- 
eration. When the acceleration of motion varies with time the law of the varia- 
tion of the velocity differs from the linear law characteristic of the motion with 
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constant acceleration. Arguing as in the case of a variable velocity we readily 
conclude that the increment of the velocity corresponding to a given time interval 
is equal to the integral of the acceleration with respect to time over that interval. 

Thus, the acceleration is the rate of change of the velocity. Mathematically, 
this means that the acceleration is equal to the time derivative of the velocity. 

The mathematical notions of the derivative and of the integral were intro- 
duced by I. Newton in order to describe the laws of the non-uniform motion 
of a material point in the line. It is impossible to analyse the laws of complex 
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mechanical motions without using these important notions. That is why the 
study ofi complex motions is related to the development of mathematical 
hods. 


6. Three-dimensional Motion of a Particle 


When a point moves in space along a straight line the possible directions of 
the motion are determined by the position of that line in space. If the direction 
of motion in the line changes to the opposite the velocity of the motion changes 
sign. The velocity is considered positive when the coordinate of the point reck- 
oned along the line in the (chosen) positive direction increases. 

Any motion of a body relative to other bodies can be thought of as its motion 
relative to a frame of reference consisting of three mutually perpendicular coor- 
dinate axes. For instance, to determine the motion of a falling pellet relative 
to the walls and the floor of the room we can take as coordinate axes the lines 
of intersection of the walls and the floor passing through one of the lower corners 
of the room. The axes of coordinates thus chosen form a frame of reference con- 
nected with the room, the origin being at the chosen lower corner. The distances 
between the origin and the feet of the perpendiculars dropped from the point 
under consideration on the coordinate axes are certain numbers which we can 
denote zx, y, and z, the coordinate z being reckoned along one of the horizontal 
axes, the coordinate y along the other horizontal axis, and the coordinate z 
along the vertical axis (see Fig. 9). 
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If xz, and y, are the coordinates of a point in the plane of the floor then the 
osition of the pellet placed at that point is uniquely determined by the two 
coordinates x, and y, and any motion of the pellet in the plane of the floor can 
~e described with the aid of two functions 


z(t) and y (t) 


The position of any point in the room relative to the frame of reference formed 
ny the three mutually perpendicular coordinate axes we have chosen is pre- 
cisely determined by the three num- 
bers z,, Y;, and z, where z, is the 
distance between that point and 


the floor and zx, and y, are the coor- : 

dinates of the foot of the perpen- zy 

dicular dropped from the point on Pe 

the horizontal plane of the floor. YS M (X49 940%) 


The numbers zx, y,;, and z, are thus 
the coordinates of the point im 
space. 

Generally speaking, in a motion 
of a point relative to a system of 
reference (for example, in a metion 
of the pellet relative to the room) 
all the three coordinates vary 
simultaneously and therefore, in 
the general case, a motion of a 
point is described mathematically 
by three functions of time 


z(t), yi (t), and 2, (2) FIG. 9 


All the points in space through which the moving point passes form a curve 
which is called the trajectory of motion. The distance travelled by the point 
along the trajectory is spoken of as the path length covered by the point. For 
example, we can speak of the trajectory of a car moving about the town which 
can be a rather complicated curve. Thus, the trajectory is a curve which the 
moving point “traces” in space (for instance, the curve along which the car 
moves, the distance travelled by the car being equal to the number shown by 
the speedometer). 

In the course of time a moving point passes from some points in space to 
other points lying on the trajectory. The displacement ds of the point corres- 
ponding to a small time interval dt is determined not only by the numerical 
value of its velocity but also by the direction of the velocity in space. By the 
direction of the velocity of the body at a given time moment is meant the one 
in which the body moves at that moment. 


Thus, the velocity of a spatial motion of a point is characterized not only 
. d 
by the ratio = where ds is the length of the segment of the trajectory travelled 


during the time interval dt but also by the direction of that infinitesimal seg- 
ment ds. For operations on physical quantities of this kind characterized by 
some numbers and definite directions in space and called vector quantities (or, 
simply, vectors) there are special rules elaborated in mathematics; the most 
important of these rules are discussed in the next section. 
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7. Basic Properties of Vectors 


A vector is represented geometrically as a directed line segment with a definite 
orientation in space. For a point moving in space its displacement during any 
time interval can be represented by a vector. For instance, as is shown in 
Fig. 10a the moving particle is at the point A at :the moment ¢, and at the point 
B at moment ¢,; the displacement corresponding to the time interval from 


cam 
t = t, to t = ¢, is represented by the vector AR*. | 

It should be noted that the line segment representing the displacement vector 
of the moving point coincides with the trajectory of motion only in the case 
of a rectilinear motion. When the motion is curvilinear the trajectory of the 
point is a curve passing: through the points A and B (see the dotted line in 
Fig. 10a). 

Two vectors are considered equal when they are represented by two equal 
parallel line segments and have the same direction. In Fig. 10b we see several 
vectors lying in the plane of the figure. The length of the line segment represent- 
ing a vector measured in definite units of length is called the absolute value 
or the modulus (or the magnitude) of the vector** while the position of that 


— 
segment in space and the arrow indicate its direction. The vectors AB and 


— 
CD in Fig. 106 have the same absolute values but their directions are different 


——e 


7 


a ned —> 

and therefore the vector AB is not equal to the vector CD. The vectors AB 
—, 

and MN differ both in the directions and in the absolute values. The vectors 


AB and B‘A’ are equal because they have the same absolute values and coin- 


cide in their directions. 
Let the moving point, as shown in Fig. 10a, pass from the point A to the 


—_ 
point B, the displacement vector being AB. Such a displacement of the point 
can be regarded as a sum of two displacements; for instance, we can imagine 
that the moving point first passes from the point A to an arbitrary point C 


(the corresponding displacement is represented by the vector AC) and then 
goes from the point C to the point B (the latter displacement is represented by 


— —> 

the vector CB). Consequently, the displacement AB is equal to the sum of the 
— — — 

displacements AC and CB or, which is the same, the sum of the vectors AC 


——*% — 
and CB is equal to the vector AB. Thus, the addition of vectors is performed 
geometrically: the sum of two vectors is equal to the diagonal of the paral- 
lelogram whose sides are the added vectors. The subtraction rule for vectors 


_ 
follows from the addition rule: the vector CB is equal to the difference of the 
— —_ — 
vectors AB and AC, that is the displacement CB is obtained by the subtraction 
—> — 
of the displacement AC from the displacement AB. 


—> — —> 
The vectors AC and CB are called components of the vector AB. The sum of 
several vectors can\ be found by constructing the “chain” of vectors as shown 


* The arrow in the symbol AB indicates that the vector is directed from A to B. 


** The absolute value (the modulus) of a vector AB is denoted | AB | or simply AB 
(without an arrow). 
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in Fig. 11: the vector summands are arranged so that the origin of the third 
vector is placed at the terminus of the second and so on, after which the origin 
of the first vector is connected with the terminus of the last vector. The vector 
connecting the origin of the first vector with the terminus of the last vector of 
the chain represents the sum of all these vectors. 

It is obvious that, given constituent vectors, we can always find their sum 
with the aid of the above addition rule. When operating on vector quantities, it 
is sometimes convenient to represent the vectors as sums of their components 


2 


A G 
AB+ BC+ CD*+DE+EF ‘+ FG=AG 


FIG. 11 


along certain definite directions. Let us first demonstrate what has been said for 
vectors lying in a plane (see Fig. 12). Suppose we have chosen in the plane a rec- 
tangular coordinate system z, y; then any vector a* is representable as the sum 


a=a,+a, (7.1) 


where the vector a, is directed along the z-axis and is called the component 
of the vector a along the x-axis and the vector a, is the component of a along 
the y-axis. It is evident that the two components of the vector a uniquely deter- 
mine the modulus and the direction of that vector. 

Let us denote by z the unit vector along the z-axis and by j the unit vector 
along the y-axis. By definition, a unit vector is a vector whose modulus is equal 


* In what follows we shall denote a vector by a boldface-type letter and its modulus 
we by the same standard-type letter or by the boldface-type letter with two vertical 
ines: | a |. 
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to unity. A unit vector indicates a certain direction in space. Then the com- 
ponents a, and a, can be written as 


A, =a,t and a, = 4,j (7.2) 


where a, and a, are ordinary numbers (not vectors), that is they are scalars 
with the aid of which are represented quantities having no direction in space, 
for instance, time, distance, etc. The numbers a, and a, are called the projections 
of the vector on the directions specified, respectively, by the unit vectors 
i and j, or, simply, the projections 
of a on the given coordinate axes 
x and y. In practical problems we 
shall always consider vector quan- 
tities relative to some _ definite 
rectangular coordinates, that is 
relative to a chosen frame of 
reference specified by the directions 
of unit vectors zi and j. 

The modulus (or absolute value 
or length) of a vector a lying in the 
xy-plane is expressed by the formula 


a=|a{=Var+a? (7.3) 


Taking into account formulas (7.1) 
and (7.2) we can write 


a = a,xi + ayj (7.4) 


All these formulas are valid for any vector a lying in the zy-plane. 

When we deal with a vector a lying in space it is convenient to consider it 
relative to some rectangular coordinates x, y, z. The unit vector along the 
Z-axis, which is perpendicular to the vectors i and j, is usually denoted as k. 
Arguing in an analogous manner we can express the vector a in terms of its 
components in the form 


FIG. 12 


a=a,+a,+ 4a, (7.9) 


where a, is the component of a along the z-axis; on expressing the components 
in terms of the projections a,, a,, and a, we can rewrite (7.5) as 


a=a,i+ a,j + a,k (7.6) 
The modulus of the vector @ is given by the formula 
a=|a|\=Va@i+a+a (7.7) 


We now proceed to the basic rules for the multiplication of vector quantities. 
The result of the multiplication of a vector a by a number B is written as Ba, 
the meaning of the operation being that the modulus of the vector is increased 
| B | times while its direction remains the same when f > 0 and is changed to 
the opposite when 8 < 0. In the multiplication of two vectors by each other 
we distinguish between the scalar and the vector products; in the former case 
the product of the vectors is a scalar and in the latter case a vector. 

The scalar product of two vectors a and 8 is defined as a number equal to 
the product of the moduli of these vectors by the cosine of the angle a between 
the directions of the vectors. The scalar product is denoted ab and, according 
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‘o the definition, we have 
ab = abcosa (7.8) 


It is readily seen that the scalar product ab is equal to the modulus of one of 
she vectors times the projection of the other vector on the former. For example, 
if one of these vectors represents a force while the other represents a displace- 
ment then the work performed by the force is equal to the scalar product of the 
vector of the force by the displacement vector. 


FIG. 13 FIG. 14 


The scalar product of two mutually perpendicular vectors is equal to zero. 
It is also obvious that ab = ba. 
The scalar product possesses the distributive property: 


a(b+ c)=ab-+ac 
It is proved quite easily (see Fig. 13) because we have 
a(o+ c)=am, ab=an and ac=a(m— n) 
Proceeding from this property we can readily prove that 
ab =)(a,i + ayj + a,k) (bi + byj + bk) = ayby + ayb, + a,b, (7-9) 


taking into account that ij = ik = jk = O and it = jj = kk = 1. Hence, 
the scalar product of two vectors is equal to the sum of the products of its cor- 
responding projections on the coordinate axes. 

The vector product of two vectors a and 6 is defined as the vector ¢ which is 
perpendicular (normal) to the plane of the vectors a, 6 and has the modulus 
equal to ab sin a where a is the angle between the vectorial factors. The vector 


product is denoted [ab): 
c = [ab] 


The direction of the vector ¢ is determined by the right-hand screw rule: if a screw 
(with a standard right-hand thread) placed perpendicularly to the plane con- 
taining the vectors a and 6 is rotated by the smallest angle between a and 6b 
in the direction from a to 6 then the direction in which this screw is driven is 
that of the vector c (see Fig. 14). It follows that, in contrast to the scalar prod- 
uct, the vector product c depends on the order of the factors, that is the vector 
multiplication is non-commutative: 


[ab] = —[ba] 
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From the definition of the vector product it follows that the modulus of the 
vector c is equal to the area of the parallelogram constructed of the vectors 
a and 6 as sides. 

In vector algebra it is proved that the vector product possesses the distributive 
property, that is 


la (6 + c)] = [ab] + [ac] 


It should be noted that in the last formula it is important to write the factors 

in the correct order because the 

k vector product is not commutative. 

Using the indicated property we 

_can derive the following expression 
for the vector product: 


c = [ab] = [(a,i + a,j + a,k) x 
xX (b,% + byj as b,k)] a (a,b, an 
— a,b,)t ++ (a,b, cm axD;) | 3 


i + (axby —aybz) k (7.10) 
In the derivation of this formula 
FIG. 15 one should take into account 
(see Fig. 15) that 
lij] = —[ji] =k, [jk] = —I[kj] = i, [ki] = —[ik] = j, 


and [ii] = [jj] = |kk] = 0 


It is also expedient to write down the expressions of the projections of the 
vector ¢ which follow from formula (7.10): 


= a,b,— a,b, (7.11) 


Formulas (7.11) can easily be memorized if we note that the indices z, y and z 
in these formulas follow each other in a circular order in all the columns (see 
Fig. 15). 

To stress once again the distinction between a scalar and a vector we note 
that the former is determined by one number while the latter is determined by 
three numbers (its projections). 

A more general definition of a vector (physical) quantity reads: a vector is 
an ordered triple of numbers (representing some scalar physical quantities) which 
depend on the choice of the coordinate system and change like the coordinates of 
a point when the coordinate system is rotated. A parallel translation of the coor- 
dinate system does not affect the projections of a vector; they only vary when 
the system is rotated. In mechanics we deal with various vector quantities such 
as displacements, velocities, accelerations, forces, and the like. 


8. Velocity of a Particle 


On a sufficiently small part of the trajectory any motion can be considered 
rectilinear. A point moving along a curve (see Fig. 16) travels a very small dis- 
tance during a sufficiently small time interval dt and receives a small displace- 
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ment dS. The displacement dS should be regarded as a vector going along 
the tangent to the trajectory in the direction of motion. 
In accordance with (3.5), the velocity vector v can be found from the equality 


dS = v dt (8.1) 


Since dt is a scalar the direction of the vector v coincides with that of dS. 
Hence we can say that the velocity is equal to the ratio of dS to dt: 


The velocity of a point is a vector quantity whose direction coincides with 
that of the tangent line to the trajectory. Therefore velocities can be repre- 
sented by directed line segments (vectors) provided that the length of a certain 
line segment is chosen to represent the unit of velocity (which is a derived unit). 
The addition and subtraction of velocities should be performed in accordance 
with the addition and subtraction rules for vectors. 

The velocity vector v and a very small displacement vector dS coincide in 
their directions when the corresponding time interval dt is sufficiently small; 
however, as physical quantities, the displacement dS and the velocity v are 
quite different, only their directions in space coinciding. The line segment dS$ 
in Fig. 16 represents, for the chosen length scale, the real displacement of the 
moving point corresponding to the time interval dt; the line segment denoted 
by v in the figure represents the velocity only conditionally: the direction of 
the segment coincides with that of v while its length symbolizes the (absolute) 
value of v in the sense that this length measured in conditional units of length 
representing the chosen unit of velocity is equal to | 0 |. 

In Fig. 16 are also shown the unit lengths chosen for measuring displace- 
ments and velocities (in the above sense). In what follows we do not indicate 
unit measures in the figures but the reader should bear in mind that it is always 
meant that for every quantity we deal with a certain unit has been chosen. 

In an arbitrary motion of a point along a curve both the direction and the 
absolute value of the velocity vary. The velocity remains constant only in the 
case when its absolute value and its direction are invariable. A motion with 
a constant, invariable velocity is a uniform rectilinear motion. Any motion along 
a trajectory distinct from a straight line is a motion with a variable velocity. 

When considering the velocity of a simple motion, it is sometimes convenient 
to represent it as a vector sum of two or more components. For instance, let us 
consider a ball moving along a horizontal plane. At any moment its velocity 
vector v has a definite orientation relative to the chosen coordinate axes x 
and y which is determined by the angle @ between the direction of the vector v 
and that of the x-axis. The modulus and the direction of the velocity vector can 
be found if we are given the projections of the vector on the coordinate axes z 
and y. We can consider the vector v as the sum of its two components (see 


Fig. 17) one of which goes in the direction of the z-axis and the other in the 
direction of the y-axis: 


VD = Vyi + yj (8.2) 


where Vx and Vy are the projections of the velocity on the coordinate axes x 
and y, i and j being the unit vectors of the same axes. The vector v,i is the 
component of the velocity along the x-axis and the vector v,j its component 
along the y-axis. If, in a special case, it turns out that one of the components 
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is equal to zero, the velocity v is parallel to the other coordinate axis. The modu- 
lus of the velocity is 


v=|v|=Vv2 +03 (8.3) 


and the angle @ between the vector v and the z-axis is obviously given by the 
formula “s 


Vv 
a =arctan— (8.4) 
Vx 


A component of the velocity vector is the velocity with which moves the 
projection of the moving point on the corresponding coordinate axis and it can 
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be simply called the velocity of the point along that axis. Knowing the veloci- 
ties along two coordinate axes we can readily find the absolute value of the 
velocity and determine its direction in the plane of motion. 

As has been said, the component of the velocity along a definite axis is the 
velocity of the projection of the moving point on that axis, and it can be thought 
of as the velocity of motion of the shadow of the moving body. For instance, 
consider a small cart running with velocity v along the rails placed on the table 
in Fig. 18 which shows the top view. Let there be a light source placed far 
from the table so that the rays of light can be regarded as being parallel to the 
z-axis. Then the shadow of the vertical needle attached to the cart moves in the 
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screen perpendicular to the z-axis with velocity v,. It is obvious that the veloc- 
ity of the motion of the shadow is nothing but the component of the velocity 
of the needle along the y-axis. Given the velocities of the shadow on two mutu- 
ally perpendicular screens, we can determine the absolute value and the direc- 
tion of the velocity of motion of the needle. 

When a point moves in space arbitrarily the infinitesimal displacement vector 
dS is uniquely determined by its three projections on three mutually perpen- 
dicular coordinate axes x, y, and z (Fig. 19a). The vector dS is representable 
in the form 

dS =dzri+ dyj+dzk (8.9) 
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where dz, dy, and dz are the projections of the vector dS on the coordinate 
axes, whence follows that the velocity can be written as 


_ dS dz, dy . dz 
Sigh an ge! © ane 


or, which is the same, 
Vv = Vyi + vyj + vk (8.6) 


where vx, V,, and v, are the projections of the velocity vector on the corres- 
ponding coordinate axes. Thus, the projections of the velocity on the coordinate 
axes are equal to the derivatives of the coordinates z, y, and z of the moving 
point with respect to time. The velocity of motion of a point in space can also 
be thought of as the sum of the two velocities v,i + vyj and v,k, the former 
being the velocity of motion of the projection of the point onto the (horizontal) 
coordinate plane zOy and the latter the velocity of the projection of the point 
on the (vertical) z-axis (see Fig. 19b). For instance, we can say that the velocity 
of an airplane has a horizontal component and a vertical one. 

The absolute value v of the velocity is expressed in terms of its projections 
by the formula 


v= |v|=V vis+ovjtvz (8.7) 
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whose validity is readily seen from Fig. 19. In the general case when a point 
moves arbitrarily in space all the three projections of its displacement vector 
vary and its velocity changes both in the absolute value and in the direction. 


9. Acceleration of a Particle in Plane Motion. 
Centripetal Acceleration | 


The acceleration of a moving body is a physical quantity characterizing the 
rate of change of the velocity at a given moment. As an example, let us consider 
a car going through the gate (Fig. 20) with velocity » at time ¢. For the sake 


VY 


FIG. 20 


of visuality, the velocity vector is placed in the figure near the car and is also 
depicted separately in the right-hand art of the figure (it is of course meant 
that the length of the line segment representing the velocity vector is measured 
in certain units corresponding to the chosen unit of velocity). At a new moment 
of time t + dt the value of the velocity is v, = v + dv where dv is the (vec- 
torial) increment of the velocity corresponding to the time interval dt. 

We can also say that during the time interval dt the vector v gains an incre- 
ment equal to the vector dv, and this results in the new velocity v, of the car. 
In the general case the direction of the vector dv does not coincide with that 
of the velocity v. | 

When dt is sufficiently small the increment dv is also a very small (vector) 
quantity, and the ratio 


dv 
wO=h (9.1) 


is a new vector physical quantity which is called the acceleration of the moving 
body, its direction coinciding with that of dv. The acceleration characterizes 
the rate and the direction of change of the velocity vector. To find the (vecto- 
rial) value w of the acceleration we must determine the increment of the vector 
_v for an infinitesimal time interval dt and then divide that increment by dt. 
In a uniform motion of a point in a circle the absolute value of the velocity 
is invariadle while its direction continuously changes. Consequently in this 
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case the velocity is not constant and gains an increment. Let us consider two 
values of the velocity corresponding to two moments of time differing by a 
small quantity At (Fig. 21). On subtracting the velocity at time ¢ + At from 
the velocity at time ¢ we obtain the increment Av. To find the increment of 
the velocity geometrically we construct the directed line segments repre- 
senting (in their directions and in their magnitudes measured in the corres- 
ponding units) the vector ov (for time ¢) and the vector v, (for time ¢ + Abt). 
The directions of these vectors coincide with the directions of the tangent lines 
to the circle at the point through which the moving point passes at the corres- 
ponding moments of time. Then we subtract the vector v from the vector v, 


AY 


FIG. 21 


to obtain the vector Av. It is apparent that the vector Av is not perpendicular 
either to the initial value v of the velocity or to the terminal value v,. However, 
when At — 0 we also have Av — Q, and, in the limit, the direction of the vector 
Av tends to become perpendicular to the velocity vector v. Hence, a sufficiently 
small increment do of the vector v is perpendicular to the latter, and therefore 
dv 
dt 
the centre of the circle. 

The value of the acceleration can be expressed in terms of the absolute value 
v of the velocity v of the circular motion and the radius AR of the circle. From 
Fig. 21 we see that for sufficiently small Aa the approximate relation 


the acceleration w = — is perpendicular to the velocity and is directed towards 


| Av | = Av & vAa (9.2) 
holds, and the distance travelled by the moving point in time At is equal to 
v At~ R Aa (9.3) 
On eliminating Aw from two equations (9.2) and (9.3) we obtain 
Av =~ a At (1,4) 
whence 
Av 
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FIG. 22 
dv li Av v2 | 
and thus at eae (=) =? (9.5) 


We see that the absolute value of the acceleration of a body moving uniformly 
in a circle is equal to the square of the absolute value of the velocity divided 
by the radius of the circle. This acceleration is directed towards the centre of 
the circle and is called the centripetal acceleration. 


FIG. 23 


We now investigate an arbitrary motion of a point along a plane with - velo- 
city having a constant modulus. As an example, let us consider the motion of 
the point shown in Fig. 22; the absolute value of the velocity is constant and 
the point moves from position 7 to position 7. Near the trajectory in the figure 
are depicted the velocity vectors v; for different moments ¢;, and in the right- 
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most part of the figure are shown the acceleration vectors w; for the same mo- 
ments of time. As is seen, the acceleration increases together with the curvature 
of the trajectory. The acceleration is at all the points of the trajectory perpen- 
dicular to the velocity since the motion along the trajectory is uniform. 

Compare this case with the one shown in Fig. 23 where the velocity of a point 
moving along a plane curve increases in its absolute value. Near the trajectory 
of motion in Fig. 23 are shown the velocity and the acceleration vectors for 
the moments of time at which the moving point passes through the positions 
marked on the trajectory. As in Fig. 22, the positions 7, 2, 3, ... in Fig. 23 
correspond to equally spaced moments of time. 

In the latter case the acceleration is no longer perpendicular to the velocity 
but forms an angle different from 90° with the velocity vector. That is why the 
acceleration vector is usually considered as being resolved into two compo- 
nents one of which goes along the tangent to the trajectory and is called the 
tangential acceleration while the other is perpendicular to the former and is 
called the normal acceleration. 

If the laws according to which the absolute value and the direction of the 
velocity vary as functions of time are known it is possible to determine the 
acceleration for any moment of time. 

Like any vector, the acceleration can be represented in the form of the sum 
of its components along the coordinate axes. For example, if the acceleration 
vector lies in the zy-plane it ¢an be written in the form 


w= w,;i+ w,j (9.6) 


where w, and w, are the projections of the vector w on the coordinate axes and, 
as before, the vectors i and j are the unit vectors of the corresponding coordinate 
axes x and y. 

The projections w, and w, of the acceleration are equal to the derivatives 
of the corresponding projections of the velocity with respect to time: 


dvy 


__ dx Wea J 
y dt 


=% (9.7) 


W.. and w 


Indeed, let the velocity vector be 
V = Vzt + VyJ 


Since i and j are constant the differentiation of both members of this relation 
results in 


a ee ee 9.8 
a at a 7°) 


On comparing (9.8) with (9.6) we obtain (9.7). 

Example 1. Let the reader investigate the time dependence of the projections 
of the velocity and of the acceleration on rectangular coordinate axes when 
the point under consideration is in a uniform motion with velocity v, along 
a circle of radius R. In Fig. 24 we see the graphs of the projections of the velo- 
city and of the acceleration for this motion. 

Example 2. Let us determine the acceleration of a point moving in a circle 
of radius R when the absolute value of the velocity varies according to the law 
v = bt (b = const). 
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Let the velocity have a value v, at time ¢ and a value v, at time -+ At (see 
Fig. 25a). The vector v, is turned through a very small angle Aq relative to v, 
and has a greater absolute value. Let us mark a point A on the line segment 
representing the vector v, so that OC = OA. If the velocity were constant in 


—_ 
its absolute value it would be represented by the vector OA at time ¢t-+ At; 
consequently the increase of the absolute value of the velocity during time At 
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FIG. 25 
— —> 
is equal to the absolute value of the vector AB: | AB | = Auv,. This increase 


is obviously equal to 
Ve, — Vv, = b(t + At) — bt = bAt 


whence 
Av; =b At (9.9) 
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The increment of the velocity during the time interval At, which is equal to 
Av = Uv, — Uj, can be represented as the sum of the two vectors Av, and Av; 
(Fig. 25a), that is 


Av = Av, + Av; 


The absolute value of the vector Av, is equal to Av, ~ Aa-v and, as in the 
case of a uniform motion (see formula (9.4)), it can be written in the form 


p2 
Av, ~ R At (9.10) 


The average acceleration during the time interval A? is 
JAv Avn Av; 


“At At At 


and the (instantaneous) acceleration at time z¢ is equal to 


dv : Av . Av : Av 
— = ilim —= lim —*+ lim —t 9.44 
dt at~o At atse SE ato AF oe 


Let us consider the limits of the absolute values of the vectors on the right-hand 
side of (9.41) as At» 0. From formulas (9.9) and (9.10) we find 


Avy Aun 
Ag 0 and SP Ye 


whence it is seen that in the limit, as At > 0, we have 


av; dun vy? 
= =6 and 7a oO oR (9.12} 
Now let us consider the limiting behaviour of the directions of the vectors 
Av, and Av;; in the limit, when At — 0 (that is, when Aa — 0) the direction 
of the vector Av, tends to that of the perpendicular to v while the direction of 
Av, tends to that of the vector v (see Fig. 255). If we denote by e,; the unit vector 
in the direction of v (along the tangent to the trajectory) and by e, the unit 
vector perpendicular to the former and directed towards the centre of the circle 
along its radius, then, by virtue of (9.12), formula (9.41) expressing the acce- 
leration takes the form 


Md ry 4 
w= == e, +e; (9.13) 
2 
The normal acceleration is w, = = e, and the tangential acceleration is w,; = 
du; 
= a = be; 


It should be noted that the normal acceleration w,, always has the same value 
as in the case of a uniform motion. The vector w is not directed towards the 
centre of the circle and forms an acute angle with the vector v for b > 0 (an 
accelerated motion) and an obtuse angle for b< 0 (a decelerated motion). 

The tangential acceleration w, determines the rate of change of the absolute 
value of the velocity of motion and the normal acceleration w, characterizes 
the rate of change of the direction of the velocity v of the moving point. 
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10. Acceleration of a Particle in Three-dimensional 
Motion 


In the foregoing section we considered the basic relations connecting the 
velocity and acceleration vectors with their projections only for the case when 
both vectors are all the time in one plane (a plane motion). 

The case when a point moves in space arbitrarily and its velocity has an 
arbitrary orientation can be treated in a completely analogous way. In this 
case the motion of the particle is regarded relative to a frame of reference spec- 
ified by orthogonal coordinates z, y, and z, and therefore the acceleration, like 
the velocity, can be resolved into components along the three coordinate axes: 


w= wWyzt + w,j + wk (10.1) 


where k is the unit vector of the z-axis. 


The relationship between the projections of the velocity and of the accele- 
ration is given by the formulas 


die __ dvy 


_ d __ dvz 
Wy = 8 a aera and W,= 


= (10.2) 
A spatial motion can be considered in any other coordinate systems (including 
curvilinear ones); such analysis is connected with the ifivestigation of the pro- 
jections of the velocity and of the acceleration on the corresponding coordinate 
axes. In our course we shall most often deal with rectangular coordinates. 

If the three functions z (zt), y (¢), and z(t) describing the variation of the 
coordinates of the moving point are known the differentiation of each coor- 
dinate gives us the corresponding projection of the velocity and thus the veloc- 
ity vector can be completely determined. Further, on differentiating the pro- 
jections of the velocity on the coordinate axes we obtain the projections of the 
acceleration vector and thus determine the acceleration completely. 

The inverse operations, for instance, the operation of finding the coordinates 
of the moving point from a given expression of the velocity, are more intricate; 
the latter operation reduces to the integration of the projections of the velocity 
with respect to time. If it is required to determine the coordinates from a given 
expression of the acceleration we should perform the integration twice: the 
integration of the projections of the acceleration results in the projections of 
the velocity and the integration of the projections of the velocity gives us the 
coordinates of the moving point as functions of time. 

Example. Let a point move in space with a constant acceleration w (see 
Fig. 26). Let the initial position of the point at the moment ¢ = 0 be at a point 
lying on the z-axis and having the coordinates z, = 0, y» = 0, and z, # 0, 
the initial velocity v, being parallel to the zy-plane and having the projections 


Voz = O, Voy # O, and vox ~ 0. Suppose that the acceleration is directed opposite 
to the z-axis, that is 


w, =0, w,=90, and w, = —a (10.3) 
where a is a positive number. The projections of the acceleration on the axes z 
and y are identically equal to zero and consequently the projections of the 
velocity on these axes are constant numbers, that is 


Vy = Vox and vy =U, (10.4) 
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or any time ¢. It is only the projection of the velocity on the z-axis that varies. 
Using (10.2) we can write 
t 


dv 
Si=w, and v,=\ w,dt (10.5) 
0 
The projection w, = —a of the acceleration remains constant all the time and 


therefore the projection of the moving point on the z-axis is in a uniformly 


FIG. 26 


accelerated motion. The coordinate z is determined as follows: 


t t t. 

dz at? 

HU — adt== —at and %—%= | v,dt=— | at dt = ——~ (10.6) 
0 0 6 


The other two coordinates z and y of the moving point are found from the 
condition that the projections of the velocity on the x- and y-axes remain con- 
stant: 


dz, dy 
Te ae Vox and Hey = Moy 
whence 
t t 
4= \ Vox dt =Voxt and yy= \ Voy dt = Voyt (10.7) 
0 0 


Thus, expressions (10.6) and (10.7) describe completely the variation of all 
the three coordinates of the point moving with a constant acceleration w, = —a. 

A motion of a point with a constant acceleration w direeted arbitrarily can be 
described in vector form. Let us suppose that at any time ¢ the moving point 
is at the terminus of a vector r (¢) dependent on time whose origin is at a fixed 
point O. 


4—0776 
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The velocity of the point is v = sie and the acceleration is w = a whence 


dv =wdt. Since w= const we have 


i 
V— Up = \ w dt=wt (10.8) 
0 


FIG. 27 


where v, is the initial velocity (at time ¢ = 0), that is 
v= Uo + wt 


Using the equality dr = v dt we can write the relation 
t 
r—7No= \ v dt 
0 


where r is the position vector of the point at time ¢ and r, specifies the initial 
position of the point for ¢ = 0. Taking into account the expression obtained 


for v we obtain 
t t 


r=w | Edk+v0| dé+ 10 


0 0 


whence 
Tr =+ wt? + vot + 1 (10.9) 
Equality (10.9) is the general vector formula describing the motion of a point 
(particle) with a constant acceleration w starting from a point r, with an initial 
velocity v,. This relation describes completely kinematics of the motion: the 
velocity increases linearly as function of time in the direction of the vector w, 
the vector r increases linearly in the direction of v, and quadratically in the 
direction of w. In Fig. 27 all these vectors are shown for the case when the given 
vectors ro, Up, and w lie in one plane. 
This discussion concludes the general consideration of the laws of kinematics 
of a particle moving in space. The position vector (the radius vector r), the 
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velocity and the acceleration are the quantities whose variation determines 
the motion completely. If the dependence on time of one of these vector quan- 
tities is known we can find the other two vectors and also the coordinates of the 
moving point. 

As will be seen, the knowledge of the laws governing the motions of a par- 


ticle is extremely important for the investigation of an arbitrary motion of any 
body. | 


11. Space, Time, and Frames of Reference 


So far we have not discussed the notions of space and time and simply relied 
on the reader’s intuitive understanding and on his knowledge of the elementary 
course of physics. 

We sometimes simply say that a mechanical motion reduces to a displacement 
of a body in space with time but it would be more correct to say that by a me- 
chanical motion we mean the displacements of bodies relative to some other 
bodies. It is senseless to speak of a motion of a single isolated body because 
in reality we always observe a motion of one body relative to some other bodies. 
That is why when considering a motion we always choose a frame of reference 
connected in a certain manner with some body or system of bodies. Space can- 
not be thought of without physical bodies. 

The concept of an absolute space, motionless and irrelevant to the existence 
of substance, which is used in classical Newtonian mechanics has no sense. The 
notion of such a space and of its geometrical elements (such as points, lines, 
surfaces and solids) appeared as an abstraction applicable to material bodies 
whose properties are almost invariable. In the Newtonian mechanics space is 
supposed to be homogeneous in all its parts and isotropic (the latter means that 
the properties of the space are independent of the directions, that is they are 
invariable for all directions). In other words, it is supposed that the physical 
space is the one that is dealt with in Euclidean geometry. It turns out that for 
most of the physical phenomena treated in the present course the physical 
space can be regarded with high accuracy as a Euclidean space, and therefore 
the concept of a homogeneous and isotropic physical space is an adequate ap- 
proximation to the reality for such phenomena. However, the idea that there 
exists an absolutely motionless space irrelevant to the existence of any bodies 
is incorrect; we always think of space as being connected with certain bodies, 
that is with some frames of reference. 

In Newtonian mechanics time is understood as a measure of absoluce duration 
which exists irrespective of physical bodies. This is also only an approximation 
to reality since duration cannot be separated from substance because time is 
a form of the existence of substance. 

If we limit ourselves to one definite system of reference then it is pussibie 
to consider a common measure of duration for all phenomena and processes, 
that is to speak of a common time. However, as was shown in Einstein’s rela- 
tivity theory, events that are simultaneous and take place in different regions 
relative to one frame of reference are not simultaneous if we consider them rela- 
tive to another frame of reference moving relative to the former. Consequently, 
the course of time is connected with relative motion of frames of reference and 
there is no common, absolute time for all the frames of reference. All that has 
been said is a consequence of the fundamental fact that the velocity of light 
is constant, invariable for all the systems of reference. Thus, the duration of 
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processes is connected with motions of the bodies involved, and the notion of 
time cannot be separated from relative motions of physical bodies. 

But it turns out that for those motions which are slow (in the sense that their 
velocities are very small compared with the speed of light) the dependence of 
time on relative motions of frames of reference is practically insignificant 
and can be neglected. Therefore, for almost all phenomena and problems con- 
sidered in the present course we can use the Newtonian notion of absolute time 
which is common for all systems of reference. The cases when such an approxi- 
mation is inapplicable will be carefully stipulated. 


CHAPTER 2 


Fundamental Laws of Dynamics 


12. Motion and Interaction of Bodies 


Wh n observing and investigating motions of various bodies we see. that the 
motion of a given body is caused or changed by interaction between that body 
and other bodies. For instance, let a worker start moving a cart, roll it and then 
stop it. In this example the worker produces the motion of the cart relative 
to the ground and it is he who stops the motion of the cart. As other examples 
of this kind we can consider an electric locomotive moving a train or a man 
throwing a stone. In the latter example the man produces the motion of the 
stone which moves relative to the ground and then stops because of its inter- 
action with the air and the ground. We can give a lot of similar examples, and 
in all cases we observe an interaction of at least two bodies. For instance, in 
the example of the worker moving the cart there are interactions of three bodies: 
the worker, the cart and the ground (see Fig. 28). When the worker rolls the 
cart or stops it his feet and the ground interact in a certain way. 

The laws of dynamics establish the relationship between the motion of a body 
and the causes producing or changing the motion. 

The study of the, laws of mechanics should be started with the investigation 
of simple motions which can be observed directly. Therefore, we ‘shall begin 
with considering motions of bodies relative to the EKarth’s surface and assuming 
(at the moment, without an adequate justification) that the Earth is a fixed 
body. We shall first establish the general laws of these motions and then pro- 
ceed to conclusions concerning the influence of the relative motion of the Earth 
round the Sun on the motions under consideration and to the experimental veri- 
fication of these conclusions. A number of experiments which will befdiscussed 
later confirm the applicability of the laws we have found to arbitrary motions 
of bodies. That is why the dynamical laws established for motions of bodies 
relative to the Earth’s surface can be extended to motions of celestial bodies. 
Based on this generalization, we can perform theoretical calculations and then 
again verify their consequences by observation. Getting ahead of what follows, 
we mention here that Newton himself performed such a verification, and since 
then physical investigations and astronomic observations have perfectly con- 
firmed the validity of the laws of dynamics thus derived. 

Motions of bodies relative to each other can be of different character which 
may vary in the general case. Such variations may develop in different ways; 
for instance, a body can first be at rest, then begin moving with a certain veloc- 
ity and finally stop, that is arrive at another state of rest. As another example 
of this kind we can consider a body moving with a constant velocity which 
then increases because of some action, that is the body begins to move faster. 
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A body may first move eastward and then change its motion and move south- 
ward and so on. 

In all the cases a change of a motion of a body is first of all accompanied by 
some definite variations of the velocity of the body; the velocity changes its 
absolute value or direction or both. We can therefore conclude that interactions 
causing changes of the velocity of a body are in a certain relationship with 
the velocity. 


SS ALE 
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FIG. 28 


This is the first conclusion we come to when investigating motions of bodies. 
This conclusion can also be stated as follows: it is the actiéns of other bodies on 
the given body that determine the velocity of the latter. 

From Aristotle’s Physics we know that such a formulation of the basic law of 
mechanical motion was familiar to the ancients. Aristotle classified all the 
motions into “natural” and “compulsory” ones; into the first group he included 
the upward and downward motions and into the second group all the rest. 

The idea of a relationship between external actions and the velocity of a body 
is quite correct if it is understood in the following sense: there is a law according 
to which the external actions specify the velocity of the body. However, the 
conclusion that an action exerted upon a body at a given moment determines 
the velocity of the body at that very moment (which can be drawn from Ari- 
stotle’s ideas) is absolutely wrong. G. Galileo disproved this conclusion on 
the basis of a thorough analysis of the results of his experiments and stated the 
following assertion: if there are no external actions on a body it either moves with 
a constant velocity or is at rest. 

This assertion is the basic idea of the first law of dynamics discovered by 
G. Galileo; it will be treated in detail in Sec. 16. 

Before proceeding to the study of the laws of dynamics we must consider 
the general characteristics of an action of a body upon another body; this leads 
to the important physical notion of a force. 


13. Force 


To lift a pail of water and to hold it in his hand a man must apply to the 
pail the “force” of the hand; he “feels” the force with which he pulls the pail 
upwards; this force is equal to the one with which the pail acts on his hand 
in the downward direction. When a worker pushes a loaded cart he applies the 
force of his hands to impart the motion to the cart, to roll it and to give the 
cart its velocity (see Fig. 28). In these actions the man has a feeling of a certain 
strain in his body; the force we have spoken of in these examples is connected 
with that feeling. 
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However, in mechanics by force is not meant a physiological feeling. What 
is understood by force in mechanics is a physical cause changing the state of motion 
of bodies and resulting from an interaction of two bodies. Thus, a physical force 
in mechanics should by no means be confused with the feeling of strain. For 
instance, a worker pushing a cart acts upon the cart with a certain force and 
this action is accompanied with a feeling of strain in his muscles; however the 
motion of the cart is governed by a certain law connected with the magnitude 
of the force applied by the worker to the cart and not with his feeling. If the 
same force is applied to the cart by another body (for example, by a tractor) 
the motion of the cart will be the same. 

The force of gas pressure produced by the explosion of powder pushes the 
shell out of the barrel of the gun, the force exerted by the locomotive moves 
the cars of the train, the force produced by the flow of the river rotates the water 
wheel, etc. In all such examples we speak of a force as a cause producing or 
changing the motion of a body. 

So far we have stressed that a physical force is connected with a change of 
the motion of a body; but there is.a special case frequently encountered when 
the action of a force does not change the motion of a body, or, more precisely, 
does not cause a change of the motion observable in ordinary circumstances. 
For instance, if to a cart is applied a force whose magnitude is not sufficiently 
large to produce motion, the force is nevertheless acting on the cart. When 
a man holds a pail of water he acts with a definite force on it but the pail remains 
at rest. 

In all such cases there are some other forces whose action “eliminates” that 
of the force under consideration. 

If for some time period there is only one force acting on a body the latter 
cannot be at rest; this readily follows from the first law of dynamics. On the 
other hand, if a body is in a state of rest all the forces acting upon it are in an 
equilibrium, that is they balance each other and their sum is equal to zero. It 
should be noted that although a body is at rest under the action of mutually 
balancing forces it undergoes a deformation, that is it changes its form under 
that action. In the cases when there is a relationship between the deformation 
and the forces uniquely determined and governed by a certain law, the defor- 
mation of some bodies (such as a spring, a dynamometer, and the like) can serve 
as a measure of the forces. 

The division of mechanics studying the laws of equilibrium of forces acting 
upon bodies is called statics. The laws of statics are a special case of the laws 
of dynamics, the former being essentially simpler. That is why the study of 
mechanics is sometimes begun with statics in accordance with the history of 
the development of mechanics since the laws of statics were discovered much 
earlier than the general laws of dynamics. 


14, Measuring Constant Korces 


Forces considered in statics do not vary and therefore their determination 
and measurement is simpler. In statics as a measure of a force is usually taken 
the force of weight of a certain body. By the force of weight or, simply, weight 
is meant a force with which a body. at rest acts on another body preventing the for- 
mer from falling. 

If a body is at rest relative to the Earth it acts upon a post (a support) by 
a definite force characteristic of that body. As early as ancient times the man 
learned that the forces of weight of various bodies can be measured by compar- 
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ing them (with the aid of a balance) with the force of weight of a definite body 
whose weight was taken as a unit. 

As is known, the simplest beam balance consists of an equal-arm lever (rotat- 
ing freely about its midpoint) from whose ends the bodies whose weights should 
be compared are suspended (such a balance is schematically depicted in Fig. 29). 
If the equal-arm lever from which the bodies are suspended occupies the hori- 
zontal position and is in equilibrium the weights of the bodies suspended from 

the opposite ends of the lever are 
equal. In principle, this allows us to 
measure the force of weight of any 
body. 
By international agreement, as a 
unit of force was taken the weight of 
a definite standard rod made of plati- 
num-iridium alloy which is preserved 
in Sévres (near Paris). Since the force 
of weight of a body depends on the 
geographical location of the place 
where that force is measured, the unit 
force is understood as the weight of 
the standard rod in the place where it 
FIG. 29 is preserved. This unit of force is called 
the kilogram (force) and denoted kef. 
In the SI system is used another unit of force called the newton (denoted N) 
which is 9.80665 times less than the kilogram. In the cgs system the unit of 
force is the dyne (denoted dyn) equal to 10-5 N (see Sec. 18). 

The force of weight is a vector physical quantity. For instance. consider 
a pack of cotton suspended from a rope (Fig. 30). The force of weight of the pack 
is directed downwards.* Its magnitude (absolute value) and direction are repre- 
sented by the directed line segment Q (equipped with an arrow indicating the 
direction). The length of the segment (measured with the aid of a chosen unit 
of length representing, conditionally, the unit of force) corresponds to the 
magnitude of the force. In the figure, besides the force of weight, is also shown 
the force of tension of the rope, that is the force with which the rope acts upon 
the pack of cotton. The latter force is represented by the line segment F. The 
forces F and Q are equal in their absolute values and opposite in the direc- 
tions. 

If we measured precisely the length of the rope before the suspension of the 
load and after the suspension it would turn out that the rope has received an 
elongation. The deformation of the rope is in a certain relationship with the 
force of tension. The relationship between the force and the deformation depends 
on the properties of the rope and on the magnitude of the deformation. In the 
case when the magnitude of the deformation is uniquely determined by the 
magnitude of the force acting upon the body we speak of an elastic deformation. 

As an example of a body admitting considerably large elastic deformations 
we can take a steel spring. Attaching one of the ends of the spring to the post 
(Fig. 31) and suspending loads of various weights from the other end we can 
measure the deformation (elongation) of the spring with the aid of a fixed scale. 
If the elongation Al of the spring is determined solely by the weight of the 
suspended load (under the other conditions remaining invariable) the defor- 


* This force is applied to the rope (see Secs. 46, 92). 
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mation of the spring is elastic. That is why a steel spring is the basic element 
of devices measuring the magnitudes of various forces. eaoe instruments are 
called spring balances (dynamometers). 

The diagram representing the dependence between the tore F extending 
the spring of the dynamometer and the elongation Al of the spring is shown 
in Fig. 32a. The dependence between the force and the deformation is represent- 
ed by a straight line in this figure irrespective of what force was applied to 


0 
Q bal 
‘0 
Q 
FIG. 30 FIG. 31 


the spring before the suspension of the load; its deformation Al, is determined 
solely by the force F, acting at the given moment, the magnitude of the force F, 
being directly proportional to the deformation Al,. 

A deformation of a body is called inelastic if the dependence between the 
force and the deformation cannot be represented by one line. In the case of 
an inelastic spring the investigation of the dependence of the elongation on the 
force, as the magnitude of the force is increased, results in a curve A (Fig. 320); 
to the magnitude F, of the force there corresponds the elongation Al, and to the 


Al, Al, Al, 
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Al; Al 


FIG. 32 


58 MECHANICS OF RIGID BODIES 


magnitude F, the elongation Al,. Proceeding in this way we arrive at a maxi- 
mum load, that is to a maximum magnitude of the force (it is not marked 
in Fig. 326). On decreasing the load from its maximum value and marking the 
magnitudes of the force and the corresponding elongations, we receive an essen- 
tially different curve B showing that in this case to the force F, there corres- 
ponds an elongation Al, and to the force F, an elongation Al,. After the load 
has been removed the elongation Al, of the spring does not become equal to 
zero; the elongation Al, is called the residual deformation. A spring of this 
kind cannot be used for measuring forces; therefore, in the dynamometers are 
always used elastic steel springs for which the dependence between the force 
and the deformation is determined uniquely and the residual deformation is 
negligibly small. 


15. Equilibrium Conditions for Forces Acting 
ona Particle 


With the aid of a set of loads (a set of weights) we can calibrate spring dyna- 
mometers. Unless some special measures are taken, the precision of spring 
balance measurements of forces is usually not very high and is much less than 
the precision of lever balance measurements. However, since it is easier and 
more convenient to deal with spring balances, they are frequently used both 
in engineering and in physical experiments. 

Given one calibrated spring dynamometer, we can calibrate all the dynamom- 
eters we have. For this purpose, we join the ends of the springs of two dynamom- 
eters with a thread and then gradually stretch it. At any equilibrium state 
both dynamometers must show the same data. When the whole system is in 
an equilibrium state every part of the thread joining the dynamometers is 
acted upon by two forces F and F, equal in the magnitudes and opposite in 
the directions. The vector equality expressing the equilibrium of the forces is 
written as 


F+ F, =0 (15.1) 


Knowing the graduation mark of one dynamometer we can mark the values 
of the corresponding forces on the scale of the other dynamometer. 

If one end of a dynamometer is attached to a fixed body with a thread (for 
instance, to a nail driven into the table as shown in Fig. 33) it is possible to 
determine the magnitude and the direction of the force with which the hand 
stretching the dynamometer acts on the nail (the direction of the force coincides 
with that of the thread). Thus, to specify a force one must indicate not only 
its magnitude but also the direction of its action in space; this means that 
a force is a vector quantity. 

If there are a number of forces acting on one point in different directions 
their action can be replaced by the action of one force called the resultant of 
the given system of forces. As in the case of arbitrary vectors, the absolute 
value and the direction of the resultant are found according to the general 
addition rule for vectors. 

What has been said can be confirmed by simple experiments with dynamom- 
eters. Let us take several calibrated dynamometers and a sheet of paper placed 
on the table from which a nail driven into the table rises. Let us put on the nail 
a small ring with three threads attached to it (see Fig. 34). On attaching the 
ends of two threads to the ends of the dynamometers B and C and stretching 
them we fix the opposite ends of the dynamometers. In this case the ring at 
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FIG. 34 


FIG. 35 


the point O is acted upon by two forces forming a certain angle; such forces can 
never balance each other: if we remove the nail from the table the ring will 
no longer be in equilibrium. 

We now draw on the sheet of paper the lines of action of the forces and set 
off along them line segments OB and OC (Fig. 35a) whose lengths (measured 
in certain units) represent the data shown by the corresponding dynamometers B 
and C. Now let us construct the line segment OD equal to the diagonal of the 
parallelogram with sides OB and OC and extend the line OD through the 
point O. Next we attach to the third thread the third dynamometer A, direct 
that thread along the line OD, stretch it with a force of magnitude equal to the 
segment OD and then fix the other end of the dynamometer A to the table (see 
Fig. 34). On removing the nail from the table we see that the ring remains in 
equilibrium. Consequently, the force measured by the dynamometer A balances 
the action of the forces measured by the dynamometers B and C. The three 
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vectors representing the forces F,, F,, and F, form a closed triangle shown 
in Fig. 35b. The fact that the resultant of the forces acting on the point O is 
equal to zero can be expressed in the vector form: 


When the sum of three forces acting on a point is equal to zero the force 


directed opposite to any of the three forces and equal to it in its absolute value 
is equal to the sum (the resultant) of the other two forces. 


FIG. 36 FIG. 37 


It should be noted that an experiment completely analogous to the one shown 
in Fig. 34 can be performed with the aid of pulleys and weights replacing the 
spring dynamometers. In the latter experiment special attention should be 
paid to the quality of the pulleys: they must have small axial friction for the 
results to be sufficiently precise. 

If a fourth force lying in the plane of the three former forces (see Fig. 34) 
is additionally applied to the point O the forces of tension of the threads can 
always be chosen so that the actions of the four forces acting on the ring are 
mutually balanced. In this case the vector diagram of the forces is represented 
by a closed quadrangle. 

In just the same way we can add a fifth force and, generally, several forces; 
and number of forces acting on a point and lying in one plane can be chosen 
and arranged so that they are in equilibrium. 

The general equilibrium condition reads: in equilibrium of forces lying in one 
plane and acting on one point the vectors representing the forces form a closed poly- 
gon. 

The same condition is valid for forces acting on a point and not lying in one 
plane but in this case the vector polygon is a spatial figure (see Fig. 36). 

Two forces acting on a point and not lying in one line can never balance each 
other. Similarly, three forces not lying in one plane can never be in equilibrium. 
Indeed, let three forces a, 6, and ¢ (Fig. 37) act on one point and not lie in 
a common plane. Through the lines of action of any two of the forces a plane 
can be drawn. Let A be the plane containing the vectors a and 6. Then the 
vector c can be resolved into two components c, and ce), the former being per- 
pendicular to the plane A and the latter lying in that plane: e = ec, + cy. 
The resultant (the sum) of the three forces a, 6, and c, is in the plane A and 
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-:nnot be balanced by the force c, directed perpendicularly to that plane. 
=>ur (and more) forces acting on one point and not lying in one plane can be 
= equilibrium. Generally, forces acting on a point are in equilibrium if and 
‘cly if the vectors representing the forces form a closed (spatial, in the general 
-:se) polygon. The projection of a closed vector polygon on any axis is always 
=qual to zero, therefore the former equilibrium condition for forces acting 
"3 one point (concurrent forces) can be restated in the following equivalent 
-4rm: in the case of equilibrium the sum of the projections of all the forces onto 
zzch of the three mutually perpendicular coordinate axes must be equal -to 
cori, 

Let some forces F,, F., F3, ..., F, act on one point, their projections on the 
z-axis being X,, X., X35, ..., X, respectively. Analogously let the projections 
of the forces on the y-axis be Y,, Y., Y3, ..., Y, and the projections on the 
z-axis be Z,, Z., Z3, . . -, Z,. Then the equilibrium conditions can be written as 


nr 


Y,+Y.tY3+ eee +Y,=>,Y:= (15.3) 


Z,+Z,+2Z34 ... + on 2 Z;,=0 


n 


where the sign >) symbolizes the summation of any quantities supplied with 
i=1 


I= 
the index i as the index assumes all the values 1, 2, 3, .. ., n. The three con- 
ditions (15.3) are completely equivalent to one vector equality 


Fick Fy Bee ne te, 0 (15.4) 


If the equilibrium condition for all forces acting on a point is not satisfied 
the forces produce a motion of the point. The relationship between the action 
of given forces on a material point and the motion of the point will be studied 
in the following sections. 

It should be noted that in the consideration of the action of a force on a body 
regarded as a material point we do not take into account any properties of the 
body. We only (tacitly) assume that the body is not destroyed under the action 
of the given forces. Although the body undergoes deformations under the action 
of the forces we do not take into account these deformations. 

Now let us discuss in which way a constant force acts on a fixed body. The 
action of the force produces definite deformations of various parts of the body. 
During the time interval following the moment of the application of: the force, 
as the deformations appear, various parts of the body receive some displace- 
ments, that is a certain motion is’ produced. After this transient process an 
equilibrium is established and all the parts of the body are at rest. 

Thus, the action of a force on a fixed body results in deformations of various 
parts of the body. If the deformations are known the acting forces can be deter- 
mined from them only when the deformations of the body are elastic. If other- 
wise, such a determination is impossible unless some special additional investi- 
gations are carried out because in the case of inelastic deformations the rela- 
tionship between the forces and the deformations is extremely complex. 
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16. Force and Motion (Newton’s First Law) 


It was said in Sec. 13 that by a force is meant a physical cause producing 
a motion or changing a state of motion of a body and that such a cause always 
results from interaction of some bodies. Now, after the equilibrium conditions 
for forces (Sec. 15) have been established, we can give a more rigorous definition 
of a force: a force is a physical quantity characterizing an interaction of at least 
two bodies and specifying a change of the state of motion of a given body or a defor- 
mation of the body or both. A mechanical interaction between a given body and 
other bodies or the action of the other bodies on the given body can now be 
described with the aid of forces with which the other bodies act on that body. 

The introduction of the notion of a force reduces a mechanical problem con- 
cerning the motions or the deformations of several interacting bodies to two 
problems: in the first problem we must determine the forces acting on each 
body and in the second problem it is required to determine the motions or the 
deformations of the bodies under the action of the known forces already found. 

We know how a force can be measured and determined in statics but we do 
not know yet how a force specified by its absolute value and direction acting 
on a body is connected with the motion of the body and with the changes of 
the motion; the investigation of this connection is known as the basic problem 
of dynamics. 

Before proceeding to the consideration of this problem we should mention 
that it is not known in advance that a force measured statically with the aid 
of a dynamometer (or with the aid of a beam balance) influences in a certain 
way the motion of the body it acts upon. Only experiments in which the forces 
are measured with the aid of dynamometers for moving bodies convince us that 
there exists a definite law connecting the forces acting upon a body and the 
motion of the body. 

The basic problem of dynamics in which it is required to establish the law 
governing the relationship between forces and motions was completely solved 
by I. Newton on the basis of Galileo’s inertia law (Sec. 12). Newton formula- 
ted this law as follows: any body is in a state of rest or in a uniform rectilinear 
motion until some forces applied to it produce a change in the state of the body. 
This law is referred to as Newton's first law of dynamics. 

Newton’s first law asserts that a state of rest and a uniform rectilinear motion 
of a body are basically the same mechanical state of the body. Besides, it dwells 
on the action of a force: it is only a force that can change a state of rest or a uni- 
form rectilinear motion of a body. According to that law, in the absence of 
external actions any body moves along a straight line with a constant velocity. 
At first sight this appears strange because by far not always all the forces acting 
on a body are known in advance. Let us consider an example. When a car of 
a train is in a uniform rectilinear motion the sum of all forces applied to the 
car is equal to zero. Indeed, in this case the magnitude of the force pulling the 
car forward is exactly equal to that of the force acting on the car in the back- 
ward direction. We may not be interested in the fact that the pulling force 
is caused by the action of the preceding car and that the backward force is 
produced by the air drag, by the force of friction of the wheels and so on. The 
essence is that the resultant of the forward and backward forces is equal to zero 
since the car is in a uniform rectilinear motion. This conclusion is drawn from 
Newton's first law of dynamics. 

Let us discuss another example. In a free fall of a body in vacuum the body 
is acted upon by a single force which is its gravity and therefore, by the same 
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urst law, the body cannot move uniformly, that is its velocity cannot be con- 
stant; this conclusion is in a complete agreement with the results of observa- 
tion. 

A uniform rectilinear motion of a body is sometimes called an inertial motion. 
This must not be understood in the sense that inertia is the cause of that motion. 
For a body to remain in a state of a uniform rectilinear motion no causes are 
needed. A uniform rectilinear motion (inertial motion) of a body is a natural 
state of any body on which no forces act or which is acted upon by a system 


V<V; <V> 


FIG. 38 


of forces whose resultant is equal to zero. This is the case in the above example 
of a car of a train moving uniformly in a straight line: the sum of the forces 
acting on it is equal to zero and therefore the car retains its uniform rectilinear 
motion (inertial motion). It should be stressed that here we speak of forces 
acting upon a body at a given time and do not consider the forces which acted 
on the car when it started moving and which brought it to the state of the uni- 
form rectilinear motion. 

The Galileo-Newton law can also be formulated as follows: an inertial motion 
is a natural property of any material body. Thus, the inertia of a body is not 
a cause of its motion but a property of the body. 

G. Galileo discovered his inertia law on the basis of experiments with bodies 
falling in the air; these experiments disproved the incorrect idea of Aristotle 
that heavier bodies fall faster than lighter ones. Galileo found experimentally 
the laws of the fall of bodies in the air, investigated the motion of bodies in 
inclined planes and drew the conclusion that in the absence of air resistance all 
bodies must fall with the same speed. 

Later this conclusion was confirmed by Newton on the basis of the observa- 
tion of the fall of bodies in a tube from which the air was pumped out. This 
experiment is often demonstrated now to students studying physics. 

Galileo confirmed the validity of the conclusion drawn from the results of 
his experiments by the following additional argument. Suppose that, according 
to the idea of Aristotle, a heavy body A falls faster than a lighter body B (see 
Fig. 38). Now imagine that we connect the bodies with a thread; then we obtain 
a body which is heavier than A and, according to Aristotle’s idea, it must fall 
faster than A. But the lighter body B must itself fall slower, and consequently 
in the fall of the system consisting of the two joint bodies the body B must lag 
behind and the thread must therefore be taut. Hence, the force of tension of the 
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thread F pulls the body A upwards and the body B downwards. The upward 
action of this additional force on the body A must result in an increase in the 
velocity of its downward motion; this contradicts Aristotle’s idea which we 
assumed to be correct. 

Consequently, Aristotle’s idea is wrong. 

In the absence of the air the fall of all bodies is a uniformly accelerated motion 
and the acceleration of the fall at a given place on the Earth’s surface is the 
same for all the bodies. When a body falls from a small height the force of 
gravity remains practically the same, the acceleration is also constant and the 
velocity continuously increases. Experiments with bodies moving down an 
inclined plane show that the acceleration of the bodies is proportional to the 
magnitude of the component of the force of gravity directed along that plane. 
Consequently, in the case of a zero slope, that is on a horizontal plane, the 
body moves with a constant velocity (if the force of friction is negligibly small) 
or is in a state of rest. Hence, in the absence of acting forces the velocity of any 
body remains constant. It should also be mentioned that Galileo concluded, 
on the basis of the same experiments, that the gravity force whose magnitude 
(or the magnitude of its component along an inclined plane) had been deter- 


mined only with the aid of balances was proportional to the acceleration of the 
body. | 


17. Newton’s Second Law 


As follows from the first law, a body acted upon by a force cannot be in a uni 
form rectilinear motion. Therefore there arises the following question: what 
is the motion of a body under the action of a force? The answer to the question 
is given by the second law of dynamics. 

For the sake of simplicity we begin with a formulation of the second law which 
is not its most general statement (the general statement given by Newton him- 
self will be presented later). This limited form of the second law of dynamics 
we are speaking of reads: the product of the magnitude of the mass of a moving 
body by its acceleration is proportional to the magnitude of the force acting on 
the body, the directions of the force and of the acceleration coinciding. 

The second law of dynamics gives a relationship between three quantities: 
the force, the acceleration, and the mass. The physical meaning and the ways 
of measuring the magnitudes of a force and of an acceleration were elucidated 
before. Later on we shall give the definition of the third quantity, the mass of 
a body, by analysing experiments with motions of various bodies under the 
action of forces (see Sec. 18). 

The application of forces of various magnitudes to the same body and the 
measurement of the accelerations produced by the action of the forces lead us 
to the conclusion that the acceleration is directly proportional to the force 
applied to the body. For example, consider the experiment whose scheme is 
shown in Fig. 39: a cart is moving on the rails under the action of the force of 
tension of the thread F. The thread is stretched by the weight G suspended from 
the other end of the thread passing around a pulley. The force of tension of the 
thread is measured with the aid of a dynamometer. Measuring the magnitude 
of the force and the distances travelled by the cart in its motion during definite 
time intervals we can establish the law connecting the acceleration and the force. 

To begin with, let us analyse the character of the motion of the cart under 
the action of a constant force measured by the dynamometer. Suppose that 
the dynamometer shows a constant magnitude F, of the force (in this first exper- 
iment the load G remains invariable). Letting the cart move from a point A 
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we measure the distances S,, S,, S3, .. . travelled by the cart during 1,2, 3,... 
equal time intervals. The experiment implies that the distances are propor- 
tional to the squares of the whole numbers, that is S,:S8,:S8,:... = 


= 12; 2?; 33:... . Such a variation of the distance as function of time cor- 
responds to the formula for the path of a uniformly accelerated motion: 
ca 
a 


where a is the acceleration and ¢ is time. Consequently, under the action of 
a constant force the cart is in a uniformly accelerated motion. 


F 


os 
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FIG. 39 


Now let us investigate the dependence of the acceleration on the magnitude 
of the acting force. To this end we change the weight G so that, for instance, 
the magnitude of the force of tension of the thread measured by the dynamo- 
meter becomes one and a half times greater, that is equal to °/, Fy. Then we 
again find that the motion is uniformly accelerated but in the new experiment 


the distances Sj, Sj, Sj, ... travelled by the cart during 1, 2, 3, ... equal 
time intervals become one and a half times greater than the corresponding 
distances S,, S,, S;, ... travelled by the cart in the former experiment under 


the action of the force F, during the same time intervals. The distance trav- 
elled by abody in a uniformly accelerated motion during a fixed time interval 


2 
is proportional to the acceleration ( this is seen from the same formula S$ = =) : 


Further analogous experiments show that the distances passed by the cart for 
various magnitudes of the force F are always proportional to F. The results 
of the experiments can be expressed by the general formula 


F =ka (17.1) 


where & is a (constant) proportionality coefficient. Thus, the magnitude of the 
force is proportional to the magnitude of the acceleration and, conversely, the latter 
is proportional to the former. 

Hence, these experiments prove the validity of the part of the second law 
of dynamics asserting that the magnitude of the force is directly proportional 
to that of the acceleration. 

It should be noted that in the experiments described here we reproduce in 
fact the idea of- Galileo’s classical experiments with motion of bodies down 
5—0776 
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inclined planes; the only difference is that we measure the accelerating force 
with a spring dynamometer during the process of motion while in Galileo’s 
experiments the force could only be measured in the state of rest. 

In our experiments some measures should be taken to make the additional 
actions upon the cart produced by the other bodies (by the rails and the air) 
negligibly small. To make sure that this condition holds we can perform the 
following experiments. Let us remove the thread connecting the dynamometer 
with the load and then push the cart and measure the distances travelled by it 
during two equal time intervals. Let the velocity of the cart be approximately 
the same as in the above experiments in which the cart was accelerated. If it 
turns out that after the push the distances travelled by the cart during equal 
time intervals are approximately equal to each other then, according to the 
first law of dynamics, we can conclude that the additional actions upon the 
cart are small in comparison with the action of the force of tension of the thread. 
Hence, although there are additional actions their magnitudes are sufficiently 
small; therefore, the results of our experiments (provided that they have been 
performed with a sufficient accuracy) completely confirm the validity of the 
second law of dynamics. Getting ahead of what follows, we mention that if 
we increased the accuracy of the measurements of forces, distances and time 
intervals and measured the additional forces with which the rails and the air 
act on the cart, the results of these more precise experiments would only provide 
a further confirmation of the validity of the second law of dynamics. 


18. Mass of a Body 


Let us perform experiments with an accelerated motion of a cart under the 
action of a constant force F, in which the loads carried by the cart are changed 
and the accelerations of the cart are measured. The results of such experiments 
show that the acceleration produced by the constant force decreases as the load is 
increased. Consequently, we can draw the general conclusion that the accelera- 
tion of a body under the action of a given force depends not only on the magni- 
tude of the force but also on a certain property of the accelerated body, the 
property varying as the quantity of matter the body consists of is changed. 
This property is referred to as the inertness of the body. The greater the inert- 
ness of the body, the smaller the acceleration it receives under the action of 
a constant force. The inertness increases as the load grows, that is as the quan- 
tity of matter the body contains is increased. The inertness of a body only 
appears in dynamical phenomena; for ordinary bodies it can be determined 
from dynamical experiments with accelerated motions of the bodies. 

The physical quantity serving as a measure of the inertness of a body is cal- 
led the mass of the body. When increasing the load on the cart we thus increase 
its mass, which results in a decrease of the acceleration of the cart produced 
by the action of the same force. The magnitude of the mass of a given body can 
be determined on the basis of the second law of dynamics by measuring the 
acceleration of the body produced by a definite force. The magnitude thus found 
can naturally be called the inertial mass of the body. In what follows we shall 
often omit the word “inertial” when speaking of a mass but the reader should 
keep in mind that, unless a special stipulation is made, by “mass” is usually 
meant the inertial mass. 

The mass of a certain body can be chosen as the wnit of inertial mass with 
which the masses of the other bodies should be compared. In the SI system 
as the unit mass is taken the mass of the standard rod mentioned in Sec. 14. 
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This unit of mass is called the kilogram (denoted kg). In physics we often use 
s unit which is equal to 0.001 kg and is called the gram (denoted g). 

We now consider experiments in which a force of constant magnitude gives 
scceleration to a body whose mass is varied. As was said, the acceleration 
depends not only on the magnitude of the force but also on the inertness of the 
body, that is on the magnitude of its inertial mass. From the second law of 
dynamics it follows that the acceleration of the body in such experiments is 
inversely proportional to the inertial mass. 

Let a body of unit mass receive an acceleration a, when it is acted upon by 
a force of magnitude F,. Let another body whose mass is unknown have an 
acceleration a, under the action of the same force. Then, by the second law, 
we can write 


F, = km,a, = km.a. (18.1) 


where k& is a coefficient dependent solely on the choice of the system of units. 
From (18.4) it follows: 


My = mM, ae (18.2) 


In this way we can, in principle, measure the magnitude of the mass of any 
body. Later on we shall also discuss some other methods for measuring masses 
of bodies which, by the way, are in fact closely related to the above method. 

Now let us imagine that analogous experiments are performed with a body 
which can slide freely on a smooth horizontal plane surface. Let us make the 
force, acting on the body in these experiments, change its direction relative 
to the body; this can be achieved by changing the direction of the action of the 
force or by turning the body itself in some way. The results of such experiments 
indicate that for any horizontal force applied to the body and for any orienta- 
tion of the body relative to the direction of the force the magnitude of the acce- 
leration is always proportional to that of the force. They also show that the 
directions of the acceleration and of the force coincide. Consequently, a mass 
of a body is a scalar quantity. 

On denoting by m the inertial mass of an arbitrary body acted upon by a 
force F (as we know, a force isa vector) we can now write the relation expressing 
the second law of dynamics in the vector form - 


F = kma (18.3) 


where a is the acceleration (which is also a vector) and k is a coefficient depen- 
dent on the choice of the system of units. The presence of such a coefficient 
(dependent on the magnitudes and on the dimensions of the chosen units) in the 
relation expressing one of the fundamental laws of physics is extremely incon- 
venient. Therefore the magnitude of unit mass, its dimension and the magni- 
tudes and the dimensions of the other units are usually chosen so that this coef- 
ficient become dimensionless and equal to unity: k = 1. 

Following this convention, for the SI system in which the unit of mass is 1 kg 
and the unit of acceleration is 1 m/s? we put k = 1 in (18.3) and thus obtain the 
derived unit of force which is called the newton (denoted N): 


1N =1kg-1 m/s? 


At present the SI system is considered preferable in all fields of science. Besides 
1 kg, 1 m and 1s, as basic units in this system are also taken 1 A (the interna- 
tional ampere, the unit of electric current intensity), 1 K (the kelvin, the 
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unit of thermodynamic temperature), 1 cd (the candela, the unit of luminous 
intensity) and 1 mole (the gram-molecule) which is the amount of substance 
containing the same number of grams as there are units of molecular weight 
of the substance. 

In physics are also used some other systems of units, for instance, the cgs 
system in which the unit of mass is 1 g, the unit of length 1 cm, the unit of 
time 1 s (these are the basic units) and the unit of force is a derived unit 
chosen so that the coefficient * in formula (18.3) expressing Newton’s second 
law is equal to 1. The dimension formula for the unit of force in the cgs sys- 
tem is written as 

[F] = g-cm/s? (18.4) 


This unit is called the dyne (denoted dyn). 

In engineering is widely used the technical system of units in which the basic 
units are the kilogram (force) denoted kgf, the metre denoted m and the second (s). 
In this system the unit of mass is a derived unit and is again chosen so that 
the coefficient k in formula (18.3) expressing Newton’s law is equal to 1. This 
technical unit of mass (t.u.m) is equal to the mass of a body which receives an 
acceleration of 1 m/s? when acted upon by a force of 1 kgf. The technical unit 
of mass is obviously equal to 9.81 kg. 

The analysis of the results of the experiments considered in this section and 
the investigation of all mechanical phenomena in which fhe velocities of mo- 
tions are small relative to the speed of light show that the mass of a body is 
a constant quantity. However, as was found in experiments and phenomena 
in which particles move with velocities close to the velocity of light, the mass 
of any body does not remain invariable and depends on the velocity of motion. 
In EKinstein’s modern relativistic mechanics it is shown that the mass is ex- 
pressed by the formula 


a. ae 
5 18.5 


where m, is the constant mass of the body which it has when its velocity v ~ 0. 
For ordinary motions v < c = 3 X 10% cm/s, and therefore we can with a high 
accuracy consider the mass of a body as a constant quantity for such motions 
(this question will be discussed in more detail in Sec. 1955). 


49. General Form of Newton’s Second Law 


Newton stated the second law of dynamics in a more general form than the 
one considered in the foregoing sections. To proceed to this general statement 
we introduce one more physical quantity characterizing a moving body (a par- 
ticle), namely, the momentum (or the linear momentum) of the body. The mo- 
mentum of a given body is a vector quantity whose absolute value is equal to 
the product of the mass of the body by its velocity and whose direction coin- 
cides with that of the velocity. Denoting by K the momentum of a body having 
a mass m we can write 


K = mv (19.1) 
where v is the velocity of the body. There are no special names for the units 


of momentum. In the SI system the dimension of the momentum is kg-m/s. 
For instance, a body having a mass of 10 kg and moving with a velocity of 
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2 m/s possesses the momentum 
10 kg -2 m/s = 20 kg-m/s 


Newton stated the second law of dynamics as follows: the change of the momen- 
zum is proportional to the force producing the motion and its direction coincides 
ccith the direction in which the force acts. 

Using the notion of the derivative we can state this law in the following way: 
sae time derivative of the momentum of a body is equal to the acting force in its 
zbsolute value and coincides with it in its direction.* 

If a body has a momentum K and is acted upon by a force F then at any time 
there holds the relation 


dK 


: d 
=“, that is F=— (mv) (19.2) 


F 
The only case when we can take the mass outside the differentiation sign is 
the one when the mass of the body remains constant; then we can write 


F=m— (19.3) 


where a is the acceleration of the body. Thus, only in that special case (which 


however is most frequently encountered) the formulation of the second law 
of danymics given in the foregoing sections remains valid. 

When considering a motion of a body whose mass varies as function of time 
we must use the general form of the second law (involving the momentum) 
because in this form the law describes adequately the dynamics of all the pos- 
sible motions of a particle. 

The general form of the second law of dynamics turns out to remain valid in 
Einstein’s relativity theory. AS was mentioned, according to that theory the 
mass of a body depends on the absolute value of the velocity of motion (formu- 
la (18.5)). Therefore, relation (19.2) remains valid while (19.3) does not. For 
a variable mass the law of dynamics is written as 


 —— (mv) = sti che v+ma (19.4) 


dt a UTM a 
When the absolute value of the velocity varies the mass m also varies; therefore, 
in the general case the direction of the force F does not coincide with that of the 
acceleration @ and the acceleration is not proportional to the force. 

As will be shown later (Sec. 156), in the case of a variable mass the directions 
of the acceleration a and of the force F coincide only when the force is directed 
along the velocity v or when it is normal (perpendicular) to the velocity. In all 
the other cases the situation is approximately as shown in Fig. 40. In the New- 


tonian mechanics we have = v < ma because the mass m differs very slightly 


from the constant m,. Even for the velocities comparable with the Earth’s 
velocity of rotation round the Sun which is very large (of the order of 30 km/s) 
the ratio v/c ~ 10-* is so small that m/m, —1™~5 x 10-®. For ordinary 


* Here, as usual, it is meant of course that all the quantities involved are measured in 
the same system of units. 
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“technical” velocities this quantity is still smaller. What has been said does 
not of course apply to the case of the velocity of an elementary particle in an 
accelerator whose magnitude v may be very close to c. In such a case the Newto- 
nian mechanics is inapplicable and more precise Einstein’s relativistic mechan- 
ics should be used. 

Newton's first and second laws involve a force acting on one (given) body; 
other bodies whose actions result in the appearance of the force are not men- 
tioned in them. However, as we know, a force always characterizes interaction 

of at least two bodies; the role of the 
other bodies in a dynamical process 
involving the given body is described 
by Newton’s third law (which cannot 
be in fact separated from the first two 


laws). 
F 
ma : 
20. Newton’s Third Law 
Newton stated the third law of dyna- 
—_——_» mics as follows: to every action corre- 
. an, sponds an equal and opposite reaction; 


in other words, two bodies exert on each 
other actions whose magnitudes are equal 
and whose directions are opposite. 
FIG. 40 The first and the second laws speak 
of a force acting on a given body and 
of the result of the action of that force completely irrespective of the other 
bodies exerting the force and of the phenomena generating the force. In reality 
any change of a state of motion of a body results only from an interaction of 
several bodies. In every concrete situation, when speaking about a force we 
always indicate at least two bodies: the one acted upon and the one exerting 
the force. 

In what follows a force acting on a body A which is exerted on it by another 
body B will be designated as Fag. 

The assertion of the third law can now be expressed in the following form: 
if a body B acts on a body A with a force F,4z then the body A, in its turn, 
must act on the body B with a force F;, whose absolute value coincides with 
that of F4,3 and whose direction is opposite to that of Fag, both forces lying 
in a common straight line. The third law means that a force is always the result 
of interaction of two different bodies. 

The first two laws of dynamics abstract from the interaction and consider 
only one side of this phenomenon in order to simplify the analysis of the motion. 
In reality there always takes place an interaction, and there cannot exist a force 
without a reaction force.* It is evident that the distinction between the terms 
“action” and “reaction” is purely conditional; each of them can be replaced by 
the other. 

As an instance, let us consider a weight lying on a man’s palm (see Fig. 41). 
The force exerted by the palm on the weight is Fyp; it is applied to the weight 
and is directed upwards. The weight, in its turn, acts on the palm with the 
force F,, which is applied to the palm and is directed downwards. Now imagine 
that the man lifts his palm or lowers it. By the third law, in all the cases, we 


* In the inertial frames of reference (see Sec. 44). 
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have 
Fup + Fpw =9 (20.1) 


This equality always holds irrespective of whether the palm supporting the 
weight rests or moves. 


The third law does not characterize the magnitudes of the forces and only 
asserts that they are equal. It is also important to stress that the forces of which 
the third law speaks are always applied to different bodies. 


V; 


V2 


FIG. 4f FIG. 42 


In the case of an interaction between moving electric charges the situation 
is more complicated. For instance, let us consider the forces of interaction be- 
tween charges / and 2 (Fig. 42) moving as shown in the figure. The electric inter- 
action between the charges satisfies Newton’s third law while their magnetic 
interaction does not satisfy it if that law is understood in its ordinary mechani- 
cal sense. Indeed, the magnetic field generated by charge 2 at the point where 
charge J is located is equal to zero, that is there is no force of magnetic action 
exerted by charge 2 on charge 7; at the same time, the magnetic field generated 
by charge 7 at the point where charge 2 is placed is different from zero. Hence, 
there is a non-zero magnetic force exerted by charge / on charge 2 (its direction 
is perpendicular to the plane of the figure). However, there is no contradiction 
here because in the consideration of phenomena of this kind the momentum of 
the electromagnetic field should also be taken into account (this is done in 
electrodynamics). 

The three fundamental laws of dynamics stated by Newton had been known 
before but Newton was the first to understand that these three laws form the 
foundation of mechanics. It was Newton who analysed the motions of various 
bodies and showed that all mechanical phenomena, however complex, are 
governed by the three laws of dynamics; and it was due to him that mechanics 


became a precise science. That is why the laws of dynamics are called Newton’s 
laws. 
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21. Forces and Newton’s Second and Third Laws 


When investigating motions of bodies and solving mechanical problems one 
should carefully distinguish between consequences following from the second 
law and from the third law because their confusion often leads to misunderstand- 
ing. We shall demonstrate what has been said by examples. 

The analysis of every mechanical problem should be started with establishing 
what forces act upon the given bodies, what bodies exert these forces and how 
the forces can be determined. On performing the preliminary analysis we then 
determine the acceleration of the body, whose motion we are interested in, 
taking into account, if necessary, the conditions imposed on the forces (acting 
on the body) by the third law. Let us consider a number of such problems. 

(1) A weight lying on the palm. Let the palm move in a certain way. It is 
required to determine the forces acting on the palm and on the weight and find 
the acceleration of the weight. 

Equality (20.1) written on the basis of the third law does not itself provide 
any means for the determination of the acceleration of the weight. To determine 
the acceleration we must know all the other forces exerted on the weight by 
the other bodies. Besides the force Fy, with which the palm acts on the weight, 
the weight is acted upon by the force of gravity, that is by the force generated 
by the interaction between the weight and the Earth*; we denote this force 
as F,,.. Now we can determine the resultant force acting on the weight which 
is the sum of the two forces Fy, and Fye. According to the second law, the 
resultant is equal to the product of the mass of the weight by its acceleration: 


Frye + Fup = MyAy (24.1) 


Hence, if the magnitude of the force of gravity Fy, is greater than that of the 
force of the palm Fy), the acceleration of the weight is directed towards the 
Earth; if otherwise, that is if the magnitude of the force of the palm exceeds 
that of the force of gravity, the acceleration is directed upwards. 

The magnitude and the direction of the acting force determine only the acce- 
leration but not the velocity and therefore we cannot find from (21.1) the direc- 
tion of motion of the weight. For instance, when Pye > Fy, the weight can be 
either in a downward accelerated motion or in an upward decelerated motion. 
More precisely, when the acceleration is directed downwards the velocity can 
have an arbitrary direction; it can go upwards or downwards or even form an 
angle with the vertical. The direction of the velocity at a given moment has 
no direct connection with that of the acceleration while the acceleration itself 
is completely and uniquely determined by the acting forces. 

If the acceleration of the weight is equal to zero, the sum of the forces acting 
on it must be zero; in other words, in this special case the force Fy, of the action 
of the palm on the weight is equal in its magnitude and opposite in its direction 
to the force of gravity Fye. In these circumstances the weight can be in a state 
of rest or in a uniform rectilinear motion with any constant velocity. 

(2) A weight is suspended from a spring attached to the post placed on the table 
(see Fig. 43). We shall consider the post to which the spring is attached and the 
fixed table standing on the ground as one rigid body. Thus, we consider the 
interaction of three bodies: the weight, the spring, and the Earth (as has been 
said, the Earth together with the table and the post form one body). The forces 


* The air resistance is very small and can be neglected in these considerations, 
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* 


taking part in this interaction are shown in Fig. 44 where, for the sake of visual- 
ity, all the three bodies in question are (conditionally) depicted separately. 
The Earth acts on the weight with the force Fye (the force of gravity of the 
weight) and on the spring with the force F;_ (the force of gravity acting on the 
spring). The weight acts on the spring with the force F,y and the post (consid- 
ered as one body together with the Earth and the table) acts on the spring with 
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the force F,,. According to the third law, we always have the equalities 
Frye + Few = 9, Foy + Fw; =0 and Fp + Fo, = 9 (21.2) 


and the second law implies 
Pye + Fys = Myway 
Psy + P’'sw + F'se = M.A, 
F'ps + Pew + Fes = MeAe 
where my, ms, and m, are, respectively, the masses of the weight, the spring 
and the Earth and aw, as, and a, are their accelerations. Since the frame of 


reference we deal with is connected with the Earth we can put a, = 0.* The 
mass and the force of gravity of the spring are usually very small in comparison 


(24.3) 


* This does not mean that we can put mga,=0 because the mass m, is very large (me > ©) 
and therefore m,a, may be a finite quantity for a, > 0. 
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with the mass and the force of gravity of the weight; this allows us to put (in 
this and in many other problems) m, = O and F,, = F,, = 0. Then equations 
(21.3) expressing Newton’s second law can be rewritten as 


Fwe+Fws=Mwaw, Fey tFsw=90, and Fos+Few==MeQe (21.4) 


Assuming that the magnitude of the mass of the spring is negligibly small 
(and only under this assumption) we can write, on the basis of the second law, 
the (approximate) equilibrium condition 


Fy + Fsw = (24.5) 


Condition (21.5) shows that the force of tension of the (“massless”, i.e. “inertia- 
free”) spring is in all the circumstances the same at both ends of the spring. 
In this approximation the magnitudes of the forces acting on the ends of the 
spring are regarded as being precisely equal. Further, by the third law, these 
magnitudes are equal to those of the forces F,, and Fy, with which the spring 
acts upon the bodies stretching it. Thus, an “inertia-free” spring “transmits” 
a force without changing the latter irrespective of whether that spring rests or 
moves*. That is why when speaking of a tension of a spring or of a thread 
we mean the magnitude of the stretching force which is considered the same 
for both ends of the spring or of the thread. 

The force F,,,. with which the Earth acts on the weight (the force of gravity 
of the weight) is no longer equal to the force Fy, with which the spring acts 
on the weight. The difference between these forces determines the acceleration 
of the weight. It should be noted that if Fy, > Fy. at a certain time this does 
not necessarily mean that the weight moves upwards; this only implies that 
the acceleration of the weight is directed upwards. The force of the spring 
F,,, and the force of gravity Fy. are not equal to each other (according to the 
second law). It is the difference between these forces that produces the accele- 
ration of the weight. 

When the weight and the spring are at rest their accelerations are equal to 
ZerO: Ay = a, = 0. In this case we have zeros on the right-hand sides of the 
first two equations (21.3). Then the force Fy, with which the spring acts on the 
weight is equal in its magnitude to the force of gravity Fy, and, by the third 
law, to the force F;y with which the weight stretches the spring; in the state 
of rest the force F,y coincides with the force of gravity of the weight. Thus, 
in the state of rest the absolute values of the three different forces Fy, (the 
force of gravity of the weight), Fy, (the force of tension of the spring) and F,y 
(the force with which the weight stretches the spring) are the same. The force 
of gravity of the weight and the force F,, are simply equal to each other: 
Fwe = Foy. 

It should be noted that if the force of gravity of the spring, that is F;,., is not 
negligibly small then even in statics the forces of tension acting on the opposite 
ends of the spring are different. By the second equation (21.3), in this case, 


for a, = 0, we have 
Fp + Few = — Fse (21.6) 


The magnitude of the force F,, pulling the spring upwards is then greater than 
that of the force F,y pulling it downwards, the difference between these magni- 
tudes being equal to the magnitude of the force of gravity of the spring Fg. 
* Any body whose mass is negligibly small possesses this property; for instance, in our 
discussion we tacitly imply that the threads connecting the bodies in question are “mass- 
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less”, “inertia-free” and possess the indicated property. 
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When the force of gravity of the spring is very small in comparison with that 
of the weight the force F,, can be neglected, that is we can put F,, = 0. Then in 
statical conditions (for the weight in a state of rest) all the forces under consid- 
eration are equal to each other in their magnitudes. Besides equalities (21.3) 
which always hold, we have in this case the equalities 


Fwe+ Fws = 9, Fp + Few = 90 and Fys + Few = 9 (21.7) 


which follow from equations (21.3). Only in this single case all the six forces 
taking part in the interaction between the three bodies (the Earth, the weight, 
and the spring) are equal to each other in their magnitudes; three of them, 
namely, Fywe, Fps, and F.sy are directed downwards and the other three upwards. 

We once again stress that, according to the third law, the equality of the 
magnitudes of the forces with which two different bodies act on each other al- 
ways takes place; the resultant of the forces acting on one body is only equal 
to zero when the body in question is in a state of rest or in a uniform rectilinear 
motion (this follows from the second law). 

The approximate equality of two forces applied to one body takes place 
in the special case when the mass of the body on which the forces act is very 
small or, more precisely, when the product of that mass by the magnitude of 
the acceleration of the body is negligibly small in comparison with the magni- 
tude of each of the acting forces. For example, in the experiments with the cart 
in which the acceleration of the cart was measured (see Fig. 39) we neglected 
the mass of the spring of the dynamometer and therefore assumed that the data 
shown by the dynamometer are the same as in statics. 

When considering impact phenomena in which there are very large accelera- 
tions we can by far not always neglect even very small masses. 

(3) Influence of inertness on transmission of force. Let us consider a load with 
mass m suspended from a thread, another thread of the same width being at- 
tached to the load from below (Fig. 45). When the lower thread is pulled slowly 
with increasing tension it is the upper thread (carrying the load) that will finally 
break. If we pull the thread sharply then the lower thread will be ruptured. 

It is evident that the sum of the force of tension F, of the lower thread (i.e. 
the force with which the lower thread acts on the load), of the force of tension 
F,, of the upper thread, and of the force of weight P of the load equals the mass 
m of the load times its acceleration a: 


Fi,+F,+P=ma (21.8) 


The force F, is directed upwards and the other forces go downwards. When the 
lower thread is being pulled (downwards) the acceleration @ is also directed 
downwards. Consequently, equality (21.8) can be written in the scalar form 


F, —— Fy + P=ma 
whence 
F, — Fy, = ma—P (21.9) 


Here the threads are considered weightless and therefore no other forces are 
taken into account. When the lower thread is pulled slowly the phenomenon in 
question is “almost statical”, the acceleration of the load is negligibly small, 
and equality (21.9) reduces to 

FPF, —F, =P (21.10) 


The magnitude of the force of tension F, of the upper thread in this case is 
always greater by P than that of the force of tension F, of the lower thread. 


76 MECHANICS OF RIGID BODIES 


The phenomenon becomes quite different when the lower thread is pulled 
sharply (jerked). In this case the upper thread must almost instantaneously 
elongate to exert an action with the increased magnitude of the force F, in order 
to balance the increase of the tension of the lower thread. Therefore in a short 
time of the duration of the jerk (resulting in the rupture of the lower thread) 
the load receives an acceleration a directed downwards; the greater the lower 
orce F\, the greater the acceleration a. In this case the force of tension F of 
he lower thread can be greater than the force of tension F’, of the upper thread. 
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As is seen from equality (21.9), if ma > P then F, > F,,. When the difference 
between the forces of tension of the threads together with force of gravity G 
give the load an acceleration @ exceeding the acceleration of gravity g, the 
force of tension of the lower thread becomes greater than that of the upper 
thread. | 

It should be noted that although the displacement of the load is very small 
its acceleration can be very large since the time interval during which the load 
receives that acceleration is very short. 
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It is expedient to consider the graphs demonstrating the time variations of 
the forces for the two cases when the lower thread is pulled slowly and is pulled 
sharply (see Fig. 45b). For the case when the lower thread is pulled slowly both 
forces increase almost in the same manner although the force of tension F,, of 
the upper thread is all the time greater than F’, by the magnitude of the weight 
of the load. When the force of tension of the lower thread increases rapidly it 
very soon achieves the value F, for which the thread is ruptured while the force 
of tension of the upper thread increases with a comparatively smaller rate. 


V1, 


FIG. 46 


It should be noted that in the explanation of these experiments the fact that 
the upper thread is elongated plays an essential role; the increase of the length 
of the thread, although very small, produces the necessary increase of the force 
of tension of that thread. In the case of the jerk the tension of the lower thread 
achieves the limiting value F, during the time of the elongation of the upper 
thread; the inertness of the load prevents it from moving rapidly; more pre- 
cisely, such a rapid motion of the load requires an action of a great force which 
the lower thread cannot exert on the load. Our considerations indicate that 
to succeed in carrying out these experiments we must take a sufficiently long 
upper thread. 

(4) Horse and sledge. A traditional example for demonstrating the third law 
is that of a horse drawing a sledge. The test question is why the horse draws the 
sledge and not otherwise while the force action of the sledge on the horse is 
equal in its magnitude to that with which the horse pulls the sledge. 

The examples considered above show that the third law is inapplicable to the 
problem of determining the acceleration of a body, and the question is stated 
incorrectly. The matter is that the forces whose equality is mentioned in the 
question are acting on different bodies and therefore this equality provides no 
means for the determination of the accelerations of the horse and of the sledge. 
It is necessary to determine all the other forces acting upon the horse and the 
sledge, and only then can the accelerations of the bodies (of the horse and of 
the sledge) be found. 

Fig. 46 shows all the forces taking part in the phenomenon in question, that 
is in the interaction between the three bodies: the sledge, the horse, and the 
ground. The forces are denoted in the figure in the same way as in the first exam- 
ple. The forces Fy, and F,, characterize the interaction between the horse and 
the sledge (F,, = Fy). The forces F,, and F;, arise because of the friction be- 
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tween the sledge and the road (F,, = Fs;), Fr and Fp, are the forces of 
interaction between the horse and the road (F,, = Fpr). According to the 
third law, in each of these equalities are meant two forces whose magnitudes 
coincide and the directions are opposite; each of them acts upon one of the two 
different interacting bodies. If F,, > Fs,, that is if the magnitude of the force 
Fr with which the road acts on the horse exceeds the magnitude of the force 
of friction F,, exerted by the road on the sledge, then, according to the second 
law, the horse and the sledge have an acceleration directed forwards. The forces 
Fz, and Fy, do not affect the resultant motion. If fy, < Fs, the horse and the 
sledge have an acceleration directed backwards. Only in the case of a uniform 
motion the magnitudes of all the forces shown in Fig. 46 are equal to one 
another. 

Let the reader decide which of the forces taking part in this example are 
equal due to the third law and which are equal due to the second law. 

All the examples we have considered show that the third law of dynamics 
speaks first of all of the fact that the cause of a change in a motion of a given 
body is always connected with at least one more body on which the former 
body, in its turn, exerts an action in the interaction phenomenon involving 
both bodies. This means that a motion of a body is produced or stopped by an 
interaction between that body and some other body (or a system of bodies); 
we can say that the motion is “transmitted” from one body to.another. 


22. Motion of a Body Under the Action of Given 
Forces 


The simplest example of a motion of a body under the action of a given force 
is the free fall of the body in the field of gravity force. A field of a force is a part 
of space at whose every point a particle (body) placed at that point is acted upon 
by a definite force. 

Generally, by a physical vector field is meant a region in space to whose 
every point there corresponds a definite value of a given vector (physical) 
quantity. For instance, a system of fixed bodies carrying electric charges gene-. 
rates a stationary field of the electric intensity vector E. To each"point in space. 
there corresponds a vector E which specifies the force 


F=eE (2.1) 


actingfon a charge e placed at that point. 

Another example is a system of conductors of constant electric currents: 
generating in space a field of magnetic inductionyintensity vector BE which 
determines the force 


F = e [vB] (22.2). 


acting on a charge e moving with velocity v and passing through the point 
in space at which the induction vector has the value ’B. If] the quantities in- 
volved are measured in the SI system then [e] = A-s, [EF] = | [B] = re 
and the force is measured in newtons. 

When a charged particle e moves in a homogeneous electric field E it is: 
acted upon by the corresponding constant force F which is the same at all 
the points because for a homogeneous field the vector E is the same at all 
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the points. Consequently, in this case the charge must be in a uniformly acce- 
lerated motion. 

The motion of bodies in the gravitation field near the Earth’s surface has 
an analogous character. If the motion is considered in a spatial region whose 
dimensions are small in comparison with the radius of the Earth the gravita- 
tion field can be considered homogeneous. In this case the moving body has 
a constant acceleration g (g = 9.81 m/s?). Similarly, in a constant homogeneous 
electric field a charged particle e of 
mass m has the constant acceleration 


F eE < |w 
aaa (22.3) G 
Such motions were studied in Sec. 10. z,K--S 


In all such cases the trajectory of 
motion of the particle lies in the plane 
containing the point at which the 
particle is at the initial time t = 0 and 
the vectors w and v, drawn from that 
point. The trajectory is a parabola. 
To show this let us take equation of 
motion (10.9) in vector form and then 
write it in terms of the projections of 
the vectors involved under the assump- FIG. 47 
tion that the origin (of the coor- 
dinate system) is at a point r, and that the particle moves in the zz-plane. 
The vector equations are 


r—r,=zi-+ zk, vo = v,i+ v,k and w = —wk 


xy 2x, xX 


(the acceleration is directed along the negative z-axis). In terms of the projec- 
tions on the z- and z-axes these equations are written as 


x=v,t and = v,t—-5 wt? (22.4) 


Equations (22.4) are the parametric equations of a parabola lying in the x2z- 
plane and passing through the origin (for ¢ = 0). On eliminating time ¢ from 
the equations we obtain the equation of the trajectory in terms of the coordi- 
nates z and z (Fig. 47): 


gu gta? (22.5) 


This is the equation of a parabola with vertex at a point 2z,, z, seen in the 
figure. The time period ¢, during which the particle attains the uppermost point 


(the vertex of the parabola) is readily found from the condition that =. = 
at time ¢,:! 
& =v,—wt, =0 whence ty = — 
On substituting ¢, into equations (22.4) we find the coordinates of the vertex 
of the parabola: | 

__ Vz 


ar eae and u4=55 
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The particle whose motion starts at the point x = 0, z = 0 will again meet 
2VxVz 


the z-axis at a distance 27, = 2v,t, = from the origin (this is the bal- 


listic range). It can easily be shown that for a given value of vy the maximum 


: : 1 ‘ : 
range is achieved when v, =v, = —=V,. The maximum range is equal to 


V2 
v?/w. The maximum height is equal to vj/2w and is attained when v, = 0 and 
D- =U. 

The motion of a charged particle in a homogeneous magnetic field. 
An electric field acts on a resting charge in the same way as on a moving one: 
the acting force depends solely on the position of the point charge and is inde- 
pendent of its velocity. This force is always directed along the intensity vector 
E of the field. 

The situation is completely different when a charged particle moves in a 
magnetic field. A magnetic field only acts on the particle when its velocity is 
different from zero (v = 0) and is not parallel to the magnetic induction vec- 
tor B. On a fixed charge the magnetic field exerts no action. 

By formula (22.2), the acting force F is equal to the charge e times the vector 
product of the velocity v by the magnetic induction vector B. Hence, the force 
F is normal to the plane containing the vectors v and B and its magnitude is 


F =evB sina 


where a is the angle between the vectors v and B. The direction of the force F 
is specified by the right-hand screw rule: if a screw with right-hand thread is 
placed perpendicularly to the plane containing the vectors v and B and is 
turned in the direction of the shortest rotation from the vector v to the vector B 
then this screw is driven into the plane in the direction of the vector F (see 
Fig. 414). 

Consequently, if the directions of the velocity v and of the vector B are paral- 
lelthen F = O, that is, as was mentioned, in this case the field exerts no action 
-on the moving particle. The force F is always perpendicular to the velocity v 
and therefore its action does not change the magnitude (modulus) v of the velo- 
city. The velocity vector can only rotate under the action of F (as in the case 
of a uniform motion in a circle). 

It is convenient to represent the motion of the particle in a homogeneous 
magnetic field B as a combination of two motions. Namely, let us resolve the 
velocity v of the particle into two components uv, and v, the first of which is 
parallel to the vector B and the other is normal to it: 


v=o +1 
‘Then 
F=e[vB)=e[(v; +v,) B)=e[v,B] (22.6) 


because [v,B] = 0. 

The acceleration F/m is always normal to B and therefore the component 
v,, Of the velocity of the particle remains invariable. This means that in the 
direction of B the particle moves uniformly with constant velocity v,. The 
component v, of the velocity lies in the plane perpendicular to B, according 
e[v, B] 


to (22.6); it varies so that the acceleration (which is equal to is always 
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perpendicular to v,. The magnitude of the acceleration is 
é 
ae v,B (22.7) 
Consequently, the modulus of v, remains constant. The particle moves in 
such a way that its projection onto the normal plane to B is in a uniform circu- 
lar motion in a circle with linear velocity v,. The radius AR of that circle can 
be found from the known expression of the centripetal acceleration which must 
be equated to (22.7). This gives 


ors ered v,B 4 aan 
Rm "4 a ——- 
whence ae \ 
/ 
mu | : \ } 
R=—+ (22.8) vy, vin TN , 
a \ \ Sig YS 
The period of one revolution is se ey oe 
ier 
__2nR 2am LZ 
C. vy "eB (22.9) v7 


The period is independent of v, 
and, for the given particle, it is 
determined solely by the magnitude FIG. 48 
B of the field and by the ratio e/m. 

The resultant motion of the particle is the combination of the two motions: 
of the uniform rectilinear motion with velocity v, along a line parallel to B 
and the uniform motion in a circle of radius R with velocity v, whose magni- 
tude is constant. The trajectory of the resultant motion of the particle is a 
a screw line (Fig. 48). 

The component v, of the velocity of the motion varies neither in its magni- 
tude (absolute value) nor in its direction while v, has a constant magnitude but 
permanently changes its direction. 

The equations of motion can be derived as follows. Let us suppose that B = 
= Bi and B, = B, = 0 (this means that the vector field B is parallel to the 
z-axis). Then 

Vy =v,t and vy =v, j+u,k 


The magnitudes v, and v, = VY y2+ v? are constant and are determined by 
the initial value v, of the velocity. 


If the particle is at the origin at time ¢ = 0 and has an initial velocity 0, 
representable as 


Vo = Vygt + ViJ 


then the variation of the coordinate z of the particle is described by the ‘equa- 
tion 


r= 0,t (22.10) 
The projection of the particle onto the yz-plane moves in a circle of radius R 


(see (22.8)) with velocity v, = Vv? + v2. The component v, of the velocity 
has the value 
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at the initial moment t=O, that is the normal component of the initial veloc- 
ity goes along the y-axis for t = 0. Therefore the projections of the component 
v, on the axes y and z (see Fig. 49) are expressed by the formulas 


EL eae 
Vy =U, cost and v, =U, sin= t (22.41) 


The quantity 9 = att is the angle through which the radius vector joining 


the centre A to the projection of the particle onto the yz-plane rotates during 
time ¢t. Here it is expedient to introduce the notion of the numerical value » 
of the angular velocity of the rotation which is defined as the rate of change of 
the angle @ and, according to the pie is expressed by the formula 

_ dp 

=P = (22.12) 
Now we can write the expressions descaling the time variations of the coordi- 
nates y and z of the oe aac into account (22.11) and (22.12) we obtain 

) 


y (t) = l vy dty=v, cos wt, dty;= Rsinot 
0 0 

; : (22.13), 

z(t) = =| v, dey =U, J sin or dty= (1 cost 
0 


Thus, equalities (22.10) and (22.13) apaeribe the motion of the point charge start- 
ing at moment ¢ = 0 from the origin with the initial velocity vy) = v,i + vif 
in the homogeneous magnetic induction field B = Bi. 

It should be noted that, given the magnitude of the radius R and the initial 
velocity vy, the ratio e/m is uniquely determined for the particle in question. 
This relation serves as the theoretical basis for the construction of devices 
meant for the determination of that ratio e/m. One of the simplest devices of 
this kind can be described schematically as follows. 

Let a homogeneous magnetic field B be parallel to the z-axis and occupy 
a region Oabd (see Fig. 50) adjoining the origin. Let a charged particle e enter 
that region at a point C with velocity v, parallel to the y-axts. On traversing: 
a semicircle of radius R under the action of the field B the particle leaves the 
region occupied by the field at a point A. Measuring the distance CA = 2R and 
knowing the value v, we find from (22.8) the ratio 


e  vw*{fcy* | 
<= oe ka (22.44). 
Motion of charged particle in homogeneous electric and magnetic fields. 
whose vectors E and B go in one direction at every point. Let a particle enter 
the region occupied by the electric and the magnetic fields with an initial ve- 
locity vo perpendicular to E. The action of the field E accelerates the particle. 
in the direction of # (coinciding with that of B) while the action of B gives the 
particle an acceleration lying in the normal plane to B. This results in devia- 
tions of the particle from its initial rectilinear motion with velocity v,. Let us: 
determine these deviations, under the assumption that the dimension 1, along: 
the direction of v,, of the part of the region of the field we are interested in is 
very small relative to the radius of curvature R of the trajectory of the particle- 


* C is the coulomb, the unit of electric charge in the SI system.—Tr. 
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moving in the magnetic field with induction B:l1< R= — . Let the particle 
enter the region of the field at the origin with initial velocity v, along the nega- 
tive x-axis, the vectors EH and B being parallel to the z-axis. It is required to 
determine the coordinates y ard z of the particle when it is at a distance of 1 
from the origin O in the normal plane to the z-axis. 


Using (22.3) and (22.4) and taking into account that ¢ = l/v, we can compute 


FIG. dt 


the deviation of the particle along the z-axis under the action of the electric 
field E: 


1 
2= 5 (22.45) 


The deviation along the y-axis under the action of the magnetic field B can 
be computed approximately if we take into account the condition 1 < R (see 
Fig. 54): 
y = R (1 — cos a) 
Assuming that the angle a is sufficiently small we can put, approximately, 
Ra-~l and 1—cosa me & 


2 
6? 
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Now, by (22.8), we obtain 


2 eBl . 

¥~ FR ~ Inv, eee) 
Formulas (22.15) and (22.16) give us the ratio 
W — F yy =cot B (22.17) 
which can be used for the determination of the velocity v, for given values 
of # and B. 

On eliminating the velocity v, of 
aK the particle from equations (22.15) 

= and (22.16) we find the relation 
y? = an - Z (22.18) 


which is the equation of a parabola. 

From (22.18) we see that particles 

having the same ratio e/m and entering 

B the region occupied by the given fields 

E and B with different velocities v, 

move in the same parabola (Fig. 52). 

J As follows from (22.17), the points 

belonging to the straight line z = 

= y tan f are common for any particles 

FIG. 52 entering the field with the initial 
velocity Uv, = (E£/B) cot f. 

These relationships also serve as the theoretical basis for the construction 
of devices meant for measuring the ratio e/m. Apparatuses based on this prin- 
ciple were used when isotopes of chemical elements were first discovered. The 
deviations from the parabolic law (22.18) observed for particles moving very 
fast indicate the relativistic variation of their masses dependent on the velocity 
of motion. 


23. Constrained Motion of a Body 


By a free motion of a body is meant a motion of the body under the action 
of given forces when there are no additional conditions imposed on the trajec- 
tory and on the velocity of the motion. A free motion starts from a given 
initial position with a given initial velocity. 

However, there are such mechanical problems in which we encounter con- 
strained motions for which the trajectory of motion or the velocity or both should 
satisfy some given conditions. For instance, we deal with such motions when 
considering a body sliding down inclined plane, a cart running along rails, 
a ball attached to a taut thread and moving in a circle, a ball rolling over 
a horizontal plane, two moving bodies connected with a string, etc. The body 
sliding down inclined plane must all the time remain on that plane, the ball 
rolling over the horizontal plane must remain on the plane, etc. 

A constrained mechanical motion is subjected, irrespective of the magni- 
tudes and the directions of the acting forces, to certain additional conditions 
called constraints. Usually, constraints imposed ona motion of a body are gene- 
rated by some “non-deformable” bodies, most often, by the surfaces of such 
bodies. Although in a motion of one body over the surface of another body the 
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surface does in fact undergo some deformations, such deformations are usually 
very small and therefore they can be neglected, that is it is permissible to 
consider the trajectory (or surface) of motion as being, in a certain sense, 
predetermined and independent of the magnitudes and directions of the acting 
forces. 

If a body is in a constrained motion then, besides the external forces 
(i.e. given forces which are known), it is subjected to the actions exerted by 
the bodies realizing the constraints. These forces are called the reactions of 
the constraints. 

A mechanical problem involving constraints imposed on the motion of a body 
differs from problems dealing with free motions because the reactions of the 
constraints are not known in advance, and therefore the solution of such a 
problem requires some other methods. That is why the equations of motion 
of constrained bodies must include not only the given, known forces but also 
the unknown reactions of the constraints. On writing the equations of motion 
we must derive some additional relations from the conditions of the problem, 
for instance, from the known shape of the trajectory, which, when added to the 
equations of motion, allow us to determine both the unknown reactions and 
the unknown acceleration of the body. 

In principle, the general method of the solution of all dynamical problems 
is rather simple: we must denote in some way the unknown quantities, write 
down the equations of motion using the second and the third laws of dynamics, 
and set the additional relations by taking into account the conditions imposed 
on the motion by the constraints. In this way we can always derive the required 
number of independent equations allowing us to determine the unknowns. 
Practical applications of this method can be demonstrated most distinctly by 
means of examples. Below are some typical examples involving constrained 
motions in which we start with some simple cases and then proceed to more 
complicated problems. 

(1) Circular motion of a body in horizontal plane. Let a ball attached to 
a thread be in a circular motion as shown in Fig. 53. The force of action of 
the thread on the ball (the reaction of the constraint) F depends on the absolute 
value of the velocity v with which the ball moves in the circle. 

When we consider such a motion the magnitude of the force F is usually 
unknown while the velocity v and the radius R can easily be measured. This 
makes it possible to determine the acceleration w of the ball. As is known 
(see Sec. 9), the centripetal acceleration is equal to v?/R. We can therefore 
assert that the thread, unless it breaks, acts on the ball with a force F equal 
to mv?/R. The force F (the reaction of the constraint) depends on the radius R 
of the trajectory of motion, on the mass m of the moving body and on the 
velocity v. The reaction of the constraint (in the case under consideration it is 
the force of tension of the thread) gives the ball the centripetal accele- 
ration. 

The reaction of a constraint is sometimes completely independent of the 
character of the motion but it can nevertheless be essential for understanding 
the nature of the forces of interaction taking part in the motion. For instance, 
when a body slides on a horizontal plane without friction the reaction of the 
constraint is always perpendicular to the plane, that is to the direction of the 
possible displacements of the body, and it is connected neither with the accele- 
ration of the body nor with its velocity. In this case the force of gravity acting 
on the body and the components of the other forces normal to that plane are 
balanced by the reaction force of the constraint. 
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A similar situation occurs when a body slides down inclined plane without 
friction (Fig. 54). In the absence of the force of friction between the body and 
the plane the interaction forces between them are normal to the plane, that 
is the reaction of the constraint is perpendicular to the surface of the constrain- 
ing body. 

The constraints whose reactions are normal to the possible displacements of 
the body are called ideal constraints. 

(2) Motion of a body without friction down inclined plane. Let us consider 
the forces acting upon a body lying on an inclined plane under the assumption 


Vv 


FIG. 53 FIG. 54 


that there is no friction between the body and the plane. These are the force 
of gravity P and the reaction N of the plane. Since, by the assumption, there 
is no force of friction (we deal with an ideal plane), the reaction N is normal 
to the plane. Both forces are applied to the body, and it is only these forces 
that cause the motion of the body down the plane. We must stress that here 
we only consider the case when during the time of motion the body permanently 
adjoins the inclined plane. It follows that the sum of the components of all the 
forces along the direction perpendicular to the plane of motion must be equal 
to zero. 

Let us resolve the force of gravity P in two components: the normal compo- 
nent to the inclined plane with magnitude P cos a@ (see Fig. 54) and the com- 
ponent parallel to the plane whose magnitude is P sina. The acceleration 
being in the direction parallel to the plane of motion, we have 


N = Pcosa (23.1) 


Consequently, the reaction N loes not affect the acceleration of the motion 
of the body sliding without friction down the plane; however, the presence of 
the reaction is necessary for creating the conditions in which this motion is 
possible. 

The component of the force of gravity parallel to the plane and directed 
downwards, whose magnitude is P sina, determines the acceleration of the 
body. Indeed. we have 


t 
M = = Plina=Mg sina 
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where M is the mass of the body whence 


= gsina (23.2) 


It follows that, as in the case of the free fall, the acceleration is constant and 
the character of the motion without friction down an inclined plane is essen- 
tially the same, only the magnitude of the acceleration being reduced. 

When the acceleration is sufficiently small the distance travelled by the body 
and the time of motion can be measured with a sufficient accuracy; that is 
why in the study of the laws of the free fall of the bodies it is convenient 
to use inclined planes as was done by Galileo. 

In the case under investigation the reaction of the constraint whose magni- 
tude is given by formula (23.1) remains invariable during the time of motion 
and depends solely on the force of gravity acting upon the body and on the 
angle of inclination of the plane. 

(3) Curvilinear motion of a body. In more complicated cases the reaction 
of a constraint can be essentially dependent on the motion of the body; for 
instance, this is the case in the first example with the circular motion of a ball. 
As another instance of the same kind, let us determine the reactions of the 
constraints for a locomotive running along a curvilinear horizontal railway 
line. Let the velocity of the locomotive v have a constant absolute value. 
Generally, the direction of the-velocity varies and consequently the locomotive 
has an acceleration w (Fig. 55). On determining this acceleration w and knowing 
the mass M of the locomotive we can find the accelerating force which is normal 
to the path of motion and results from the side pressure exerted by the rails 
on the rim flanges of the wheels of the locomotive. The magnitude of the veloc- 
ity of the locomotive being invariable, the acceleration must be perpendicular 
to the velocity, that is to the rails. At any given time a small part of the 
path of the locomotive can be approximately replaced by a very small arc 
of a circle of a definite radius R and the real motion of the locomotive can 
be thought of as a motion along that arc of the circle (Fig. 56a). It follows 
that the acceleration w of the locomotive is directed to the centre of the circle 
and that its magnitude is equal to 


dv da ee Oe 
a an a ROR 3) 


where RF is the radius of the circle and dS is the increment of the distance trav- 
elled during time dt. 

The reaction of the constraint (of the rails) causing the variation of the direc- 
tion of the velocity of the locomotive has the magnitude 


F,=M x (23.4) 


at the point A (see Fig. 55) where R, is the radius of curvature of the path at 
that point. For the point B we have Rg -— oo because this part of the path is 
rectilinear and therefore, when passing this part, the locomotive is not acted 
upon by any horizontal force exerted by the rails, the horizontal component 
of the reaction of the constraint being equal to zero. At the point C the force 
of side pressure of the rails fF, has opposite direction (relative to F,) and its 
magnitude depends on the radius of curvature of the path at that point. 
It should be noted that these considerations also remain valid when the 
magnitude of the velocity of motion is no longer constant. The only distinction 
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FIG. 55 


between the latter and the former cases is that in the more general case of 
a variable velocity the acceleration of the locomotive is no longer normal to 
the rails. However, the relationship between the component of the acceleration 
normal to the rails and the velocity v remains the same at any given time ¢ 
(see formula (23.3)), and consequently the force of side pressure of the rails 
upon the wheels is again determined by formula (23.4). 

At any given moment the motion of the locomotive can be thought of as 
a motion along a circle whose radius is determined by the curvature of the 
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path at the given point. (In mathematics by a curvature of a curve at a given 
point is meant the quantity inverse to the radius of the osculating circle of the 
curve at that point; this circle occupies the limiting position to which tends 
the circle passing through the given point and through two other points of 
the curve approaching indefinitely the former.) That is why force of side pres- 
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sure of the rails on the wheels of the locomotive which gives the locomotive 
an acceleration directed to the centre of curvature (that is to the centre of the 
circle mentioned above) is called, as in the case of a purely circular motion, 
the centripetal force. The distinction lies only in the fact that in a motion 
of a body in a circle the centre towards which the centripetal force is directed 
is fixed while in the general case of an arbitrary motion of a body along 
a given curve the centre to which that force is directed may change its posi- 
tion depending on the position of the moving point on the trajectory. This 


The force acting 
upon the bridge 


FIG. 57 


force lies in a straight line perpendicular to the tangent line to the curve 
at the given point.* This is the case in the example of the locomotive we have 
discussed. 

When we consider motions with given constraints it is supposed that the 
bodies realizing the constraints possess sufficient strength. If a constraining 
body cannot exert the necessary force on the moving body the necessary con- 
nection between the body and the constraint can no longer exist. For instance, 
when the rails are out of order the locomotive moving with a sufficiently large 
velocity can run off the rails on a curved part of its path. 

When the motion of the locomotive is accelerated or decelerated there ap- 
pear some additional forces with which the rails act upon the locomotive and 
produce the acceleration or the deceleration along the direction of the rails. 
These forces are caused by the friction between the wheels and the rails. pro- 
duced by the adhesion of wheels. They also result from the interaction between 
the rails and the locomotive. However these forces “do not make” the locomotive 
remain on the rails; that’s why we do not consider them as reactions of con- 
straints although, in principle, from the point of view of dynamics, there is no 
difference between these forces. The forces operating because of the adhesion 
of wheels are determined by the engine power of the locomotive but they can- 


* This straight line is called the normal to the curve at that point. 
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not exceed a definite limiting value. This value depends on the weight of the 
‘locomotive and on the properties of the materials of which the rails and the 
wheels of the locomotive are made. When the force exerted by the engine on 
‘the wheels becomes too large the wheels start skidding and they no longer roll 
along the rails without sliding. The phenomena of friction and adhesion of 
wheels will be discussed in more detail in Chapter 8. 

(4) Motion of a car on a bridge. Let a car be in a motion on a convex 
bridge (see Fig. 57). In this example the reaction of the constraint depends 
both on the velocity of motion and on the forces acting upon the moving body. 
‘For simplicity, we shall neglect the forces of friction between the car and the 
bridge, then the normal reaction N with which the bridge acts on the car and 
‘the component of the force of gravity normal to the bridge (its magnitude 


is P cos a) give the car the centripetal acceleration a where v is the velocity 


-of the car and#R is the radius of curvature of the bridge. By the second law 
-of dynamics, we have 


mv" 


zz = Peosa—N (23.5) 


where m is the mass of the car. It follows that the magnitude of the reaction 
of the constraint is 


mv2 
N=Pcosa— 7 


whence it is seen that it depends on the force P cosa, on the velocity v, on 
‘the shape of the bridge characterized by the radius R, and on the mass m of 
the moving body. 

It should be noted that all the forces we have considered are applied to the 
moving body (the car); there is only one force applied to the constraint (the 
bridge), namely the force of pressure Q with which the car acts upon the bridge. 
By Newton's third law, the magnitude of that force is equal to the magnitude 
of N while the direction of Q is opposite to the direction of N. 

An analogous argument can be used in the example with a man skiing down- 
hill (Fig. 58). When the man is in the position shown in the figure the force 
of pressure Q exerted by the skier on the ground exceeds his weight at rest. 

Thus, when investigating a problem involving a constrained motion of 
a body, we consider, besides the given forces (such as the forces of gravity 
in the above examples), the unknown forces (the reactions of the constraints) 
and write the equations of dynamics involving all the forces. The accelera- 
tion is found from some other conditions of the problem, for instance, from 
the velocity and from the shape of the trajectory of the body. When the mass 
of the body and the forces acting on it are known, then, after the acceleration 
has been determined, we can find the reactions of the constraints. 

In the examples we have considered the given constraints determine the 
trajectory of motion. But there also exists another type of constraint imposed 
on the motion of a body, for instance, such as in the cases when all the bodies 
in question or some of them are simply joined with the aid of inextensible threads 
-or non-deformable rods. In these cases the forces of tension of the threads con- 
necting the bodies can also be regarded as reactions of constraints. When it 
is known that all the connected bodies have the same acceleration the whole 
‘system of bodies can be treated as one body; then we should only take into 
account the external forces applied to that system. However, even in such 
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FIG. 58 


a simple case, if it is required to find the tensionfof the threads (the magni- 
tudes of the reactions), the equations of motion which we write must include 
the forces of tension. 

Below are two examples of motions with constraints of that type; the first 
of them is rather simple while the other is more intricate. 

(5) Motion of connected carts. Let two carts (see Fig. 59) connected with each 
other by means of a thread and accelerated by the force of weight P of a load 
move along rails. Let the masses of the carts be M, and M,, the masses of 


FIG. 59 


the thread and of the pulley A being negligibly small. Since the rails are 
placed horizontally the forces of weight of the carts and the reactions of the 
rails acting on the carts are perpendicular to the direction of the possible motion 
of the carts (provided the forces of friction are so small that it is allowable 
to neglect them). Therefore, the forces of weight of the carts do not affect 
the accelerations of the carts. Similarly, the reactions of the rails do not affect 
the acceleration of the system either. The threads being considered inexten- 
sible, the velocities and the accelerations of all the three bodies (the two carts 
and the load) have the same magnitude. It is this condition which the constraints 
impose on the motion of the carts. 
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Let f denote the magnitude of the force of tension of the thread joining 
the first cart to the load, f, denote the tension of the thread connecting the 
two carts and P the weight of the load. It should be taken into account that 
the threads have zero masses and that they can only pull the bodies they are 
attached to. Next we must write the equations of dynamics for each of the 
bodies separately. 

The equation for the load is written in the form 


dv 
M = = P—f (23 .6) 
the equation for the first cart is 
d 
Mi =f—h (23.7) 


and for the second cart we have 
dv 


On the other hand, since the threads are inextensible we can also consider 
all the three bodies as a whole system. In this approach the forces of tension 
of the threads should be regarded as internal forces and do not play any role 
in the determination of the acceleration of the system, the.mass of the whole 
moving system being M,-+ M,-+ M and the external force acting on it 
being the force of gravity P. Indeed, on adding together the right-hand and 
the left-hand members of equations (23.6), (23.7), and (23.8) we obtain 


(M,+M,+M)2 =P (23.9) 


Since P = Mg where g is the acceleration of gravity, the acceleration of the 
system consisting of the carts and the load is equal to 


dv M 

a & M+IM,+M, 
Note that the acceleration of the system of the three bodies is constant while 
the velocity depends on time and on the initial conditions, namely, on the 
velocity of the system at the initial moment of time.* 

However, if it is required to determine the forces of tension of the threads 
(which are often important to know) it is necessary to substitute the magnitude 
of the acceleration found from equation (23.10) into equations (23.6), (23.7), 
and (23.8). It is evident that the tension of the thread from which the load 
is suspended is always greater than that of the other thread. 

(6) Motion of three loads suspended from pulleys. Let us consider the system 
shown in Fig. 60. The threads are considered inextensible, the pulleys and the 
threads are assumed to be weightless and the friction is neglected. It is required 
to determine the forces of tension of the threads and the accelerations of the 
loads. 

Let f,, fe, and f,; denote the forces of tension of the threads and 2,, z,, and zz 
the coordinates of the loads (see Fig. 60). Drawing the positive z-axis downwards 
we can write down the equations of dynamics for all the three loads in the form 


(23 .10) 


dz d*z 
a = Mog — fe, and ms Tol =M3g—f3 (23.11) 
* 


Here by the initial time we mean the moment at which the only external force P starts 
. acting upon the system. 


dz, 
m2 =Mg—fy, Me 
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where m,, m,, and mg are the masses of the loads and g is the acceleration of 
gravity. The pulleys being considered weightless, the forces of tension of the 
threads must satisfy the relations 


fea=fs and fy=fi—fetfs (23 .12) 


Now we must take into account the conditions imposed on the motion of the 
three loads by the constraints. Since 
the threads are inextensible we have 


x, +z + ar = 1, and 
Lg — Lo + X3 — Fo + ar = 1, (23.13) 


where J, and J, are the lengths of the 0 
threads, xz, is the coordinate of the 

fixed pulley, and r is the radius of the 

pulleys. On eliminating the quantity 

zx, from equations (23.13) we derive x 
the condition imposed by the con- 

straint on the coordinates of all the 

three bodies: 


Qx, + x, + x3 = 21, + 1,'— 3ar (23.14) 


It-is this equation that determines 

the relationships between both the 

velocities and the accelerations of all : 
the bodies. Let us differentiate equa- 
tion (23.14) twice with respect to time: 
this results in the relationship connect- 
ing the accelerations of the loads: 


9 #41 ax, Pry 
ae ap ap =O 23.15) 


We now have six equations (23.11), 
(23.12), and (23.15) involving six 
unknowns: the three accelerations and 
the three reaction forces (the forces of FIG. 60 

tension in the threads). To find the 

accelerations we must solve these equations. On subtracting the last two 
equations (23.11) from the first one and using equalities (23.12) we obtain 


d2z az. d*z, 
mm a —mM, = dt? — Mz 2 = (™m, — Ms — m3) 8 (23. 16) 


Further, the subtraction of the third equation (23.11) from the second one 
results in 


d*z a*x 
Me Sar — M3 a = (Mz — Ms) g (23.17) 


Finally, solving three equations (23.15), (23.16), and (23.17) containing three 
unknowns we obtain 


dz. pen (m,m3—3m,mo+4m,m3) g 
dt? 4m,m3+m,m,+ mm, 


(23 .18) 
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To find os and _ we substitute expression (23.18) into equations (23.17) 
and (23.15). If it is required to determine the tensile forces in the threads, the 
accelerations obtained should be substituted into equations of motion (23.11). 

It is difficult to solve a problem of this kind without setting equations of 
dynamics (23.11) for every load because condition (23.15) connecting the acce- 
leration, which is imposed by the constraints, is not known in advance. In the 
solution of such problems mistakes often occur when the signs + or — in front 
of the magnitudes of the forces and of the accelerations are set incorrectly. 
In this connection the reader should note that all the magnitudes (of the forces 
and of the accelerations) in the solution of the above problem are considered 
positive when the corresponding vectors are directed downwards and that the 
real directions of the accelerations can only be found after equations (23.18) 
have been solved and the signs of the unknowns have been determined. 


CHAPTER 3 


Momentum of a System of Bodies 


24. Law of Conservation of Momentum 


The application of the second and the third laws of dynamics to a system con-- 
sisting of several interacting bodies leads to very important conclusions which 
imply the conservation law (the law of constancy) for the momentum of a system 
on which no external forces act and in which only internal forces may be pre- 
sent. 

For the sake of simplicity, let us begin with a system consisting of only 
two interacting bodies, for instance, two balls lying on a horizontal plate 
(Fig. 61). Let there be a contracted spring between the balls which are con- 
nected with a thread (see the figure). We shall suppose that the friction forces. 
between the balls and the plate are negligibly small. Let the masses of the. 
balls be m, and m, and let the mass of the spring be very small so that it is. 
allowable to put it equal to zero (we can also consider a spring having a non- 
zero mass but this case is more complicated since it involves the interaction 
of three bodies: the two balls and the spring). If at a certain moment the thread 
is cut the spring will push away the balls by acting with a force F,, on the 
ball m, and with a force F,, on the ball m,. According to the third law, F,, = 
= —F,, because the mass of the spring is negligibly small and therefore the- 
role of the spring in this example only reduces to the “transmission” of the 
action from one ball to the other. Thus, 


Fy2+ Fu =9 (24.4). 
Indeed, by the third law of dynamics, we have 
Fy, +h =0 and F..4+ Fo =9 


where f,, and f,, are the forces with which the balls m, and m, act on the spring: 
and F,, and F,., are the forces of action of the spring on the balls. Since the 
mass of the spring is put equal to zero, the second law of dynamics implies. 


fatShs2=9 


Consequently, 
F,,+ F.,=9 
and it is also apparent that 
F,,=F\y, and Fo,= Fo 


whence follows equality (24.1). The mass m, is acted upon by the force F,. 
and the mass m, by the force F,,. The actions of these forces give the balls. 
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some accelerations a, and a, which can be found from the equations 
ma,=Fy, and ma,=— Fy (24.2) 
On adding together these equations and taking into account (24.1) we arrive at 
m,a, + m,a, = 0 (24.3) 


Since m,v, is the momentum of the first ball, m.v, is the momentum of the other 


FIG. 61 


ball, and,the accelerations are expressed by the formulas 


dv> 
dt 


dv 
a,=—- and a,= 


7 (24.4) 


the substitution of these values of the accelerations into equations (24.3) results 
in 


— (mM,v, + Mzv2) = 0 (24.5) 


It should be stressed that the magnitude and the character of the interaction 
forces between the balls play no role in the derivation of equation (24.5). 
It is only important here that these forces always satisfy condition (24.1). 
Equality (24.5) means that the sum of the momenta of the balls retains a con- 
stant value both during the period when the spring is pushing away the balls 
and after that period until some (new) external forces start acting on the balls. 

This conclusion also applies to any two bodies, and the example with the 
balls was taken only for the sake of visuality. 

Thus, the total momentum of a system consisting of two bodies cannot change 
under the forces of interaction between the bodies (when there are no external 
forces). 

Now let us consider a number of bodies isolated from the other bodies and 
forming one mechanical system. The interaction forces between these bodies 
are called internal forces in the given system. When an isolated system consists 
of many bodies the law of conservation of momentum holds for the system 
as a whole. Indeed, let a system consist of three bodies with masses m,, mz, 
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and m,-(Fig. 62). Then for the first body we can write the equation 
may =f ths 


MA, = fothos 


for the second 


and for the third 
M3Q3 = faith 32 


On adding together all the three equations and taking into account the third 
law of dynamics we obtain 


m,a, +- Moya, + M383 == 0 
that is 


d 
ap (M101 + Mgv2-+ M3v3)=0 (24.6) 


where, as usual, a@,,a@,, and a, denote 
the accelerations of the bodies and 1,, 
v,, and vs, are the corresponding 
velocities. 

Let K designate the momentum of 
the system (the total momentum), that 
is the sum of the momenta of the 
bodies in the system. Then the‘conser- 
vation law for the momentum can be 
written as 


or, which is the same, 
K = const (24.7) 


Thus, the momentum of a system of 
bodies cannot change under the action FIG. 62 
of the internal forces. 
In just the same way the law of constancy of the momentum under the action 
of the internal forces can be derived for any number of bodies forming an isola- 


ted system. The momentum of the system is the vector sum of the momenta 
of all the constituent bodies: 


K = “ mjv; (24.8) 
i=1 
By the third law of dynamics, all internal forces satisfy the conditions 
fei tfin=O (24.9) 
for any values of the indices k and i(k = 1, 2, 3, ..., n;i=1, 2, 3, ..., n; 


n is the number of the bodies forming the system). 


When no external forces act upon the system we can write for each of the 
bodies the equation 


dv; 
Mm; P= 3 fin (24.10) 


where m, is the mass of the ith body, v; is its velocity, and >> fi, is the sum 


of all those internal: forces with-which the other bodies of the s system act upon 
7—0776 
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the ith body. Now we add together equations (24.10) for all the bodies, which 
results in 
n nr n 
Die = Dy Dy fan (24.11) 
i=1 i=1 k=l 


By condition (24.9), the sum of all internal forces is equal to zero whence 


which implies 


a S| mv; =0 (24.12) 


It is the last relation that expresses the law of conservation of momentum 
for an arbitrary system consisting of several bodies which move only under the 
action of the internal forces and are not acted upon by external forces. 

Let us sum up the results of our discussion. 

The law of conservation of momentum holds for the interaction of any number 
of bodies; the momentum of the system formed by the bodies remains constant 
when there are no external forces exerted on the system by the bodies not enter- 
ing in the system. | 

The momentum is a vector quantity, and hence the conservation law means 
the constancy of both the absolute value and the direction of the momentum 
of the system. The momenta of the constituent bodies can vary but the momen- 
tum of the whole system remains invariable. 

When the momentum of a body entering in a system changes the total 
momentum of the other bodies of the system changes by the same quantity with 
opposite sign. Thus, the momentum of a body entering in an isolated system can 
only be transmitted to other bodies but can never disappear or, which is the same, 
the momentum of any isolated system is a vector quantity whose value always 
remains constant. 

The notion of a momentum was introduced by Descartes who also formulat- 
ed the philosophical principle of the conservation (that is, the constancy) 
of the momentum. This was followed by the discussion among scientists as 
to which of the quantities mv or mv* should be considered as a measure of 
motion; the question was answered only after the law of conservation of energy 
was established (see Sec. 37). 


25. Transfer of Momentum from One Body to Another 


When there are forces of interaction between two bodies the momentum can 
be transferred from one body to another. The variation of the forces in an inter- 
action process can be an extremely complicated phenomenon and, in the gener- 
al case, its analysis is an intricate problem. The application of the law of 
conservation of momentum to these cases allows us to determine in a simple 
manner the result of the interaction without a detailed investigation of the 
forces acting on the bodies. What has been said is illustrated by some simple 
examples below. 

(1) A man running with a velocity v9, jumps onto a cart standing on the rails 
(Fig. 63). The momentum of the man is K = m,v, where m, is his mass. Before 
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the jump the cart is at rest, its momentum being equal to zero. After the 
man has jumped onto the cart he remains in a state of rest relative to the 
cart and there appear forces of interaction between the man and the cart. The 
force acting on the man decelerates his motion while the (reactive) force acting 
upon the cart produces the motion of the latter. These forces stop acting after 
the man and the cart obtain equal velocities, that is after the man occupies 
a fixed position relative to the cart. If the forces of friction between the rails 
and the cart and the resistance force produced by the air are negligibly small 
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FIG. 63 


the momentum of the system (consisting of the man and of the cart) is not 
changed in the interaction process. The initial momentum m,v, of the man 
is redistributed: the cart gains a part of the momentum which the man had 
before the jump. The velocity obtained by the cart and the man after they 
have formed one system can be determined from the law of conservation of 
the momentum. It is determined by the formula 


my, 
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The result is independent of the duration of the interaction between the 
feet of the man and the cart and of the specific variation process of the inter- 
action forces. This phenomenon in which the man and the cart have taken 
part is an example of the inelastic (perfectly plastic) impact. 

An inelastic (perfectly plastic) impact is a phenomenon in which an interaction 
between two bodies possessing different velocities results in a motion in which 
both bodies have the same velocity. 

The specific mechanism of the interaction in the impact and the way in 
which the forces have varied do not affect the resultant velocity after the impact. 

Those who study the theory of this phenomenon sometimes try to disprove 
the assertion that the momentum can only be transmitted from one body to 
another and cannot disappear on the basis of some examples which seem to 
contradict this assertion. All such examples contain incorrect arguments. Let 
us consider a characteristic example of this kind. 

(2) A boy throws a snowball which, after its impact against the wall, sticks 
to it or falls near the wall. The boy “gives” a momentum K = mv to the snow- 
ball (m is the mass of the snowball and 0 is its velocity). The question is 
whether the momentum of the ball disappears after its impact with the wall 
or to which body the momentum has been “transferred”. 


7@ 


o= Vo (25.1) 
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To elucidate the process of transfer of the momentum let us first imagine 
that both the boy and the wall are on a boat and the boy throws a clay ball 
which sticks to the wall, all the bodies being at rest before the ball was thrown 
(see Fig. 64). In this example the boat plays a role analogous to that of the 
Earth in the previous example. The momentum the ball possesses after it has 
been thrown is “obtained” from the system “the boy and the boat”, and conse- 
quently during the flight of the ball this system has a momentum of opposite 
direction and of magnitude K = mv. At the same time, the momentum of the 
system “the boat, the boy, and the ball” is constant and equal to zero. 


FIG. 64 FIG. 65 


During the process of inelastic impact of the ball against the wall an inter- 
action between the ball and the boat takes place, the wall playing the role 
of a body “providing conditions” for the phenomenon to take place. After 
the impact the ball and the boat have momenta of equal magnitudes and oppo- 
site directions, the sum of the momenta being equal to zero. Thus, after the 
jerk given by the boy to the boat the latter starts moving and then stops 
when, after the impact of the clay ball and the wall, the ball sticks to the wall. 
Thus, no “disappearance” or “creation” of a momentum has taken place. 

It should also be noted that our argument remains valid in a more general 
case when the boat is in a motion before the ball is thrown. In this case 
the whole system has a momentum before the process we consider. After the 
jerk the momentum of the system “the boy and the boat” decreases by an amount 
equal to the momentum of the ball, the same amount being gained after the 
impact. Thus, the total momentum remains the same as before. The directions 
of the motioris of the boat and of the ball thrown by the boy can be arbitrary 
in this phenomenon. Suppose that the momentum of the system before the jerk 
‘is K,. Let us represent it by the corresponding vector (Fig. 65); if the momen- 
tum of the ball thrown by the boy is K, the remaining momentum of the 
boat is equal to K, — Ky, and after the impact of the ball against the wall 
the whole system again has a momentum equal to Ko. 

The system “the boy and the boat” obviously loses some momentum if the 
clay ball does not stick to the wall but falls into the water. Then the remaining 
momentum of the system is K, — K, and the momentum K, will be “trans- 
ferred” to the water. However, if we include the Earth into the system it can 
again be readily shown that the total momentum is preserved. 


CH. 3 MOMENTUM QF A: SYSTEM OF BODIES 104 


Proceeding from the latter example we can interpret the phenomena in the 
former example when a snowball thrown by the boy sticks to the wall and 
“transmits” its momentum to the wall (in this case the wall is regarded as 
being rigidly connected with the Earth and forming one system with it); the 
transmitted momentum “appears” as the result of the interaction of the boy 
and the Earth. 

For the sake of simplicity we supposed that the impact between the ball 
and the wall was perfectly plastic since the ball did not bounce off the wall, 
it either stuck to it or fell into the water near the wall. An analogous situa- 
tion takes place in an elastic impact when the ball bounces off the wall in 
the backward direction. Although in this case the boat will move forward, 
the total momentum of the system “the boat, the boy, and the ball” will remain 
the same. Indeed, after the ball bounces off the wall, falls into the boat, and 
stops moving the whole system is at rest. 

In these considerations we assumed that there was no friction between the 
boat and the water (in reality, the friction exists but is negligibly small). 
However, if we took into account these interaction forces as well jand consid- 
ered the water as a part of the system it would be possible to show in just 
the same manner that the momentum of the whole system remains constant. 

(3) Measuring masses. The experiments with the balls moving under the 
action of the extending spring indicate the possibility of using such a scheme 
for comparing (that is, measuring) masses of two bodies. Indeed, let us observe 
the motion of two bodies under the forces resulting from the interaction be- 
tween them. On determining experimentally the velocities obtained by the 
bodies after the interaction process we can find, using the law of conserva- 
tion of momentum, the ratio of the masses of the bodies which is equal to the 
reciprocal of the ratio of the magnitudes of their velocities. For instance, 
if one of the colliding balls has unit mass the reciprocal of the ratio of the 
absolute values of the velocities of the balls is equal to the mass of the other 
ball measured in the same units. 

It is convenient to perform such experiments with carts on the rails which 
are moved apart by spring buffers (Fig. 66). The carts are first pressed ‘together 
and then the buffers are let to push them apart. On measuring the distances 
S, and S, travelled by the carts during equal time intervals we take into ac- 
count that these distances are proportional to the velocities of the carts and 
thus inversely. proportional to the masses m, and m, of the carts. Therefore 

m, _ Sa 
a St (25.2) 

(4) Perfectly plastic impact of two balls. Let two balls with masses m, and m, 
moving, respectively, with velocities v, and v, collide at a certain moment, 
“stick together” and then move as one body (Fig. 67). Here we have the phenom- 
enon ofa (completely) inelastic (perfectly plastic) impact. Given the mcmen- 
ta of the balls before the impact, we can readily determine the motions of the 
balls after the impact. Let K, = m,v, be the momentum of the first ball and 
K, = m,v, that of the second ball before the impact; then after the impact 
the momentum of the system consisting of the two balls stuck together is K, + 
+ K, = K. The directions of motion of the balls may change after the impact 
but the total momentum of that system does not change. The velocity ov of 
the system of the balls after the inelastic impact is therefore given by the for- 
mula 

v= M1V1-+ MeV, (25.3) 


m+ mg, 
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FIG. 66 


Let us consider another example which can be treated in just the same way. 
Imagine a shell which bursts into two parts during its flight. In this case the 
total momentum cannot change either: the vector sum of the momenta of the 
parts must be equal to the initial momentum of the shell (provided that the 
force of air resistance is negligibly small). The same argument applies to the 
case when the shell bursts into any number of parts. | 

There are many examples of this kind in everyday life and in engineering. 
Let the reader give such examples. “. 


po--- 


FIG. 67 FIG. 68 


It should be noted that, when solving a mechanical problem, one should 
check whether the given problem admits of the application of the law of con- 
servation of momentum. If this is the case it is unnecessary to know the char- 
acter of variation of the forces of interaction between the bodies during the 
interaction period and the way in which they act on them, and the application 
of the law of the constancy of the momentum considerably simplifies the 
solution of the problem. 

As an exercise, let the reader consider Fig. 68 schematizing an inelastic 
impact of two material points; the distances between the masses m, and m, 
at a certain moment before the impact are shown in the figure with a certain 
length scale and the directions of their velocities before and after the impact 
are indicated by the arrows. It is required to find the ratio of the masses. 
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26. Impulse of a Force 


Newton’s second law (Sec. 19) can be written in the form 
d (mv) = F dt (26.4) 


It reads: the increment of the momentum during time interval dt is equal to the 
impulse F of the force during that time. The vector physical quantity F dt is 
called an (elementary) impulse of the force during time dt. The impulse of the 
force F dt is an infinitesimal quantity characterizing the action of the force 
during the infinitesimal time interval dt. 

If the action of a variable force is considered not during an infinitesimal 
time dt but during a finite interval lasting from ¢t, toz¢, then in order to obtain 
the corresponding impulse P we should split that finite time interval into 
infinitesimal subintervals dt, find the impulses F dt for each subinterval dt 
and then add them all together. As is known, such a sum is called an integral 
and is denoted 

ts 
| Fat=P (26.2) 
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The vector quantity P is the impulse of the force F during time interval from 
t, to t,. If the force F is constant both in magnitude and direction then 


P = F (t, — t,) (26.3) 


Thus, the impulse of a constant force is equal to its product by the time during 
which that force acts. 
On integrating both sides of equality (26.1) we obtain 
ts ts 
\ d (mv) = \ Fdt=P (26.4) 
t, 


ty 


If the velocity of motion of the body is equal to v, at time z, and to v, at time 
t, expression (26.4) can be written as 


mv, — mv, = P (26.5) 


Indeed, d (mv) is an infinitesimal increment of the momentum during time dt; 
on adding together all these increments for time interval from 7, to ft, we 
obviously obtain the total increment mv, — mv, of the momentum during 
that finite time interval. 

Thus, the increment of the momentum of the body for some time interval is equal 
to the impulse of the acting force during that interval. 

For instance, let a stone of weight of 1 N fall on the ground. The magni- 
tude of the impulse of the force of gravity of the stone during 5 s is equal 
to P = 5 N-s. The same increment has been gained by the momentum of the 
stone (which is directed towards the ground). Consequently within 5 seconds 
the velocity of the stone gains an increment which, by formula (26.5), is equal 
to 


ey eae 2 50 m/s 
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where e is unit vector directed vertically downwards. The result we have ob- 
tained is completely independent of whether the stone falls vertically or moves 
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in a parabola; it is completely specified by the fact that during these 5 sec- 
onds the stone has been acted upon only by the force of weight. When consid- 
ering this example the reader should recall that the mass of a body weighing 


: 1 
1 N is equal to 351 kg. 


Although the increment of a momentum is precisely equal to the impulse 
of the acting force (provided that this increment is produced by that very force 
solely, we must nevertheless distinguish between the notion of the increment 
of a momentum and that of an impulse of a force. The matter is that there 
exist cases when the body in question can be acted upon by some other forces. 
For example, let a worker push away a cart, his own position remaining 
unchanged. The increment of the momentum of the cart is equal tothe impulse 
P of the force exerted by the worker (on condition that the force of friction 
is very small and can be neglected). In its turn, the cart gives the worker the 
impulse —P. However, the worker retains his position and thus his momentum 
receives no increment. Consequently, although the reaction force of the cart 
applied to the worker has a non-zero impulse, the worker gains no increment 
of the momentum. The explanation of this phenomenon lies in the fact that 
the worker is acted upon by one more force, namely, by the force with which 
the Earth acts on his feet. This force gives him an impulse of the same magni- 
tude in opposite direction. If the worker were not acted upon by the force exer- 
ted by the Earth he would receive the same momentum. That ts why the impulse 
of a force is sometimes spoken of as being equal to a possible increment 
of a momentum of a body. It becomes equal to the real increment of the 
momentum when the body is acted upon by that force solely. 

In what follows we shall always speak of a real momentum but not of a pos- 
sible (virtual) momentum and of a real impulse of the force or of the resul- 
tant of the forces acting on the body. However, as has been indicated, there 
is an essential distinction between these quantities which lies in the fact that 
the impulse of one of the forces acting on a body is not necessarily equal to the 
increment of the momentum the body receives. The only case when we can say 
that the increment of the momentum is equal (both in its magnitude and direc- 
tion) to the impulse of the force during a certain time is the one in which by 
the impulse of the force is meant the impulse of the resultant of all the forces 
acting on the body during the same time. In this sense only the increment 
of the momentum and the impulse of the force (of the resultant of all the forces) 
can be identified. 

In the next section we shall apply the conservation law for momentum to the 
investigation of motions of bodies with variable masses. 


27. Motion of a Body with Variable Mass 


There are phenomena in which the masses of bodies taking part in the motion 
vary during the time of motion. A moving body can lose a part of its mass, 
that is some particles it consists of can be discharged from it and then its mass 
decreases or some new particles can be added to it and its mass increases. Exam- 
ples of this kind are the motion of a sprinkling truck spraying the street, 
loading or unloading a moving freight car, the motion of a rocket issuing 
a jet stream of burned gases and the like. In this section we shall study phe- 
nomena of this kind. 

In such cases not only the mass of a moving body can change but also its 
velocity can vary. The general laws of motion of bodies with variable masses 
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were investigated dy I. V. Meshchersky and K. E. Tsiolkovsky;' the latter 
applied them to projecting a reactive spaceship. 

Let us consider the motion of a sprinkling truck (Fig. 69) spraying the street. 
Let the velocity of the water spray relative to the truck be a constant vector c 
coinciding in its direction with the velocity v of the truck relative to the ground. 
Let F be the force acting on the truck due to the adhesion of wheels as the en- 
gine of the truck is working. This force is directed along the street. The force F 
is applied to the truck and is an external force exerted on the truck by the Earth. 
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The per-second expenditure of water will be invariable if the discharge veloc- 
ity c and the cross-section of the nozzle ejecting the water remain constant. 
Let us denote by wu the per-second expenditure of the mass of the ejected 
water and by M/ the mass of the truck together with the water. The mass M 
will uniformly decrease as function of time and its rate of change will be 


——— =p (27.1) 


It follows that the mass conservation condition can be written in the form 
aM + yudat=0 (27.2) 


where dM is the decrease of the mass of the truck filled with the water during 
time dt and yp dt is the mass of the water flowing out during that time interval. 
The minus sign in equation (27.1) indicates that the mass decreases; the 
per-second expenditure of water uw is assumed to be positive. 

Let us apply the law of variation of the momentum to the system “the truck 
and the ejected water”; according to this law, the increment of the momentum 
of the system equals the impulse of the external forces”. 

Let the truck have a mass M and a velocity v at time #, its momentum at 
that moment being Mv. After an infinitesimal time interval di, that is at the 
moment of time ¢ + dt, the mass of the truck becomes M — up di and its veloc- 
ity becomes v + dv. The mass of water ejected during time dz is p dt and its 
velocity relative to the Earth is equal to v + c. It follows that the momentum 
at time ¢ + dt is equal to 


(M — pdt) (v+ dv) + pdt (v+c) 


* In this example all the vectors are parallel to one straight line. On projecting them on 
that line we can use the scalar form of the equations. 
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On subtracting the quantity Mv from the last expression we obtain the incre- 
ment of the momentum corresponding to time interval dt. It must be equal 
to the impulse F dt of the external force. Neglecting the term p dt dv which is 
of the second order of smallness relative to dt, we obtain 


M dv + uc dt = F dt 
whence 


dv 
a F— uc (27.3) 


Relation (27.3) is known as Meshchersky’s equation; it holds for any body moving 
with velocity v and issuing a part of its mass with velocity c in the direction 
of motion with per-second expenditure un. Equation (27.3) reads: the product 
of the mass of the body by its acceleration equals the acting force F minus the reactive 
force of the ejected mass, the latter being equal to per-second expenditure of 
mass uw times the velocity c of relative motion of the discharged particles. 

The reactive force is due to the fact that the ejected particles are given veloc- 
ity c. These particles (together with the whole mass of the water) are at rest 
relative to the truck until a certain force gives them an acceleration relative 
to the moving truck; this results in the velocity c of the particles relative to 
the truck. The reaction force (whose existence is asserted in the third law of 
dynamics) corresponding to the former force is applied to.the truck and its 
direction is opposite to the direction of the velocity of the ejected water. It is 
this force that we call the reactive force. 

In the most general case we can similarly prove that a body ejecting a part 
of its mass with per-second expenditure p and velocity e directed quite arbi- 
trarily is acted upon by a reactive force f, expressed by the formula f, = —we. 
Let us present the proof. During an infinitesimal time interval dt the body loses 
a part of its mass equal to wp dt which has a velocity v, relative to the Earth 
(Fig. 70). At time ¢ the body had the momentum 


My 


where wv isthe velocity of the body at that moment. At the moment of time 
¢-+ dt the remaining part of the mass of the body has the momentum 
(M — pdt) (v + dv) 
During time dt the velocity of the body receives an increment dv, and the 
ejected mass pdt possesses the momentum 
U at V1 


Consequently, the change of the momentum of the whole system during time 
interval dt is equal to | 


(M—p dt) (v+dv) +pdiv,—Mv =M dv +pdti(v,—v) —pdt dv 
By the second law of dynamics, the change of the momentum equals the impulse 
of the external force F acting on the body during that time interval. Therefore 
M dv + udt(vw, — v) = Fdi 


since the term u dt dv is of the second order of smallness and can be neglected. 
On dividing both members of the last equality by dt and transposing the term 
involving p to the right we obtain 


d 
M =F +p(v—%) 
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Denoting by ¢ the relative velocity of the particles separated fr m the body we 
can write v + C=v,, whence vw — v, = — c, and we finally obtain 


d 
M = — F—npe (27.4) 


The direction of the reactive force is opposite to that of the velocity with which 
the ejected particles leave the body. 

For instance, when a rocket projectile moves near the Earth’s surface (see 
Fig. 71) the resultant external force is the sum of the force of gravity P produced 


At time moment t 
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At time moment t+ dt 


udtv, wee 


by the Earth and the air drag (resistance) X, the acceleration of the rocket being 
additionally dependent on the magnitude and the direction of the reactive 
force —yuc. Changing the magnitude and the direction of the reactive force 
during the motion we can control the flight of the projectile. 

It should be noted that if we considered the addition of particles to the 
moving body (instead of their separation) resulting in an increase of its mass 
equation (27.4) would remain valid with the only distinction that the sign 
of the reactive force must be opposite, namely 


M = = Ff'+ pe (27.5) 
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where ¢ is the velocity of the particles (which are added to the body) relative 
to the body. As an exercise, let the reader derive this equation. 

Using formula (27.4) we can compute the thrust force of a turbojet engine 
(or of an air-breathing engine) of an airplane which intakes the air in its flight, 
compresses it, burns the fuel, and ejects the combustion product as a gas stream 
with large velocity. A turbojet engine has an air compressor driven by a tur- 
bine placed in the stream of the ejected gas (Fig. 72). 


FIG. 71 


An air-breathing engine has neither a compressor nor a turbine. It is a tube 
with variable cross section in which the fuel is burned in the air which is sucked 
in and compressed because of the motion of the airplane (Fig. 73). Such an 
engine can only produce a thrust force when the aircraft is already in motion 
while a turbojet engine can produce it even when the airplane does not move. 

It is evident that for a reaction engine the per-second inlet of the air equals. 
the per-second outlet of the air. Let the airplane fly with velocity v, the per- 
second flow-out of the air being p,. The working engine ejects the gases (the 
combustion product consisting of the air and the burned fuel). Let the per- 
second expenditure of the fuel be py. Since the atmospheric air is considered 
to be at rest relative to the Earth, the intake of the air produces a backward 
reactive force equal to p,v. The ejection of the combustion product produces 
a forward reactive force equal to (u, + pr) c. Hence, the resultant reactive 
force of a turbojet engine (or of an air-breathing engine) directed forward is. 
equal to 


Ma (c — v) + pre 


Practically we always have py; < pa, which allows us to put, approximately, 
the reaction force of a turbojet or of an air-breathing engine equal to 


Ha (c — v) 


The motion of an airplane with such an engine can be considered, approxi- 
mately, as a motion of a body with constant mass provided that the mass 
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of the burning fuel is negligibly small. The last expression of the reaction force 
shows that for a thrust force to be obtained it is necessary that the velocity c 
of the ejected particles should exceed the velocity v of the flight. In order to 
increase, the thrust of the engine it is necessary to increase the velocity of the 
ejected gases or the per-second air expenditure in the engine or both. Irrespec- 
tive of the complicated character of the processes in the engine (the air intake, 
the compression of the air, the fuel burning, the operation of the gas turbine 
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etc.), to determine the thrust force giving the airplane the velocity v it is only 
required to know two quantities, namely p, and the velocity c. 

The thrust can also be estimated as follows: the mass of the air pg receives 
every second a momentum equal to iw, (c — v) (relative to the Earth) under 
the action of the forces with which the airplane acts upon the air. Consequently, 
by the law of conservation of momentum, the momentum of the airplane (rela- 
tive to the Earth) must gain a per-second increase equal to the latter quantity. 
Therefore wu, (c — v) is equal to the impulse of the thrust force of the reaction 
engine during one second, the impulse of a force in unit time being equal, 
numerically, to the magnitude of the force. 

What has been said also applies to any reaction engine intaking and ejecting 
water (instead of the air). 

The situation becomes quite different in the case of a (powder or liquid- 
propellant) rocket engine. In this case the fuel and the rocket oxidizer are both 
in the flying vehicle and therefore the thrust of a rocket is always equal to —uc 
for any velocity of.the flight of the vehicle moved by the rocket engine. The 
thrust force is independent of the properties of the surrounding medium and 
appears in a flight in vacuum as well. 

The dependence of the velocity of a rocket on time and the relationship 
between the velocity and the mass can be derived from formula (27.4) on condi- 
tion that the motion is only caused by the reactive force. Let the initial mass 


110 MECHANICS OF RIGID BODIES 


of the rocket (for t = 0) be M,, then at time ¢ > 0 it will be equal to M = 
= M, — ut. By formula (27.4), we can write 


mie =pc, that is (WM)—pt)dv=ucdt (27.6) 


because the velocity of the ejected gases is always directed along the tangent 
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to the trajectory of the rocket. On rewriting the last equation in the form 


dv set 
ec My—yt 
we can readily integrate its right-hand and left-hand members, which results in 
t 
1 _ p. dt _ My _1, My 
= (v—%) = fg = In Mo— In (Mo — pt) = ny = In | 
= pi 
It follows that v—vo= —eln ( =1-) 
whence M = M exp (-—*s } (27.7) 


Relation (27.7) is known as Tsiolkovsky’s formula. The dependence descrided 
by it is represented in the diagram in Fig. 74. If a mass of magnitude M should 
be given a velocity v the initial mass of the rocket must be equal to M, when 
the initial velocity is vy. In a special case v, can be equal to zero. When the 
given velocity v is increased the initial mass M, grows exponentially. When 
(v — vo) > c the ratio M,/M becomes very large; this creates technical dif- 
ficulties for the construction of cosmic rockets whose velocities are of the order 
of 10 km/s. The increase in the velocity of the ejected gases makes it possible 
to reduce considerably the initial mass and thus to facilitate the solution of this 
construction problem. 

When a rocket moves in a dense atmospheric layer it is necessary to over- 
come the air drag and therefore the initial mass of the rocket must be in fact 
greater than that computed above; however, when the velocity of the rocket, 
as it passes through the dense layer of the atmosphere, is not very large the drag 
is comparatively small and therefore the corresponding increase of the initial 
mass M, is not very large either. 


CHAPTER 4 


Work and Energy 


28. The Concept of Energy 


The momentum of a body is an important characteristic of its mechanical mo- 
tion. However, this quantity by far not always characterizes completely the 
changes in the motion of the body. For instance, after a perfectly plastic 
impact of two identical balls moving towards each other with equal velocities 
the motion of the balls “disappears” in the sense that before the impact each 
of the balls moved while after the impact they are at rest. The law of conser- 
vation of momentum remains of course valid in this case as well; the momenta 
of the balls before the impact were equal in their magnitudes and opposite 
in the directions so that the momentum of the whole system was equal to zero. 
The total momentum retains the same value after the impact but the law of 
conservation of momentum can be applied to neither of the two balls because 
during the impact process each of the balls is acted upon by an external force, 
namely, by the force of pressure produced by the other ball. 

In this example the states of the two balls underwent essential changes after 
the impact. The balls moved before the impact and stopped moving after the 
impact; their motions “disappeared” and they lost their momenta. Besides, 
as experiments show, the temperature of each ball increases after the impact. 
We see that the law of conservation of momentum cannot be used for a com- 
plete description of all mechanical phenomena, which means that the momentum 
cannot serve a unique and exhaustive measure of all the changes in the mechan- 
ical states of the bodies. The fact that the temperature of the ball increased 
during the impact process is of principal importance: the mechanical motion 
of the balls “disappeared” but instead of it a new form of motion of substance 
appeared, namely, heat. Experiments show that the amount of heat resulting 
from the impact of the balls is not proportional to the magnitude of the momen- 
tum that every ball possesses before the impact. The momentum of a body and 
an amount of heat are of different nature: the former is a vector quantity while 
the latter is a scalar. The vector sum of the momenta of the balls is equal to 
zero. One may think that since an amount of heat is a scalar it would be more 
expedient to compare it with the sum of the moduli of the momenta of the 
balls but, as experiments show, the sum of the moduli is not proportional to 
the amount of heat obtained either. Hence, besides the momentum, we must 
introduce another measure of a mechanical motion of a body, which is partic- 
ularly needed for the. description of phenomena accompanied by the conver- 
sion of the mechanical motion of a body into other forms of motion of sub- 
stance. 
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It turns out that a measure of this kind, applicable in all the cases, is the 
energy. It remains invariable in all the conversions of substance. Thus, the 
energy serves as a universal measure for all the forms of motion of sub- 
stance. 

The fundamental question concerning the connection between the numerical 
value of the energy of a moving body and other physical characteristics of its 
mechanical motion and of other forms of motion of substances was answered 
completely about a hundred years ago. Since then the law of conservation of 
energy has been understood as the fundamental law of nature. 

Before proceeding to the discussion of the measure of the energy of a mechan- 
ical motion we must consider an important physical quantity, namely work, 
which plays a basic role in those processes where the mechanical motion and 
the mechanical energy are transmitted from one body to another. 


29. Work and Energy 


We shall begin with two examples in which some forces act while the momen- 
ta do not vary. As the first example let us consider a body lying on the table. 
In the second example we consider an electric locomotive producing a tractive 
force applied to the train in a uniform rectilinear motion with a constant 
velocity. In both cases there are external forces: in the first example the force 
of gravity acting on the resting body is an external force and in the second 
example the tractive force of the locomotive is an external force acting upon 
the train. In both cases there are no obvious changes of the momenta since the 
body is in a state of rest and the train is in a uniform rectilinear motion. 
The explanation of the constancy of the momenta is that the body and the 
train are subjected to the actions of some other forces so that the resultant of all 
the forces is equal to zero in either case. 

However, there is an essential distinction between the situations described 
in these examples. In the first example the body lies on the table, the force 
of gravity acts on it permanently, and there are no changes both in the body 
itself and in the surrounding bodies. In the second example we also deal with 
a permanently acting force and there are no changes of the momentum either 
but the action of the force is in this case in a certain connection with some 
rather complex processes involving the surrounding bodies. The force of grav- 
ity acting upon, the body on the table is produced by the Earth but the latter 
does not undergo any changes. Conversely, for the tractive force of the electric 
locomotive to act on the train a certain amount of electric energy must be 
spent, which is connected with a number of complicated processes. Hence, 
the continuous action of the tractive force involves complex phenomena in 
which the surrounding bodies take part. 

Now let us discuss the basic distinction between the phenomena described 
in these examples from the point of view of mechanics. The distinction lies 
solely in the fact that in the first case the point of application of the force 
(of gravity) is fixed while in the second case the point of application of the 
(tractive) force moves with a certain velocity. Experiments show that if all 
the other conditions remain invariable the amount of fuel expended on the 
electric supply during some time is directly proportional to the product of the 
magnitude of the tractive force by the distance travelled by the locomotive 
during that time. It also turns out that in all phenomena of this kind an es- 
sential role is played by an important physical quantity called the work which 
is measured by the product of the acting force and the distance travelled; generally, 
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the work is a measure of the transfer of motion from one body to another, or, in 
other words, a measure of the transfer of energy from one body to another. 

Substance is always in motion and it is only the forms of that motion which 
may vary. In natural processes there is a permanent conversion of one form 
of motion into another. There exists a measure of motion of substance com- 
mon for all the phenomena in the world and for all forms of motion of sub- 
stance, and, as has already been said, the energy of a body or of a system of bo- 
dies serves as that measure. 

The ancients had been familiar with the idea that there cannot be an anni- 
hilation of the motion of substance and this idea lay in the foundation of the 
philosophic systems of such great scientists as R. Descartes, M. V. Lomonosov, 
and others. However, only in the nineteenth century was the general law known 
as the law of conservation of energy universally recognized by all scientists and, 
first of all, by physicists as the basic law of nature. 

Every body or a system of bodies possesses a certain amount of energy. 
In every natural phenomenon there is a transfer of energy from one body to 
another or from some parts of a body or of a system of bodies to its other 
parts. In physics we distinguish between various forms of motion (of substance) 
when classifying the subjects of different sciences. In this sense we speak of 
mechanical, thermal, electromagnetic motions, etc. but the energy is a unified 
quantitative measure for the motion of substance common for all the forms of motion. 

There are such forms of motion of substance in which the form of the motion 
is not changed: for instance, a hot body heats a colder one, a stone thrown 
upwards moves and then falls on the ground, etc. But there are also such phe- 
nomena in which one form of motion is converted into another. For instance, 
a bullet hitting a board and sticking in it is heated, that is the mechanical 
motion is converted to the thermal one. When a locomotive moves the train 
the thermal motion resulting from the burning of the fuel at the power electric 
station is converted into the electric motion and the latter is then converted 
into the mechanical motion of the train. When a ball rolls on a table and 
then stops moving the mechanical form of motion is converted into the ther- 
mal one, etc. However, in all the cases the amount of energy of any form trans- 
mitted from one body or from a system of bodies to another body or another 
system of bodies is exactly equal to the amount of energy which the latter 
body or system of bodies receives. 

We sometimes say “the mechanical energy”, “the thermal energy”, “the elect- 
romagnetic energy” and the like; these expressions should be understood in the 
sense that they indicate certain amounts of energy corresponding to the forms 
of motion mentioned, that is to the mechanical form of motion, to the thermal 
form of motion, etc. But there are in fact no different kinds of energy; there 
only exist various forms of motion of substance, the energy being a unified 
measure for all kinds of motion. However, for the sake of simplicity; we shall 
often conditionally speak of “the mechanical energy”, “the thermal energy”, 
etc. bearing in mind what has been said here. 

As to the cases when we only deal with the mechanical form of motion or 
with phenomena in which the mechanical form of motion is converted into 
some other form and vice versa the quantity we considered above, that is the 
product of the magnitude of the force by the distance travelled which is called 
the mechanical work, serves as the measure of the amount of energy transfer- 
red. That is why the unit of energy is usually chosen equal to the unit of work. 

In the SI system the unit of work and energy is 1 joule (1 J); it is equal to 
the work performed by a force of 1 N (one newton) over a distance of 14 m 
8—0776 
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(one metre). In the cgs system often used in physics the unit of work is the 
work performed by a force of 1 dyn (one dyne) over a path of 1 cm (one cen- 
timetre); this unit is called the erg (1 erg). It can readily be shown that 


4 J = 107 erg 


30. Work of a Force 


When a force acts on a moving body and the directions of the force and 


of the velocity of the motion coincide then the transfer of energy from the body 
which exerts the action to the body 


on which the force acts takes place. In 
such a case the work performed by 
the force is considered positive. A 
positive value of the work corresponds 
to the transmission of energy from 
the acting body to the body which is 
moved. When the directions of the 
force and of the displacement are 
opposite then, conversely, the energy 
is transmitted to the body exerting the 
force. In this case the work of the force 
is considered negative. 

In the general case when the direc- 
tions of the force and of the displace- 
ment are different the magnitude of 
the work is, by definition, equal to 

FIG. 75 the product of the projection of the 

force on the direction of the displace- 

ment by the magnitude of the displacement (by the distance travelled) or, in 

other words, the work is equal to the scalar product of the vector of force by 
the displacement vector. 

Thus, if body Z acts on body 2 with a force F,, and body 2 receives a dis- 
placement dS, then body J performs the work 


dA=F%, dS> (30,1) 


equal to the scalar product of the vector of the force by the displacement vector. 
If dA > 0 then body / transmits energy to body 2; if dA <0 then body 2 
transmits energy to body J. In case the displacement dS, is perpendicular 
to the force F,, we have dA = QO, that is there is no exchange of energy between 
the bodies. The work is performed only by the component of the force along 
the direction of the displacement; hence, the amount of work performed can 
be expressed as 

dA = Fo, dS> COS @ (30.2) 


where a@ is the angle of shortest rotation from the direction of the force F,, 
to the direction of the displacement dS,. 

When an acting force varies both in its magnitude and direction as the point 
of its application moves then in order to compute the total work corresponding 
to the whole trajectory of motion we must find the elementary work dA for 
every infinitesimal part dS of the path of motion which is equal to F dS and 
then add together al] these elementary magnitudes of work along the whole 
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trajectory (for instance, from point J to point 2 as shown in Fig. 75). In other 
words, we must integrate F with respect to dS from point J to point 2. 

Thus, the work performed by the force F along the trajectory joining point / 
to point 2 can be expressed in the form 


2 2 
A= \ dA= | Fas (30.3) 


1 


—_! 


The magnitude of the work A can only be found by formula (30.3) when the 
variation of the force F along the trajectory of motion is known. 


31. Potential Energy of Strain 


When a body undergoes a deformation produced by the action of an exter- 
nal force the point of application of the deforming force gains a displacement, 
and hence the system exerting that force performs an amount of work which is 
the measure of the energy transmitted to the body subjected to the deforma- 
tion. If an elastic body is being deformed the work performed is expended on 
the increase of the amount of energy of that body; this is the strain energy 
(the potential energy of strain). 

In the case of an elastic body the magnitudes of the deformation and of the 
force are connected in a one-to-one manner irrespective of the direction of 
the deformation. For instance, imagine that such a body is contracted by 
dS under the action of a force F; in this case an amount of energy equal to 
dA = F dS is expended. If the body is then allowed to extend by dS and to 
restore its original shape and size it exerts over the path dS a force —F of 
the same magnitude and opposite direction and performs the work —dA. In 
this process the contracted body transmits its strain energy to the body on which 
it acts in the extension process. It is obvious that the strain energy of an elastic 
body can be completely transformed into an equal amount of mechanical work. 

The magnitude of deformation is usually connected with that of the acting 
force by a definite law. The magnitude of the force changes as the deformation 
varies and therefore the amount of work is not simply equal to the product 
of the force by the distance because the force is variable and depends on the 
displacement of the point of its application. The work can readily be computed 
when the deformation is proportional to the displacement. For example, sup- 
pose that it is required to elongate the spring shown in Fig. 76 which obeys 
the law 


F = kz (34.1) 


where F is the magnitude of the force applied to the spring, zx is the elonga- 
tion of the spring under the action of that force, and & is a constant propor- 
tionality coefficient called the stiffness factor of the spring. The dimension of k 
is N/m and its numerical value is equal to the force under which the deforma- 
tion of the spring is equal to unit length. The work that must be expended for 
the spring to elongate from z to z+ dz is obviously equal to F dz, that is 
to kx dz. Consequently, the whole work A corresponding to the extension 
from x = 0 to x = Zy is expressed by the formula 


; x0 2 
Hex | Fdz=k| 2dz = key (31.2) 
0 


46 MECHANICS OF RIGID BODIES 


This work is equal to the strain energy of the spring, with stiffness factor k, 
extended (or contracted) by zp. . 

The force exerted by the contracted spring can be made to act on a body 
which starts moving while the spring elongates. The force of action of an elas- 
tic spring is determined by formula (31) and therefore the work performed 
by the extending spring is equal to the work expended on its contraction, the 
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strain energy of the contracted spring being completely transmitted to the body 
on which the spring acts when it is extending. 


32. Kinetic Energy of a Body 


When a force is applied to a body and the latter moves under the action 

of the former the point of application of the force is displaced and the system 
exerting that force performs some work. The energy of the moving body gains 
an increase equal to that work. A mechanical motion of a body in space is 
the simplest form of motion of substance; as the measure of this motion serves 
the energy stored by the body; it is called the kinetic energy. 
- The magnitude of the kinetic energy, that of the energy connected with 
a motion of a body, can be determined from the amount of work which should 
be expended on the creation of that motion. Let a force F act upon a body 
of mass m and produce the motion of the body with velocity v,, the initial 
velocity being zero (a state of rest). Then the work of the force F along the 
whole path travelled by the body during the time of the variation of its veloc- 
ity from zero to the value v, is expended on the increase of the kinetic energy 
of the body. By the s2:ond law of dynamics, we always have 


dv 
q ———s = i 
“m 7 ; (32.1) 


On multiplying scalarly both members of equality (32.1) by dS (dS is the 
increment of the distance travelled by the body) we obtain 


m2 dS = FdS =dA: 132.2) 


As we know, v = = , and therefore equality (32.2) can be rewritten in the 
form 
mv dv = F dS (32.3) 


The last relation involves the scalar product of the vector v by the vector dv 
which is equal to vdvcosa. The quantity dv cos a = dug is the projection 
of the increment dv of the vector v onto the direction of the vector v (i.e. on 
the direction of the tangent line to the trajectory of the body) or, which is the 
same, the projection of the increment of the velocity on the direction of the 
vector dS drawn from the point of the trajectory we deal with. Hence, dug 


Me 
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is the increment of the modulus of the velocity vector uuring time!dt. Therefore 
equality (32.3) can also be written as* 


mv dvs=md (+) =F a, (824) 


We now integrate the right-hand and the left-hand sides of equality (32.4) 
over the path of integration corresponding to the increase of the magnitude 
of the velocity from zero to v,: 


jm fa (2) ae Fds=A= (32.5) 
ro 0 


Thus, theJkinetic energy of al}body of mass m moving with velocity vo is 
equal toy 
muy 


2 


The system exerting the force F which produces the motion of the body 
performs some work; some part of the energy of that system is transmitted 
to the body. Conversely, when a body moving with a certain velocity is 
stopped or decelerated the decelerative force also performs some work but the 
magnitude of that work is negative (since the displacement of the body and 
the force have opposite directions). In this case the decelerative body gains an 
amount of energy equal to the decrease of the kinetic energy of the moving body. 
Thus, the decelerated moving body transfers a part of its kinetic energy (or 
the whole kinetic energy) to the system producing the deceleration. The form 
into which the kinetic energy is transformed depends on the concrete physical 
conditions. 

When, for instance, a bullet hits a board and sticks in it the board under- 
goes a jerk and starts moving. In this case a part of the kinetic energy of the 
bullet is transformed into heat and the rest goes into the kinetic energy of 
the motion of the board after the impact. This is an example of an inelastic 
(perfectly plastic) impact; this phenomenon is accompanied by the transfor- 
mation of a part of the kinetic energy into the thermal energy. If both bodies 
are at rest after an inelastic impact the whole kinetic energy goes into heat. 


33. Perfectly Plastic Impact of Two Bodies 


Let a body of mass m, moving with velocity v, collide with another body 
of mass m. having (before the impact) a velocity v,. If both bodies have the 
same velocity v after the impact (and move as one system) we speak of an 
inelastic (or perfectly plastic) impact. As was indicated in Sec. 25, the veloci- 
ty v of the bodies resulting from the inelastic impact can be found with the 
aid of the conservation law for momentum. The absolute value and the direc- 
tion of the velocity after the impact are determined (see (25.3)) by the formula 


= fm1¥1 + Mal 


V0 
|My Mg 


(33.1) 


naw 


where v, and v, are the velocities of the bodies before the impact and m, and 
m, are their masses. The resultant value EZ, of the kinetic energy of the system 
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consisting of the two bodies (after the impact) has the value* 


oe __ (my¥1+mM_v2)" 
E, == (™ + Mz) v= “ER (33.2) 


Before the impact the initial kinetic energy E,, of the two bodies is 
1 1 

Ein 9 MV; — > 

We can now evaluate the “loss” of the mechanical energy, that is the part 


M2v3 (33.3) 


MVo mV, 
a 
= 
Ee a9) a c> 
a. = 
“2 
YY=—@'00- Ys YY 


FIG. 77 


of the energy which has been transformed into the thermal energy. To this 
end we subtract Ngiptied (33.2) from (33.3), which gives 

(m4V;+ Meo)? 1 M Mg __ a9..\2 

“Emi Fm,) Em tm, Ma AS) 
The vector difference v, — v, is the velocity of the relative motion of the bodies 
before the impact. That is why the part of the kinetic energy transmitted into 


heat depends both on the factor ehmy involving the masses of the colliding 


bodies and on the relative velocity ‘ot their motion before the impact. The “ener- 


gy loss” E,, — E, can be conditionally regarded as the kinetic energy of an 
“effective” mass 


Fin = smi + m,v5— 


M,Mo 
m,+mM, 


moving with velocity v’ = v, — vg. In this form the formula determining the 
“loss” of the mechanical energy in a perfectly plastic impact can easily be 
memorized; this form is also convenient for computations and analysis. 

Let us consider the special case when the mass of one of the colliding bodies 
is very large relative to that of the other; for definiteness, let m, > m,. Then 
we have 


Mo = 


eae) eer 
1+ (m,/m,) 
and the loss of the mechanical energy is practically equal to the kinetic energy 
of the relative motion of the smaller body. 

The amount of heat separated after a dud shell hits the armour of a moving 
tank (or of a combat airplane) and gets stuck in it is practically equal to the 


Mo = ~ Mm, 


* It should be noted that v? = v*, 
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kinetic energy of the shell. When computing the kinetic energy of the shell 
we must take its velocity relative to the armour. 

The mechanical phenomena taking place when, on firing, the gun recoils 
(see Fig. 77) or when a shell blows up are essentially of the same nature as the 
phenomenon of an inelastic impact; the only distinction is that the course of 
the processes is opposite. In both cases two (or more) bodies possess the same 
velocity and a certain amount of total kinetic energy before the shot and the 
blast. During a (very short) period of the explosion of the powder charge the 
shell and the gun receive different velocities and some amounts of kinetic ener- 
gy. If the masses of the gun and of the shell and also the amount of the mechan- 
ical energy resulting from the shot are known the laws of conservation of 
energy and momentum allow us to compute the velocities of the shell and the 
gun after the shot. 


34. Elastic Impact 


In an (entirely) elastic impact of two bodies, for instance, of two ivory balls 
or of two extra-hard steel balls, the bodies undergo elastic deformation, their 
surfaces are pressed in and the forces resulting from the deformation change 
their velocities. 

A thorough analysis of the phenomena taking place in an impact of arbitrary 
elastic solids is rather intricate; that is why we begin with the simplest case 
of a central impact of two homogeneous balls. By a central impact is meant 
the one in which the velocities of the colliding balls before the impact are paral- 
lel to the line joining their centres (Fig. 78a). 

The impact process can be described as follows. During the period following 
the beginning of the impact when the centres of the balls come _ together 
(Fig. 785) the forces F, and F, of their interaction grow as the deformation 
increases until both balls obtain the same velocity (Fig. 78c). At this moment 
the deformation achieves its maximum. After that moment the forces begin 
decreasing and their action pushes the balls apart (Fig. 78d). This lasts until 
the balls are separated, after which they move with different velocities (Fig. 78e). 

A detailed investigation of the deformation phenomenon of the balls during 
the impact is an extremely complicated problem. However, the velocities of 
the balls after the impact can easily be found without such an investigation 
provided that the masses and the velocities of the balls before the impact are 
known and there is no transformation of the mechanical energy into heat. 
During the compression period (when the balls are being brought together) the 
kinetic energy is transformed into the strain energy of the balls, after which 
during the restitution period (as the balls are separated) the strain energy is 
completely transformed back into the kinetic energy. 

This allows us to use both the energy conservation law and the law of conser- 
vation of momentum. Therefore, we have 


4 M4V 19 + MyVo9 = NV, + Myo, (34.1) 
an 


1 1 
Hz (MV 4 + M22) = > (M14 + M203) (34.2) 


where m, and m, are the masses of the balls, vig and v.,) are their velocities 
before the impact and v, and v, the velocities after the impact. 

The vectors representing the velocities of the balls after the elastic impact 
lie in the centre line of the balls because, by the symmetry, the interaction for- 
ces acting during the impact lie in that line. Equations (34.1) and (34.2) can 


420 MECHANICS OF RIGID BODIES 


be rewritten in the form 
m, (19 — 04) = Me (v2 — V29) (34.3) 
M4 (Vig — V4) = mz! (UV; — V39) 


On performing the term-by-term division of the first of these equations by the 
other we obtain 
Vio + V1 = Ve + V29 (34.4) 


Next we multiply equation (34.4) by m,, add the resultant equation to the 


Vio V20 
(a) oe 
=O aeaea 
———= > a 
(4) | i F, 
a ——— 
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FIG. 78 


first equation (34.3), and find the velocity of the second body after the impact: 


__ 214 Vi9— (M4 — Mg) Va 


The formula determining the velocity of the first body after the impact can 
readily be obtained from formula (34.5) by interchanging the subscripts 1 and 2: 


is 2MgVo9— (Mg—™M}) V19 
Me-+ my, 


If the balls are of the same mass and one of them is at rest before the impact, 
for example, vg, = 0, then the velocity of the first ball after the impact becomes 
zero while the second ball starts moving with the velocity v,, which the first 
ball had before the impact. 

This result can also be obtained directly from the energy and momentum 
conservation laws. Indeed, the masses of the balls being equal, the law of con- 
servation of momentum implies that the sum of the velocities of the two balls 
after the impact must be equal to the velocity of the first ball before the 
impact. The energy conservation law requires that the sum of the squares 
of the velocities of the balls after the impact should be equal to the square 


4 (34.6) 
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of the velocity of the first ball before the impact. These two conditions can 
hold simultaneously if and only if the velocity of one of the balls after the 
impact is zero, and it is only the velocity of the first ball which moved before 
the impact that can turn into zero after the impact since only the first ball 
is decelerated during the impact process. 

In a central impact of two homogeneous balls with equal masses the exchange 
of the velocities between the balls takes) place. For, putting m, =m, =m 
in formulas (34.5) and (34.6), we obtain 


Vo = Vi10 and U1 = Vo (34.7) 


m,=0.1 kg 


Before impact 
V20=0,2 m/s 


Maximum compression 


ee 
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After impact 


y= -0.0667 m/s Uy = 0.733 m/s 
rs 
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FIG. 79 


The essence of the phenomenon of an elastic impact can be explained if we 
consider a conditional model of two (perfectly) rigid balls with a spring 
placed between them which collide and interact with the aid of that spring. 

Let the spring be attached to one of the balls, the mass of the spring being 
negligibly small relative to the mass of each of the balls (a “weightless” spring). 
Let the initial velocities of the balls be in the direction of their centre line 
so that the force exerted by the spring, when it is contracted, also goes along 
that line. This model is shown in Fig. 79. For definiteness, the concrete values 
of the quantities involved are indicated in the figure. 

The results of the action of the elastic forces in the impact of two elastic 
deformable balls are the same as the results of the action of the spring in our 
model since the mass of the spring is put equal to zero. The kinetic energy 

M“V39 


of the system in Fig. 79 before the impact is ™¥e 4 "Pf — 0.0540 J. In 
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K=m ,V 49 


(a) 


FIG. 80 


the impact process the potential energy of the spring increases and the spring 
contracts until the velocities of the balls become equal; during this period 
the first ball undergoes deceleration and the other undergoes acceleration. 
At the moment the velocities of the balls become equal their (common) ve- 
locity is 

K __ 0.44 


and the maximum strain energy of the spring is equal to 


0.0540 j= See ~ 0.0245 J 


After that moment the spring starts elongating. The forces exerted by the 
extending spring obviously decelerate the first ball changing the direction of 
its velocity to the opposite and bringing the magnitude of the velocity to 
—0.0667 m/s. These forces also accelerate the second ball up to the velocity 
of 0.733 m/s; the indicated numerical values can readily be found from formu- 
las (34.5) and (34.6). 

The terminal velocities of the balls after the impact are independent of 
the stiffness of the spring; in this model it is only important that the spring 
is regarded as a perfectly elastic body having no (residual) strain energy 
after the impact. 

However, the duration of the impact process, the time periods during which 
the spring contracts and then extends to achieve its original length are essen- 
tially dependent on the stiffness of the spring and on the masses of the balls. 
The greater the stiffness factor of the spring, the shorter is the duration of 
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the impact process. It can be shown that for fixed values of the masses of 
the balls the impact duration is proportional to 7 Where k is the stiffness 


factor of the spring. 

Since there are only repulsive forces (not attractive) in the impact model 
we have considered, the increment of the velocity of each ball resulting from 
the impact is always directed away from the other ball. 

In an impact involving attractive forces the situation is reverse, that is the 


Vie 
& 
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FIG. 81 


increment of the velocity of each ball must be directed towards the other ball. 
Such an impact can be realized, for instance, with the aid of a “weightless” 
extensible elastic thread. Let two balls be connected with such a thread and 
let one of them be given an initial velocity (see Fig. 80a). The moment the 
thread is rectified the impact takes place in which attraction forces act. If the 
thread is perfectly elastic the further motion develops in the following way. 
As the thread attains its maximum elongation (Fig. 806), the velocities of 
both bodies equal, after which the thread starts contracting until its length 
achieves its original value, the ball with mass m, being accelerated and the 
ball with mass m, being decelerated in that process. At the moment the thread 
attains its original length (and after it) the velocity of the mass m, is greater 
than that of m, and the thread does not affect the motion of the balls which 
draw together with a constant (relative) velocity (Fig. 80c). 

We have considered in detail the central impact of two balls. The situation 
remains the same when two arbitrary bodies collide provided that the initial 
velocities are parallel to the line joining their centres of mass and the inter- 
action forces go along the same line. If otherwise, the impact phenomenon 
becomes extremely complicated and its analysis falls outside the limits of our 
course. 

Let us proceed to an oblique impact of balls in which the situation is essen- 
tially different. In such an impact phenomenon the centres of the balls come 
together because of their deformation and the surface of one ball slides relative 
to the surface of the other ball. To investigate the mechanism of the impact 
let us resolve the vectors representing the velocities of the balls along their 
centre line and along the direction perpendicular to that line (Fig. 81). 

It appears obvious that the sliding of the surfaces of the balls produce forces 
of friction F,, and F;,. These friction forces together with the forces F, and F, 
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of elastic interaction will determine the course of variation of the velocities 
of the balls. Besides, the forces of friction will result in rotation of the balls 
about their centres. Only in the case when the magnitudes of the friction forces 
F,, and F;, are very small in comparison with the magnitudes of the elastic 
forces F, and F;, that is F,,, Fy, < F., Fe, the friction forces can be neglected. 

Under the condition that F;,, Fir < F., Fe the problem of an oblique impact 
can be solved comparatively simply. For, this condition allows us to assume 


FIG. 82 FIG. 83 


that, with a high accuracy of the approximation, the magnitudes v,, and 
Ven Of the normal components of the velocities of the balls will not change 
during the impact while the two components of the velocities along the centre 
line which result from the impact can be determined on the basis of the law 
of conservation of momentum and the law of conservation of energy, as was 
done when we studied the central impact. The equations expressing these con- 
servation laws are written in the form 


M1Vic + MeVoe = MyVje + M2V 5¢ 
M4 (Vin + Ui.) + Me (Vin + V3.) = My (Vy? + Vin) + Me (ZF + Vin) 


involving only the two unknowns vj, and U¢¢. 

The general laws of the impact of the balls in the case under consideration can 
be established as follows. Let us suppose that ball 2 (see Fig. 82) is at rest before 
the impact while ball 7 moves*. Since the forces of friction have been neglect- 
ed (according to the hypothesis we have assumed), the interaction forces in 
the impact process pass through the centres of the balls and their direction 
depends on the distance 6 between the centre of the resting ball and the (recti- 
linear) trajectory of motion of the centre of the other ball before the impact. 
The plane of the figure is meant to pass through the centres of the balls and 
to contain the vector representing the velocity of ball 7. 

The impact takes place on condition that 6 <r, + r, where r,; and r, are 
the radii of the balls. The angle 6 depends on 6 and on r, + r,. The com- 


(34.8) 


* This condition does not restrict the generality of our argument since it is always pos- 


sible to choose a frame of reference moving with velocity equal to that of ball 2 before 
the impact and consider the motion relative to that frame (sce Sec. 43). 
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ponent of the momentum of ball 7 normal to the interaction forces F and F' 
remains invariable. The components of the momenta of the balls in the direc- 
tion of the forces F and F’ vary in accordance with the laws governing the 
central impact studied before. 

By the constancy law for the total momentum, we have 


K=K,+ K, (34.9) 


where K is tio momentum of ball 7 before the impact and K, and K, are, 
respectively, the momenta of balls / and 2 after the impact. 
The law of conservation of energy can be written as 
pA A 


“Mm, my, Me 


(34.10) 


since K = mov and mv? = K?/m for any body. 

Let us suppose that the vector K, forms an angle 0 with the vector K (this 
means that the ball which is at rest before the impact bounces aside after the 
impact at an angle of magnitude 0 reckoned from the initial velocity of ball 7). 
Observing th: triangle shown in Fig. 83 we conclude that 


Ki = K}+ A2—2KK,cos8 


Taking into account the constancy of the energy (formula (34.10)) and 
eliminating K, we obtain the expressions 
_ am, = __ _am, 
K, er K cos9 =BK cos 0 and oS eae (34.11) 
rormulas (34.11) present the general relationship between K, and K depend- 
ing on the angle 8 and the ratio m,/m, of the masses. 

We must distinguish between the two cases m, >m, and m, <_mz,. In the 
former case we have f < 1, that is the heavier ball strikes the lighter one, 
the connection between K, and K being as shown in Fig. 84. We see that the 
terminus of the vector K, describes a circle with diameter BK. After the 
impact both balls move in the direction of the initial motion of the first ball. 
The magnitude of the angle 0 varies from 0 to x/2. The deflection angle 
of the first ball may vary from 0 to a certain value Qmayx. In the general case 
to a given value of » there correspond two values of 0. The point B cor- 
responds to the case of a central impact after which both balls move in one 
direction (this case was studied earlier). The point A corresponds to a “miss” 
(the balls do not touch each other). 

In the second case when m, <i m, the lighter ball strikes the heavier one. 
The possible distribution of the momenta of the balls after the impact is shown 
in Fig. 85. Here we have 8B >1 and ball 7 may move backwards after the 
impact. The deflection angle » of the striking ball may vary from 0 to x. 
The point B again corresponds to the case of a central impact. To every 
admissible value of @ there corresponds a single value of 0. 

In the “intermediate "case when m, = m, (the masses of the balls are equal) 
the possible distribution of the momenta is shown in Fig. 86. The angle 9 
varies from 0 to m/2. In the case of a central impact ball 7 stops moving 
while ball 2 starts moving with the same velocity (this corresponds to the 
point B). The “dispersion” angle 0 + @ of the balls is always equal to x/2. 


We can readily derive the relation between the angle 0 anJj the distance 6 
(Fig. 82); it follows that 


(r,; +r.) sin 8 = 6 (34.12) 
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B<1 


FIG. 84 


Given 6, the diameters of the balls and their masses, we can find 0 and B 
and then, from a given vector K, determine K, and K, which, in their turn, 
specify the velocities and the directions of motion of the balls after the im- 
pact. The phenomenon of an elastic impact of two balls has thus been com- 
pletely investigated. 

It should be stressed that the solution of the problem we have presented 
is based on the two conservation laws for the energy and the momentum. 
Therefore all the conclusions drawn from formula (34.11) and demonstrated 


B>7 


A B 


BK 


FIG 85. FIG. 86 


in the above figures are applicable to an elastic impact of two particles (that 
is two bodies considered as material points). Without knowing the specific 
mechanism of the interaction of the particles in their impact we simply assume 
that their kinetic energy after the impact is equal to that before the impact. 
The constancy of the kinetic energy can thus be regarded as the condition 
specifying the phenomenon of an elastic impact. For bodies thought of as 
material points this condition holds when the repulsive forces depend in a 
unique manner on the distance between the points and are directed along the 
line joining them (see Sec. 36). 

Although relation (34.12) holds only for balls the magnitude of the angle 8 
can nevertheless he found from a given value of 6 provided that the depen- 
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dence of the repulsive forces on the distance between the particles is known. 
The general representation of all possible courses of the impact processes. 
involving particles is given by formula (34.11) and is clearly demonstrated 
by the figures. There are a number of problems in which such a representa- 
tion is quite sufficient. For example, when considering the collision of a very 
heavy particle with a lighter one (m, >> m,), the deflection angle @max can 


? max 
BK 


FIG. 87 


FIG. 88 


be used for the determination of the ratio of the masses. It can easily be seen 
from Fig. 87 that 


When a very light particle strikes a heavier one (m, < m,) the momentum 
distribution is as shown in Fig. 88 (where B = 2). In the case of a central 
impact (9 = 0) we can approximately write K, ~ 2K and K, » —K. For 
any impact with K, ~ K the velocity of the lighter particle remains almost 
invariable in its magnitude, only its direction changing. The magnitude of 
the velocity of the heavier particle after the impact dces not exceed 


where v is the initial velocity of the striking particle. In the limit when 
m,/m,— 0 and v.,/v > 0 we obtain from the last case the situation appearing 
in the impact of a particle with a fixed wall. 

The analogy between the impacts of balls and of particles applies when the 
forces of friction arising as the balls touch one another are negligibly small 
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and when the balls are in a translatory motion after the impact and do not 
rotate. It would be more precise to state the latter condition as the require- 
ment that the rotation of the balls, provided it takes place before the impact, 
should not be changed in the impact process. 


33. Impact of Non-elastic Bodies 


The type of impact studied in the foregoing section which was called an 
elastic impact and which was not accompanied with “losses” of mechanical 
energy should have been more precisely referred to as an entirely elastic im- 
pact because in reality such losses (connected with the transformation of some 
part of the mechanical energy into heat) are inevitably present. However, 
when the losses are very small the situation we described can be regarded as a 
sufficiently accurate approximation to the real processes. 

In the general case when ordinary non-elastic bodies collide the losses of 
mechanical energy may be considerably large; then the course of the impact 
phenomenon is of a different kind. 

The principal distinction between various types of impact can be elucidated 
by analysing the model of two (perfectly) rigid balls with a spring between 
them (see Fig. 79). A perfectly plastic (inelastic) impact is analogous to the 
case when the spring in the model breaks on achieving its maximum compres- 
sion or possesses the property that it can only contract but cannot gain a back- 
ward extension. Such a model can be realized practically with the aid of 
a latch not preventing the spring from contraction and not allowing it to ex- 
tend. Then the strain energy of the compressed spring will be equal to the “loss” 
of the kinetic energy. 

An impact of real non-elastic bodies is in a certain sense an intermediate 
case between entirely elastic and perfectly inelastic impacts (and is spoken 
of as an imperfectly elastic impact). An adequate model of an impact of this 
kind is the one with two rigid balls and a spring which is neither perfectly 
plastic nor perfectly elastic. Such a spring undergoes a contraction during 
the part of the duration of the impact when the balls come together (and when 
the interaction forces increase; this is the compression period) and then extends 
(this part of the impact duration is the restitution period) but does not achieve 
its original length. The same occurs if the repulsive force acting during the 
compression of the spring exceeds the force produced when the spring extends. 
A part of the potential energy of strain of the spring will be transformed into 
heat and will not go into the kinetic energy. It follows that the energy conser- 
vation law is inapplicable to that case. The equality condition for the veloc- 
ities after the impact will no longer hold either (this was the case in a perfectly 
plastic impact) because after the impact the bodies may move with different 
velocities. 

An impact of non-elastic bodies can be characterized by the ratio of the part 
of the strain energy which is transformed into heat during the impact to the 
whole strain energy. But, as was shown by Newton, the relative velocities 
of two colliding non-elastic balls before and after the impact are in a constant 
ratio for given materials of the balls and it is therefore more expedient to 
characterize such an impact by the latter ratio called the coefficient of restitu- 
tion. Denoting this coefficient by e we can write 


—_ | v%—v,| 


| xg — M0 | (ah) 
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where Us) — Uz) is the relative velocity before the impact and v, — 2, is 
that after the impact. Experiments show that, to within an appropriate accura- 
cy, the magnitude of e can be regarded as a constant depending solely on the 
materials of the colliding balls. 

It can readily be shown that for an entirely elastic impact the rélative 
velocity retains its absolute value and changes the direction to the opposite. 
Indeed, as follows from equation (34.4), in this case we have 


V19 — Vo0 = — (V1 — V2) (35.2) 


The coefficient of restitution is always less than unity and greater than zero 
in real (imperfectly elastic) situations because it is equal to 1 for an entire- 
ly elastic impact and to zero for a perfectly plastic impact since in the latter 
case .v, — v, = 0. Newton found experimentally that e = 15/16 for glass, 
e = 5/9 for iron, etc. Knowing the coefficient e we can compute the velocities 
of the balls after the impact and the energy “losses” as was done when we studied 
a perfectly plastic impact in Sec. 33. 


36. Potential Energy 


A body placed near the Earth’s surface is permanently under the action of 
the force of gravity directed towards the centre of the Earth. Consequently, 
when the distance from the body to the Earth’s surface (or, more precisely, 
to the centre of the Earth) changes the gravity force, that is the force of 
weight, performs some work. 

If a certain device lifts up a body it performs positive work. Conversely, 
if a body is in a free fall its distance from the ground decreases and the force 
of gravity performs positive work. In this case the work is equal to the increase 
of the kinetic energy of the body. A body moving near the Earth’s surface 
gains a displacement in the gravitation field of the Earth. In the general 
case a displacement of a body in the gravitation field is connected with the 
performance of work by the force of gravity. When we move a body from one 
point to another we always expend or gain some energy. Hence, the displace- 
ment of the body is connected with a change of energy. 

To find the increase or decrease of energy we must compute the work per- 
formed by the forces of gravity as the body is,moved from one point in space 
to another and establish the relationship between this work and the variation 
of the position of the body relative to the Earth. 

We begin with the simplest case: let a body of mass m be lifted under the 
action of a force of constant magnitude Ff directed upwards, the increment 
of the height being h. Then the work of the acting force is equal to Fh. The 


corresponding increment of the kinetic energy of the body can be found on the 
basis of the equation 


F—F,=m=& (36.1) 


where fF, = mg is the force of weight, g is the acceleration of gravity, and v 
is the velocity. On multiplying both members of (36.1) by the increment dS 
of the distance and integrating from 0 to h with respect to S or, accordingly, 
from vy, to vy with respect to v where vj, is the initial velocity and y% is the 
9—0776 
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terminal one, we obtain* 


h h U 
F \ dS—mg \ dS=m \ vdv 
]os—mef arom | 
whence 
mv? mui, 
Fh=mgh+ 5 (36.2) 


Thus, the work performed by the force F along the path h is equal to the 
2 


2 
‘ mv mv}; 
increment — = 


of the kinetic energy plus the work performed by the 


force of gravity over that path which 
is equal to mgh. The same conclusion 
can be drawn in a more general case 
when the external force varies along 
the path according to an arbitrary 
law, the only distinction being that 
the work performed {by the external 
force should be computed by the 
formula 


h 
; | Fah 
0 


2 2 


If the initial value of the kinetic 
energy mv},/2 at the beginning of the 
path is equal to its terminal value 
mv}/2 at the end of the path, that is 
if Vin = 4, then the work of the 
external force is equal to that of the 
force of gravity. This is also the case 

FIG. 89 when Uy, = 14, = 0, and consequently 

when any external action results in 

a vertical upward displacement of the body by a distance of h the corresponding 

work performed by the external force has a definite value equal to mgh and dependa- 
ent solely on the distance h and on the magnitude mg of the gravity force. 

Now let us find the work to be expended on the lifting of a body of mass m 
along an arbitrary path, not necessarily vertical (see Fig. 89), so that the 
terminal point B lies above the initial point A by a distance (reckoned along 
the vertical direction) of h. If the external force F varies along the path con- 

B 


necting the points A and B the work performed by it is equal to \ Fas. 


A 

This amount of work must be equal to mgh plus the variation of the kinetic 
energy. 

Indeed, using the notation in Fig. 89 we can rewrite the dynamical equation 

in a form similar to (36.1) whence, on multiplying it scalarly by dS, we 
obtain 


FdS+F,dS=m ds (36.3) 


* Taking into account] that a v. 
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that is 


Fd§ = —F,d8 +mv dv = —F,d8+4(™) 
The work performed by the force F along the path AB is equal to the inte- 
gral of the last expression: 


B B : : 
MU, MUin 
\ Fas= —\ F,d8+ ied (36,4) 
A A 
Taking into account that F,dS = —mg dh we find 
B 2 2 
MU+ MVin 
\ F dS =mg (hg —h,) ++ -—5 (36.5) 
A 


where hp — hy = Ah. 

Thus, we have proved that if the initial and terminal values of the kinetic 
energy coincide (for instance, when the velocities at the points A and B are 
equal to zero) the work performed by the external force is equal to that per- 
formed by the force of weight as the body is moved downwards by h. 

When a body of mass m travels along any path from a point A to any 
point B (whose horizontal level is above that of the former by a distance 
of h (reckoned along the vertical) there must be a system exerting an external 
force which performs an amount of work equal to mgh. Conversely, when 
a body of mass m is displaced from a point B to any point A whose hori- 
zontal level is below that of B by a distance h the body (or, more correctly, 
the system “the body and the Earth”) performs an amount of work equal to 
mgh, or, which is the same, expends an amount of energy equal to mgh. 

Thus, for a body to receive a displacement in the gravitational field of 
the Earth a certain system must expend or gain some energy; the amount 
of that energy depends solely on the horizontal levels of the initial and termi- 
nal positions of the body and on its mass and is independent of the shape of 
the path along which the body goes from one level to another. This means 
that the system “the body and the Earth” possesses a potential energy U whose 
value is equal to mgh + const: U = mgh + const. The potential energy is 
determined to within an arbitrary constant equal to its value for h = 0. 

The potential energy of a body in the gravitational field* depends on the 
position of the body relative to the Earth, namely on its height over the 
Earth’s surface. More precisely, the potential energy of gravitation of the sys- 
tem of the two bodies “the Earth and the body of mass m” depends on the mu- 
tual position of these bodies, namely on the distance between the centres of 
mass of the bodies. The latter statement also remains valid when h is large, 
that is comparable with the radius of the Earth. However, for such large val- 
ues of A the acceleration of gravity g can no longer be considered constant; 
it decreases as h increases and therefore the expression of the potential energy 
assumes another form (see Sec. 78). 

The strain energy (the potential energy of strain) of an elastic body, for 
example, the potential energy of an elastic spring, is also dependent only on 
the mutual position of the parts of that body. 


* For more detail concerning gravitational forces see Sec. 76. 
Q* 
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In the general case the potential energy of gravitation is determined by 
equality (36.5); on comparing (36.5) with (36.4) we can write the expression 
for the potential energy in a more convenient form: 


B 
A 


Thus, the work of the gravitational force is equal to minus the increment 
of the potential energy. 
Expression (36.6) is valid for any interaction forces between two bodies 
(particles) if Fz is replaced by the corresponding force of interaction Fy, provi- 
B 


ded (this should be stressed) the work ) F int dS is independent of the shape 
A 
of the path joining the points A and B. 

The work of internal forces (interaction forces) is positive when the potential 
energy of the systems decreases and, conversely, it is negative when the poten- 
tial energy increases. 

It can be shown that any system of particles (that is of bodies whose sizes 
are®sufficiently small) possesses a potential energy if the interaction forces 
depend only on the distances between the particles and are directed along the 
straight line joining them with each other. 

Let us consider a system of two particles. Let one particle be at the origin 
of a vector r and the other at its terminus. Suppose that the former particle 
acts upon the latter with a force f (r) r and the latter acts on the former with 
a force of the same magnitude and opposite direction. 

Let us assume that the former particle is at rest while the latter moves from 
a point r, to a point rg along a certain path. Then if the work 


B 
— \ f(r)rds 
A 
does not depend on the shape of the path it must be equal to Uz — Uy. Let us 
show that this work is in fact independent of the path. The product r dS is equal 
to r dr where dr is the increment of the modulus of r (Fig. 90), and therefore 
the integral 


B B 
\ f(r) rdS= \ f(r)rdr (36.7) 
A A 


is a function dependent solely on r, and rg and thus dependent only on the 
distance between the two particles; it assumes the same value for any trajec- 
tory of motion connecting the points A and B (see Fig. 91). Integral (36.7) 
is obviously equal to zero forr, = rg. If the function f (r) is known the value 
of integral (36.7) can readily be computed and, according to (36.6), it is equal 
to the variation of the potential energy of the system consisting of the two 
particles: 
B 


— | f(r)rdr=U,;—U, (30.8) 


A 
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FIG. 90 FIG. 91 


Thus, the system of the two particles possesses a potential energy. If the force 
f (r) r decreases for large values of r and tends to zero sufficiently fast as r — oo 
the potential energy at infinity (U (co)) may have a finite value; in such 
a case U (co) is usually put equal to zero (since the potential energy is deter- 
mined to within an arbitrary constant and the proper choice of the latter make 


f(r) 


FIG. 92 


it possible to obtain U (co) = 0). In such a case we derive from (36.8) the 
expression 


U (rs) = | f(r)rar 


determining the potential energy of the system of the two particles when they 
are at a distance of r, from each other. 

If f < 0 the interaction forces are attractive and therefore U; > U, when 
rg >ra. In this case the potential energy increases as the distance grows. 
If f > 0 the interaction forces are repulsive: Uz < U, for rg >rz, and the 
potential energy decreases as the distance between the particles increases. 

In physics we often encounter a situation when the interaction forces are 
attractive for large distances and repulsive for small distances. In this case 
the dependence of the potential energy of two particles on the distance between 
them is of the type shown in Fig. 92. The part of the diagram in the figure 
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corresponding to the interval 0 <r <r, describes the repulsion of the particles 
(f > 0); the potential energy decreases on that interval and assumes zero for 
r = ry. Asr receives a further increase, that is when r >, (f <0), the poten- 
tial energy increases. All these conclusions readily follow from the important 
relation 


a= —fi(r)r (36,9) 


implied by (36.8). 

A system consisting of an arbitrary number n of interacting particles and 
possessing the property that every two particles interact according to a law 
of the type f(r) r also possesses a definite potential energy. Let U;, (i, k = 
= 1, 2, ..., m) be the potential energy of the interaction between the ith 
and the kth particles of the system: U;, = U;, (|r, —r; |) where r; and 7, 
are the position vectors of the particles. Then the potential energy of the in- 
teraction between the ith particle and all the other particles is equal to 


(the summation extends over k=1, 2,...,i—1,i+14,..., nm). The 
potential energy of the whole oe of all the Laila is obviously equal to 


U=— >, Ur=5 5 5 Uap (36.10) 


ix=1 ki 


where 1/2 in front of the sum appears because the double sum itself involves 
the potential energy of every pair of particles twice since U;, = U,;. 

The potential energy U of the entire system depends solely on the mutual 
position of the particles, that is on the configuration of the system in space. 


37. Change of Energy of a Body in the Gravitation 
Field. Law of Conservation of Energy 


Let us suppose that a given body of mass m is in the field of gravitation 
and that there are no other forces acting upon it; then the acceleration of the 
body will always be equal to g and will be directed downwards*. 

The motion of such a body on which only the force of gravity acts can be 
called a free motion in the field of gravitation of the Earth. The kinetic energy 
of the body can only change when the potential energy of gravitation varies 
and vice versa; the sum of the kinetic and potential energies retains a constant 
value, that is the mechanical energy remains constant. 

The law of conservation of energy can be expressed mathematically in this 
case with the aid of (36.5) by putting the external force to be zero: F = (0). 
Indeed, we have 

oe mv? 


Mt In 
mgh +—— 5 (37.4) 


where 2 is the increment of the height which can be expressed as h = hk — hyy 
where h, and h,, are, respectively, the terminal value and the initial value 


* When h < R where R is the radius of the Earth and hk is the height of the body above 
the Earth’s surface, the acceleration g can practically be considered constant. 
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of the height. This allows us to rewrite (37.1) in the form 


mu _ mu}, = . 
mght + —— = mghy + —— = Eo (37.2) 


where EL, = const. 

"Formula (37.2) expresses mathematically the law of conservation of mechan- 
ical energy for a body moving in the field of gravitation. The sum of the 
kinetic energy and the potential energy remains constant at any moment and 


is equal to E,. It should be noted that this law is only applicable when the 
body moves under the action of the gravity forces solely. In the general case 
when some other forces are present (such as resistance forces and the like) the 
mechanical energy (under which is meant the sum of the potential energy and 
the kinetic energy) does not necessarily retain a constant value. 

The law of conservation of mechanical energy in the gravitation field was 
known to Galileo. He demonstrated its validity with the aid of his well-known 
experiments with a pendulum (Galileo’s pendulum). 

Galileo’s pendulum is a ball suspended from a flexible inextensible thread 
(see Fig. 93a). Under the point to which the other end of the thread is attached 
there is a nail driven into the post at a point N lying on the vertical pass- 
ing through the lower equilibrium position of the ball at a height h above it. 

The pendulum is first given a deviation from the vertical (to the right, in 
the figure) so that the ball is at a height h above its lowest position, after 
which the ball is allowed to move. At a certain moment the thread meets 
the nail N and the ball continues to move rotating about the point NV. On 
achieving its highest level (on the left of the point N in the figure) the ball 
goes down, etc. The experiment shows that the height h is almost the same for 
the deviations of the ball in both directions; if there were no resistance forces 
(produced by the air friction and the like) the height 2 would be precisely 
the same.* The moment the ball achieves the highest point at the level h its 
velocity and its kinetic energy become equal to zero. 


* It is obvious that the tensile force in the thread performs no work (since the thread 
is assumed to be inextensible) and therefore we need not take the action of this force 
into account in the analysis of the phenomenon. 
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In this connection we note that if the nail N is placed sufficiently low or 
the initial height h is sufficiently increased there appears a situation when 
the ball does not attain the original height h. The explanation lies in the fact 
that the thread the ball is suspended from is flexible. It can easily be verified 
that if h > 1 the ball achieves a height h, smaller than h. In this case, when 
moving upwards (see Fig. 93b), the ball reaches a point at which the tension 
of the thread becomes zero before the ball stops (that is before its velocity be- 
comes zero). At that moment the ball leaves the circular orbit of radius 1 and 
then passes through the highest point with a non-zero horizontal component 
of its velocity. At the highest point the kinetic energy of the ball is thus 
different from zero and that is why the height h, must be smaller than h. 

The work of a force specifies the amount of energy transmitted from one body 
to another. The energy is a unified quantitative measure for various forms of 
motion of the substance. The motion of the substance is transformed from one 
form to another and never disappears. 

We have subjected to a thorough analysis the energy of the mechanical form 
of motion, that is the mechanical energy which, in its turn, can exist in two 
forms: the kinetic form and the potential one. The kinetic energy depends on the 
velocities and the masses of the moving bodies. The potential energy is determined 
by the mutual positions of the bodies (or on the positions of various parts 
of one body). It thus depends on the configuration of the system in space, that 
is on the coordinates of the bodies. 

However, there are phenomena in which the mechanical energy can be trans- 
formed into the thermal form of energy; for instance, as we already know, in an 
inelastic impact a part of kinetic energy is transformed into heat. The amount 
of the thermal energy evolved in the impact is equal to the “loss” of the me- 
chanical energy. 

In physical and chemical processes the energy is transmitted from one body 
(or from a system of bodies) to another body (or to another system of bodies) 
but there exist no processes in which the energy disappears or is created. The 
motion of the substance may change its form but the energy retains constant value 
in all the changes of the form of motion. This is the law of conservation of energy; 
it is one of the fundamental laws of nature. 


CHAPTER 5 


Friction 


38. Various Types of Friction Forces 


In almost all mechanical phenomena there arise forces of friction whose action, 
as a rule, is connected with a transformation of one form of energy into anoth- 
er; most often under the action of friction the mechanical energy is transformed 
into heat. In their action the forces of friction do not differ from other types 
of forces such as forces of gravity, pressure, deformation, etc. but their nature 
possesses some specific features which we shall demonstrate by exam- 
ples. 

Let a body slide on an even and smooth horizontal plane; for instance, let 
a small board slide on the ice. The observation shows that the motion of the 
body will undergo a deceleration and the body will finally stop. Thus, the veloc- 
ity of the board decreases and the direction of its acceleration is opposite to that 
of the velocity. The deceleration of the body is caused by the forces of friction 
exerted on it by the ice and the air. 

Let us consider another example of this kind (see Fig. 94): a body lies on 
the table and we start pushing it, with the aid of a thread attached to it, along 
the horizontal surface of the table. When the tensile force F of the thread is not 
sufficiently large the body remains at rest; this means that the table acts on 
the body with the force —F whose magnitude is equal to that of F while its 
direction is opposite. It is the force f = —F that results from the friction be- 
tween the body and the table. The force of gravity P and the reaction force N 
of the table are vertical; they balance each other and do not affect the magnitude 
of the horizontal acceleration. 

The physical character of the friction forces in the first and the second example 
is different: in the former case the force of friction arises in the motion of the 
body or, more precisely, because of the motion, while in the latter case the force 
of friction acts when the body is at rest; the latter force is due to the action 
of the external force F and in this case we speak of the force of friction of rest 
(or of static friction). 

In the first example the direction of the force of friction is opposite to that 
of the velocity of motion and its action is connected with the transformation of 
the kinetic energy into heat. Since the velocity specifies the direction of the 
displacement of the body, the displacement and the! friction force are of opposite 
directions and consequently the work performed by the force of friction is 
negative. This means that the energy is transmitted from the body on which 
the friction force acts. Hence when a body is acted upon by a friction force 
solely its kinetic energy can only decrease. 


438 MECHANICS OF RIGID BODIES 


FIG. 94 


Indeed, for a body of mass m moving with a velocity vw under the action of 
a friction force f;, we can write, according to the second law of dynamics, the 
equation 


On multiplying this equation scalarly by dS we arrive at the formula 


d ( ie — —f;,d8 (38.1) 


FIG. 95 


analogous to formula (32.4). Equation (38.1) reads: the decrease of the kinetic 
energy is equal to the work of the friction force (this conclusion can of course 
be drawn directly as a consequence of the energy conservation law). 

The investigation of the interaction connected with the friction between 
a moving body and surrounding bodies shows that the kinetic energy of the 
body is transformed into the thermal form of energy. 

In the phenomenon of static friction there is no motion of bodies and there- 
fore no work is performed, that is no energy is converted from one form into 
another. When a body moves the magnitude of the force of friction depends 
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on the physical properties, on the shape of the moving body, on the properties 
of the surrounding medium and bodies and also on the velocity of the motion. 

We distinguish between the following two types of friction: (1) the friction 
between dry surfaces of rigid bodies and (2) the friction arising in a motion 
of a body in a fluid or gas. In the first case we simply speak of dry friction and 
in the second case of viscous friction. 

In the case of dry friction there may arise a force of static friction (friction of 
rest); in the case of viscous friction the force of friction of rest cannot appear. In 
a motion of bodies touc cuing each other along lubricated surfaces and also in 
a motion of a body in a viscous fluid or gas there arise forces of friction and it 
should be stressed that they only appear when the body is in the state of motion. 
The force of friction of rest is equal to zero in such cases. For instance, a body 
floating on the surface of a fluid (Fig. 95) starts moving under the action of any 
horizontal force, however small; this can readily be checked experimentally. 

The observation of the motion of the floating body under the action of a cons- 
tant horizontal force (see Fig. 95) shows that in some time the motion becomes 
almost uniform. This means that the motion is accompanied by the appearance 
of a force, of friction (force of resistance) which increases together with the in- 
crease of the velocity until its magnitude achieves that of the external force, after 
which the two forces balance each other. 

The forces of viscous friction (the resistance forces of fluids and gases) only 
appear in the process of motion and their action is always connected with the 
transformation of the mechanical energy into heat. 


39. Viscous Friction 


The forces of viscous friction (or, which is the same, the forces of resistance 
of a fluid or a gas medium acting ona body moving in a fluid or gas depend on the 
shape of the body, on the velocity of motion, and on some physical properties 
of the medium, namely, on its density and viscosity. The greater the viscosity 
of the medium, the greater is the magnitude of the friction force (provided all 
the other conditions remain invariable). 

The viscosity of a medium is usually investigated by experiments in which, 
under certain conditions, the forces of friction acting on some bodies are meas- 
ured. It was Newton who established experimentally the basic law of friction 
in a fluid or gas medium in which two parallel surfaces slide relative to each 
other (see Fig. 96a). It is supposed that the distance h between the parallel sur- 
faces is small, the space between them being filled with a definite fluid or gas. 
When surface 7 with area S is in a uniiorm motion with velocity v relative to 
the parallel fixed surface 2 the force of friction f;, acting on surface 7 is equal 
in its magnitude and opposite in its direction to the external force F progueme 
the motion of surface 7. 

The measurements of the magnitudes of the velocity v and of the force F 
performed by Newton showed that the law connecting the quantities involved 
can be written in the form 


fer =pS — (39.1) 
where pw is a constant coefficient called the viscosity coefficient (or, simply, the 


viscosity) dependent solely on the properties of the medium filling the space 


between the surfaces. This law proves valid when h < VS, that is when the 
distance between the sliding surfaces is very small in comparison with their 
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FIG. 96 


dimensions. A more detailed investi- 
gation indicates that the particles of 
the medium (of a fluid or gas) adjoin- 
ing surface 7 move with velocity v 
(they are “drawn” by the moving 
surface) while the particles adjoining 
surface 2 are at rest. The velocity of 
the particles of the medium increases 
directly proportionally to their dis- 
tance from surface 2 (see Fig. 960). 

Let us divide (mentally) the fluid or 
the gas between the surfaces J and 2 
into thin layers parallel to the sur- 
faces. Each layer moves uniformly and 
pulls the lower layer adjoining it with 
a force of magnitude f,, directed for- 
wards (along wv) while the latter layer 

FIG. 97 pulls the former with a force of mag- 

nitude f;, directed backwards. In this 

way the force of friction f;, is transmitted from one layer to another and thus 

from surface 2 to surface 7. Each layer is acted upon by two forces equal in 

their magnitudes and opposite in directions, which results in a uniform motion 
of the layer. 

The viscosity coefficient p of a medium is found experimentally; its dimen- 
sion is kg/m-s in the SI system and g/cm-s in the cgs system. 

The viscosity coefficient p of the air can be determined experimentally with 
the aid of the apparatus depicted in Fig. 97. The disk A rotates with a known 
velocity between the two small plates B attached to the spring as shown in 
the figure. The force of friction acting on the plate is measured by the deviation 
of the arrow C. Knowing the area of the plates B, the distance between the 
disk and the plates, the angular velocity of the rotation of the disk and its 
radius we can determine the coefficient 1. Making the distance between the disk 
and the plates and the velocity of the disk vary we can check Newton’s law 
of viscous friction for the air. 

It should be noted that the viscosity coefficient of a medium can only be 
found in this way when it is known that the velocities of the particles of the 
medium are all the time parallel to the surfaces of the plates. In real circum- 
stances this condition can be violated when the velocities are sufficiently large. 
For large velocities the motion of the particles is no longer laminar (which is 
the case for small velocities). Therefore Newton’s formula (39.1) only holds 
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for velocities not exceeding some limiting value dependent on the properties 
of the medium and on other parameters of the motion. 

Viscosity coefficients of fluids and gases can also be found from the velocity 
of their outflow from a pipe whose length and diameter are known. It was estab- 
lished that the amount Q of fluid or gas passing through the cross section of 
the pipe during a certain time under a definite difference of pressures at the 
ends of the pipe is inversely proportional to the viscosity coefficient (for more 
detail see Sec. 141). 


Viscosity coefficient 4 of some substances in g/cmes 


BAG: oe ere oh ets BS ee ee 0.00018 at 16°C 
Water’ @-4.eHe 8. Seas a Se 0.0114 at 15°C 
Glycerine .......... 13.93 at 18°C 
Benzene . . «6 - 2 5 ss ww 0.0053 at 18 °C 
Mineral oil ......... 0.833 at 50°C 


There are also devices with the aid of which the viscosity of a medium is 
found from the velocity of a small ball moving in the medium. The theoretical 
investigation shows that for a small velocity of motion of the ball the force 
of viscous friction is determined by the formula 


ftr = Onpav (39.2) 


where a is the radius of the ball. The validity of formula (39.2) is confirmed by 
experiment. However, practically it is more convenient to measure not the force 
of friction itself but the time of the fall of the ball in the viscous medium. 


40. Fall of a Ball in a Viscous Medium 


A ball falling in a viscous medium is acted upon by the following vertical 
forces (see Fig. 98): the downward gravity force pVg, the Archimedes upward 
hydrostatic supporting force paVg and the friction force f;, = 6npyav (whose 
direction is opposite to that of the velocity of fall v). Here V is the volume of 
the ball, 9 and pg are, respectively, the densities of the material of the ball 
and of the fluid (or gas). 

On setting the equation of motion in accordance with the second law of dy- 
namics and projecting its left-hand and right-hand members on the vertical axis 
(directed downwards) we obtain 


d ‘ 
m = = (Pp — pa) Vg — Bnav (40.1) 


Now taking into account that V = 4/3 xa® and m = pV we derive 


= oar (40.2) 


We see that the acceleration of the fall[{decreases as the velocity v increases. 
At the initial moment ¢ = 0 we have v = 0, after which the velocity increases 
while the acceleration decreases and the rate of the increase of the velocity thus 
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decreases. The velocity continues to increase until it assumes the value 


P—P_ 2a2g 
Vo = TT 7 (40.3) 


which, as follows from equation (40.2), cannot be exceeded (since the accelera- 
tion of the fall cannot be directed upwards). For v = Vo we have 2 = 0; begin- 


ning with that moment the velocity 
no longer increases. 
Equation (40.2) can be rewritten as 


[on Vg 
dv _ __ 2a*p 
Fo = Y¥e—Y¥ where p= om (40.4) 


fy, whence 


du 
p= at 


oa The integration of the last equation 
gives 


Bln (v—vp) = —t-+C, that is 
V — V9 = Ae~t/B 


pVg where A, is a constant. Since v = 0 
for t= 0, there must be A, = —v, 
and hence 

V = Uy (1 —e-*/B) (40.5) 
FIG. 98 The diagram representing the depend- 


ence of von ¢/B is shown in Fig. 99. As 


t—> oo the magnitude v of the velocity approaches asymptotically the value vg. 
The motion’ of the ball is rather intricate: at the initial moment and for t < B 


the ball is in an almost uniformly accelerated motion ( with acceleration ap- 


proximately equal to pong) , then the acceleration gradually decreases and, 


finally, for ¢ > B the motion becomes almost uniform. The time during which 
the motion becomes practically uniform and the distance travelled by the body 
during that transient period can be found from formula (40.5). The greater 
the value of p and the smaller the radius a of the ball, the sooner does the motion 
become uniform. On the initial path (for ¢ < 6), when the velocity v is small, 
the motion, as has been said, is almost uniformly accelerated, the acceleration 
being practically equal to the acceleration of gravity g because usually pn < p. 
The diagram in Fig. 99 indicates that at the beginning of the motion the increase 
of the velocity is approximately proportional to time t. 

Example. Let us consider the fall of a steel ball of radius 2.0 cm in the air 
and the fall of a steel ball of radius 0.1 cm in glycerine. In the first case 
6B ~ 6.08 x 10‘ s, that is the magnitude of B is of the order of 16 h, since the 
density of steel is p=7.88 g/cm® and the viscosity of the air is »=0.00018 g/cem-s. 
In the second case B ~ 1.26 X 10-*s since the value of pu for glycerine is equal 
to 13.93 g/em-s. 

The fall of the steel ball in the air can be regarded, with high accuracy, as 
a uniformly accelerated motion during several first seconds (for t < 6 X 10*s) 
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with acceleration g.* Hence, in these circumstances the fall of the ball in the 
air follows the same law as in the case of the fall in vacuum since thejforces of 
friction can be neglected. That was the case in the well-known experiments of 
Galileo who proved experimentally that the free fall of bodies in vacuum has 
a constant acceleration; these experiments created the basis for the law of 
inertia. 7 

The fall of a small ball in glycerine becomes a uniform motion in several 
milliseconds. By formula (40.3), the velocity of the motion is 


7.88—1 


ss Bg = 5 1.26 x 10-5 x 984 cm/s ~ 1.06 cm/s 


oy 


P—P_ 
p 


Vo = 


2a2g = 


0 1 2 t/B 


FIG. 99 


In this uniform motion with constant velocity v, the force of gravity is comple- 
tely balanced by the friction force and the ball is in an inertial motion. Observing 
this motion without taking into account the forces of viscous friction one may 
come to the incorrect conclusion that the velocity is proportional to the acting 
force; this coincides with Aristotle’s idea which, as we know, is wrong. 

Remark. When the resistance force of a medium is not proportional to the 
velocity of motion of a body and depends on it in a more complicated manner 
it also increases together with the increase of the velocity and therefore the 
fall of the body in such a medium will tend to a uniform motion. For instance, 
this is the case when a parachutist falls with his parachute closed or opened. The 
distinction between these cases is that the fall with the closed parachute has 
the velocity of the order of 60 m/s while the landing velocity with the opened 
parachute is about 5-6 m/s. 

The dependence of the resistance force (friction force) on the velocity changes 
its character when the velocity becomes large. The nature of the flow around 
the moving body changes and the resistance force is no longer proportional to 
the velocity. In most cases, after a certain value of the velocity has been exceed- 
ed, the resistance force becomes proportional to the square of the velocity. 
Therefore the diagram showing the dependence of the resistance force f decele- 
rating the ball on the velocity v is as the one in Fig. 100. For small velocities 
(region a in the figure) the resistance force f increases proportionally to the veloc- 


* It should be noted that for the given ball the law we have used to describe the depen- 
dence of the force of friction on the velocity is not exactly valid when the velocity ex- 
ceeds 10 m/s. However, more accurate calculations show that for the first three seconds 
the conclusion we have drawn remains applicable. 
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ity of motion as was indicated above, that is according to the law f;, = k,v 
(k; = const); for large values of the’ velocity’ (region c) the friction force in- 
creases'proportionally to the square of the velocity according to the law fy, = kv? 
(k = const). There is also a transition zone between the former and the latter 
laws (region } in the figure). 

This principal change of the law describing the dependence of the friction 
force on the velocity is due to the change in the character of the flow-around: 
in region a the body is streamlined smoothly without a flow separation (more 
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FIG. 100 


precisely, with a slight separation) while in the flow-around corresponding to 
region c there is a considerable flow separation with the appearance of eddies 
which are carried away by the stream; the latter phenomenon plays an essential 
role in that zone (for more detail see Sec. 112). 


44. Dry Friction 


As has already been mentioned (see Sec. 38), a sufficiently small horizontal 
force applied to a body lying on an even horizontal surface does not produce 
its motion because there arises the force of static friction (friction of rest) f 
equal to —F where F is the external force (see Fig. 94). The force of friction 
of rest f is specified by the acting force F: when we vary the tension of the thread 
the friction{force f = —F also varies. When the tension of the thread is increased 
the magnitude of the force of static friction also increases; when we change 
the direction of the force F (in the horizontal plane) we thus change the direction 
of the force of friction. 

When the magnitude F of the external force is increased gradually the body 
starts to move beginning with some definite value f, of *. Simple experiments 
show that the body receives some acceleration when the force F exceeds that 
value f,. Consequently, the force of static friction can be of any magnitude 
ranging from zero to f,. Thus, the force of static friction has a maximum pos- 
sible value f, (to which corresponds the limiting friction or friction of impending 
motion). When F < f, the acceleration of the body is equal to zero and the 
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body is at rest; when F >f, the body obtains some acceleration and starts 
moving. 

Experiments show that the maximum magnitude of the force of static 
friction is specified by the physical properties of the bodies whose surfaces 
are in contact, by the state of the surfaces (the force of static friction is greater 
for rough surfaces and smaller for smooth ones) and by the magnitude of the 
normal force pressing one body to another. 

Let a body lie on the table as shown in Fig. 94. In the state of equilibrium 
the magnitude N of the normal reaction of the table is equal to the force of 
gravity P of the body. Experiments show that the maximum value f, of the 
friction force is given by the formula 


fo = pN (414.1) 


where yt is a dimensionless factor called the coefficient of static friction or, more 
precisely, the coefficient of static friction corresponding to the maximum (limit- 
ing) friction force dependent solely on the properties of the surfaces in contact. 
Formula (41.1) expresses Amonton’s law established experimentally in 1699. 
The value of the coefficient » can be found from various experiments, for 
instance, from experiments with bodies sliding down inclined planes. A scheme 
of such an experiment is shown in Fig. 101. In this experiment we determine 
the minimum angle of inclination of the plane for which the body starts sliding 
down the inclined plane. When the body shown in the figure is at rest on the 
inclined plane the force of static friction f balancing the component of the 
gravity force along the plane is obviously expressed by the formula 


f=Psina (41.2) 


If the angle a is gradually increased the body starts sliding for some value 
a, of the angle. The resultant of the forces P,, Ny and f, is equal to zero at 


that moment. The angle between P, and N, ig equal to 180° — a, and conse- 
quently 


tan G) = f/No (41.3) 


As was said, fy = pN, and therefore tan a, is equal to the coefficient p of 
static friction, that is the coefficient of (maximum) static friction is equal 
to the tangent of the angle for which the body starts sliding down the inclined 
plane. 

Below are the values of the coefficient u for the friction between dry smooth 
surfaces of some materialss 


Steel on steel . 2... 2 2-0 ee eee 0.45 
Metal on oak (along grains) ....- 0.62 
Leather on oak ......+..-eee-e (0.64 
Brick:-on. brick ir -a. ww! arse aw a 0.5-0.73 


No theory giving a thorough explanation of the laws of friction of dry sur- 
faces has yet been created. A very rough scheme of the phenomena giving rise 
to the appearance of the friction forces is the following. Figure 102 shows an 
enlarged normal section of the contacting surfaces of two rigid bodies. In reality 
the surface of a body cannot be perfectly smooth; it always has some tirregula- 
rities, asperities which are, to a certain extent, uniformly distributed over tthe 
surface and are, within some limits, of various shapes and dimensions. When 
two bodies are in contact and are pressed*to each other these irregularities under- 
10-0776 
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FIG. 101 


go some deformation. The local deformation in the vicinity of a certain point 
of contact of the two surfaces depends on the local value of the pressure (and 
of course also on the mean pressure over the contacting areas) and it can be 
elastic or inelastic. The interlocking of the asperities of one body with those 
of the other and the squeezing of the protrusions of one surface into the hollows 
of the other obviously depend on the force pressing the bodies to each other. 

In the state of rest, when the force of static friction arises, that is when 
F < f,, the horizontal tangential components of the interaction forces between 


qe, gat 
3 Ww : WS 2 
WY Wi WH. 
FIG. 102 


the protrusions of the bodies “create” the friction force balancing the external 
force. Figure 102 shows schematically the appearance of the forces of static 
friction: when an external force is applied to body 2 there arise the tangential 
forces f,, f, and f, in the regions adjoining the points a, 6, and c, the resultant 
of these forces is in balance with the external force. (The vectors representing 
the forces f,, f,, and f, are depicted above the bodies for the sake of visuality.) 

When F > f, and the bodies are in relative motion there also arises the cohe- 
sion of the irregularities of the two bodies. In addition, these irregularities 
impact each other so that the resultant of the cohesion and impact forces gives 
rise to the friction force resisting the mutual sliding of the surfaces of the rigid 
bodies. The impact forces between the protrusions produce their oscillations 
which propagate in various directions in the contacting bodies. It is plausible 
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that the inelastic deformations accompanying the impact of the protrusions 
and irregularities of the contacting bodies also play an important role in this 
phenomenon. 

The model we have discussed is very rough and it only describes approxima- 
tely the real nature of the phenomenon of friction. We also have every reason 
to think that the chaotic molecular irregularities on the surfaces of the bodies 
may play the same role as the irregularities and protrusions of the contacting 
surfaces. The tangential forces arising on the contacting surfaces (they are 
produced by the molecular irregularities even when, in the macroscopic sense, 
the surfaces are perfectly smooth) may play the same role as the forces of interac- 
tion between the protrusions. 


42. Force of Sliding Friction 


Let a body lie on a horizontal surface. When the horizontal force acting on 
the body exceeds the (maximum) force of static friction, that is F > pN, 
the body obtains a non-zero acceleration and starts sliding, the velocity of the 
body increasing. To investigate this phenomenon we must consider the varia- 
tion of the friction force between dry surfaces as the velocity of sliding 
increases. 

Experiments show that in the general case the force of sliding friction first 
decreases and then increases as the velocity grows. In some cases the diagram 
of the dependence of the friction force on the velocity is of the type shown in 
Fig. 103a. (Along the v-axis in the figure we set off the scalar values of the 
velocity of sliding which is considered positive in a certain chosen direction 
and negative in the opposite direction; similarly, along the f-axis the scalar 
values of the friction force are set off.) When v = 0, that is in the state of rest, 
the friction force can assume any value from —f, to f,. As the velocity becomes 
non-zero and starts increasing the friction force remains constant for some inter- 
val of variation of the velocity, then it decreases slowly and attains a minimum 
value after which it begins increasing. For different pairs of contacting surfaces 
the character of the dependence of the force of sliding friction on the velocity 
may be completely different. 

When the velocity of relative sliding is sufficiently small the force of sliding 
friction between two dry metal surfaces can be considered constant, independent 
of the velocity and equal to the force of static friction. Experiments show that 
this assumption holds with a sufficiently high accuracy. In this approximation 
the graph of the dependence of the friction force on the velocity is of the type 
shown in Fig. 103); for v = O the friction force can assume any value ranging 
from —f, to fy. 

This relationship between the force of sliding friction and the velocity is 
known as Coulomb’s law. Coulomb’s law also remains applicable when we con- 
sider the force of sliding friction between a metal surface and a homogeneous 
wooden surface, between a metal surface and leather, etc. For some limited 
ranges of variation of the velocities this law serves as an adequate approxima- 
tion for the friction between various pairs of contacting surfaces sliding on each 
other. 

Both the magnitude of the (maximum) force of static friction fy and the mag- 
nitude of the force of sliding friction depend on the force pressing the body 
to the surface it sildes on. As a rule, the force of sliding friction (like the force 
of friction of rest) is directly proportional to the force of normal pres- 
sure. 


10* 
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It should be noted that the known data concerning forces of sliding friction 
are to a large extent approximate and that there are many cases when the results 
of different measurements contradict each other. This can be accounted for by 
the fact that the force of sliding friction between two contacting surfaces depends 
on many factors including the polishing and the cleanliness of the surfaces. 
The contamination of the surfaces affects considerably the magnitude of the 
force of sliding friction, the kind of the contaminant also being very impor- 
tant. The character of the dependence of the forces of sliding friction on the 


FIG. 103 


velocity and also the values off, are completely different for wet or contami- 
nated surfaces with even very small spots of oil and for the same surfaces 
when they are purified. 

The friction between two lubricated surfaces (with water, oil, and the like 
as a lubricant) in most cases has a character of a viscous friction. When there 
is a sufficient amount of a fluid lubricant between two sliding surfaces, that 
is a continuous fluid layer between them, the particles of the fluid adjoining 
the body stick to it and can be regarded as being at rest relative to the body. 
The velocity of motion of the particles of the fluid varies according to a linear 
law across the whole lubricant layer so that the force of friction is specified 
in this case by the value of the viscosity coefficient p of the lubricant, by the 
areas of the contacting surfaces, and by the width of the lubricant layer. As 
to the width of the lubricant layer, it depends on both the kind of the lubricant 
and the force pressing the contacting and sliding bodies to each other. 

The hydrodynamical theory of lubrication was developed in the classical 
theoretical and experimental studies of the Russian scientist N. P. Petrov*. 

In engineering an important role is also played by the forces of rolling fric- 
tion and the forces of friction arising in the adhesion of wheels (with sliding or 
without it). These phenomena will be discussed in Secs. 73 and 75 after the 
dynamics of rotating bodies has been studied. 

It should be noted that the forces of static friction and sometimes also the 
forces of sliding friction play a fundamental role in the transmission of motion 
from one body to another. For example, when a man walks his motion relative 
to the ground is due to the friction forces between the soles of his shoes and 


* N. P. Petrov, Hydrodynamic Theory of Lubrication, I1zd. AN SSSR, 1948 (in Russian). 
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the ground. Similarly, a man walking in a passenger car or loads carried by 
a freight car obtain acceleration under the action of the forces of static friction 
arising between them and the car because of the cohesion between the corres- 
ponding contacting surfaces. The friction transmission of motion from one 
machine to another is widely used in engineering; for instance, this is the case 
in the transmission through a flexible connecter (for example, a flat belt) from 
one shaft to another. A belt transmission is only possible because of the forces 
of friction resulting from the cohesion between the belt and the pulleys. Another 
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example of this kind is a friction clutch joining the motor and the driving shaft 
of an automobile (see the scheme in Fig. 104). 

Generally, without friction it would be very difficult to realize the transmis- 
sion of motion and forces from one body to another. Most of the existing means 
of transmission and transportation would be impossible without using forces 
of friction. 

Students often encounter difficulties when they start solving problems involv- 
ing forces of static and sliding friction. It is therefore expedient to present 
here the solution of a typical problem of this kind. 

Example. Let a load of mass m, be placed on a board lying on the horizontal 
surface of the table as shown in Fig. 105. The board is acted upon by a horizontal 
force F. Given the masses m, and m, of the load and of the board and the coef- 
ficient of friction p, between the board and the load, and the coefficient of fric- 
tion pp, between the board and the table, it is required to determine the accele- 
rations of the board and of the load. We assume that Coulomb's law of friction 
is applicable here. : 

The answer to the problem depends of course on the magnitude F of the acting 
force and is different for different values of F. Let us begin with small magni- 
tudes of the force F and then gradually pass to its larger values. It is quite obvious 
that for a very small force the accelerations of the load and of the board are 
equal to zero and both bodies are at rest. This situation takes place when 


OS F Spy (Mm, + m,) g = Fo 


that is when the acting force F does not exceed the limiting (maximum) force 
of static friction between the board with the load (regarded as one body) and 
the table. 
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When F slightly exceeds F, the board moves together with the load, their 
common acceleration being 


a = (F — F,)Km, + m,) (42.1) 


In this case the force of friction of rest between the board and the load is equal 
to m,a. As F increases (and, consequently, the acceleration a increases) the 
friction force between the load and the board also increases. This lasts as long 
asthe condition m,a< p,myg, that isa < pyg, is fulfilled. The situation changes 
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FIG. 106 


when the friction force attains its maximum value, that is when F = F, where 
F, is that maximum value. For F > F, the load starts sliding relative to the 
board. The magnitude F, is determined by the condition a = p,g. On substitut- 
ing this value into (42.1) we obtain 


Fy = Fo + (my + mg) pig = (pr + pe) (7M + m,) g 


For F > F, the load leaves the board after some time because the acceleration 
of the board exceeds w,g while the acceleration of the load remains equal to 
uig- During that period the acceleration of the board is 


b, = (F — Fy — pymyg)/m, 
and it can also be represented in the equivalent form 
b, = (F — F,)/m, + wg 


For a given force F > F, this period lasts as the load is sliding backwards rela- 
tive to the board. The moment the load leaves the board the acceleration of the 
latter changes in a jump-like manner and instantaneously becomes equal to 


b, = (F — pgingg)/m, > b, 
because 
b, = (F — pemeg — bmg — p,m,g)/m, 


The conditions of the problem do not specify the acceleration of the load after 
it has left the board and is moving on the table. This unknown acceleration 
depends on the character of the motion, on whether the load slides on the table 
or moves in a more complicated manner (it can, for instance, roll). In case it 
slides, given the coefficient ug of friction between the load and the table, the 
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acceleration of the load is equal to —pgm,g and is directed backwards until 
the load stops sliding on the table. 

We conclude the solution of the problem by representing the graph (Fig. 106) 
demonstrating the dependence of the accelerations on the magnitude of the force F. 
Region / corresponds to the state of rest; region 2 corresponds to the situation 
when the accelerations of the load and of the board are equal and are directly 
proportional to (F — F,). Finally, region 3 describes the motion in which the 
board and the load have different accelerations: the board first has the accelera- 
tion b, and then b, (the instantaneous change of the acceleration is depicted 
as the “jump” c—>c’ in Fig. 106). The load first has the acceleration equal to 
u,g which then may become equal to p4g and finally may turn into zero (see 
the corresponding transitions d— d’ — d” shown conditionally in the figure). 


CHAPTER 6 


Relative Motion 


43. Inertial Reference Frames 


Up till now we have assumed that the frames of reference relative to which we 
considered the motions of the bodies were rigidly connected with the Earth 
which itself was regarded as an immovable, fixed body. However, as we know, 
in reality the Earth is in permanent annual circular motion round the Sun 
(more precisely, it moves in an elliptic orbit) and, simultaneously, it rotates 
about its own axis. Hence, the assumtion that the Earth is immovable must 
lead to some errors; these errors will be examined in the present chapter. 

The laws of dynamics can be stated the same way only for the inertial frames 
(systems) of reference which are in a uniform rectilinear motion relative to each 
other. Suppose that there are two frames of reference (see Fig. 107) one of which, 
denoted J, is regarded as being at rest (i.e. as being fixed) while the other, deno- 
ted 2, moves relative to the former with a constant velocity v,. Then all the bodies 
which are in a state of rest with respect to the latter frame of reference will 
move with velocity v, relative to the former and the bodies moving with veloc- 
ity v, relative to system 2 will obviously have the velocity v = 0, + 0,9 
with respect to system J (assumed to be fixed). The velocity v, being constant, 
the acceleration of a body relative to the moving frame of reference’ coincides 
with that relative to the fixed frame of reference and vice versa. Thus, in all 
systems of reference which are in uniform rectilinear motions relative to each other 
the acceleration of a moving body is the same. 

Experiments show that the forces acting on the bodies and the masses of the 
bodies are independent of the choice of any of these systems of reference relative 
to which the motions of the bodies are considered. For, the forces depend on 
the distances between the bodies, on their relative velocities, and on time, all 
these quantities not varying when we pass from one system of reference to an- 
other system of reference which is in a uniform rectilinear motion with respect 
to the former. 

If we choose an arbitrary set of frames of reference which are allfin uniform 
rectilinear motions relative to each other and if, in addition, it?is known that 
the laws of dynamics hold for one of these frames then the first and the second 
laws of dynamics are stated in the same manner for all the frames of reference 
we have chosen. All such frames are referred to as inertial (or Galilean) frames 
of reference and the Galilean inertia law is valid only for such frames. This 
is the proposition we call Galileo's relativity principle; the transformation from 
one inertial system of reference to another is called a Galilean transformation. 

A frame of reference which is in an accelerated motion’: with respect to an 
inertial frame of reference is spoken of as a non-inertial frame of reference. In 
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this connection there arises the following question: which of the systems of 
reference we deal with can be regarded as inertial one? It is extremely difficult 
to give a general answer to this question. However, the investigation of motions 
whose velocities are small in comparison with the velocity of light indicates 
that the coordinate system whose origin is connected with the centre of mass 
(see Sec. 55) of the bodies forming the Solar system and whose axes have inva- 
riable directions relative to the “fixed” stars* can be taken as an inertial frame 


FIG. 107 


of reference. The experimental data obtained both in the study of the motion 
on the Earth and from the astronomical observations confirm the validity 
of this assumption. 

As to the frames of reference connected with the Earth, they can be considered 
inertial only approximately. This approximation involves some errors which 
will be analysed in Sec. 48. 

In the theory of relativity this problem is treated in a different way. Firstly, 
it is assumed that all the inertial reference systems are equivalent in the sense 
that the laws of motion have the same form for all of them. This means that 
there is no inertial system which can be considered, in a certain sense, preferable 
or distinct from all the others. Secondly, not only the laws of dynamics but, 
generally, all the laws of nature are invariant relative to the choice of an inertial 
system of reference. Further, Galileo’s relativity principle only means that New- 
ton’s laws are invariant with respect to the inertial system while Hinstein’s 
relativity principle extends this assertion to the laws of electrodynamics and all 
the other physical laws (see Chapter 17). 


44. Motion of a Body in a Non-inertial System of Reference. 
Inertia Forces 


When a motion of a body is considered in a system of reference which is in 
an accelerated motion the first and the second laws of dynamics are no longer 
applicable in their ordinary form. Indeed, it is evident that a body which is at 


* This frame of reference is called the primary inertial (coordinate) system. 
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FIG. 108 


rest relative to a non-inertial frame of reference must be subjected to the action 
of some external forces because the body is in an accelerated motion relative to 
the inertial frames of reference. Let us consider an example of a car on the rails 
(see Fig. 108) moving rectilinearly with an acceleration a. A load of mass m 
lying on the horizontal table in the car has the acceleration a relative to the 
Earth and consequently it must be acted upon by a force giving it that accelera- 
tion, namely, by the force of friction which the surface of the table exerts 
on the load. Another load of mass m, (see Fig. 108) is suspended from a thread. 


FIG. 109 FIG. 110 


The observation shows that the thread does not remain in the vertical position 
but departs from the vertical in the direction opposite to the direction of the 
acceleration. When the magnitude of the acceleration a is changed the angle 
a between the thread and the vertical also varies. 

The latter load is subjected to the action of two forces, namely (see Fig. 109), 
the force of tension of the thread N (directed along the thread) and the force 
of gravity of the load P (directed towards the Earth). The sum F, of the two 
forces, that is their resultant force, is in the direction opposite to that of the 
acceleration of the car: 


F, = ma and F, = Ptana (44.1) 
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When determining the forces acting on the bodies in the car we have taken 
into account the accelerations the bodies have relative to a system of reference 
which is connected with the Earth and considered inertial. Now there arises 
the following question: is it legitimate to express the laws of motion relative 
to the car (which is an accelerated system of reference) in the same way as 
in the case of an inertial system? The answer is obviously negative because 
we must take into account the acceleration of the non-inertial system of ref- 
erence (the car). 

In order to write correctly the laws of motion relative to a system having 
an acceleration inertia forces are often introduced. Their introduction makes 
it possible to retain the form which the first and the second laws of dynamics 
have in the inertial frames of reference for the bodies moving with respect 
to the non-inertial frames of reference. Usually this simplifies the analysis of 
the motion. 

Let us suppose that every body which is in a motion relative to an accelerated 
system of reference is acted upon by an inertia force whose absolute value is equal 
to the mass of the body times the magnitude of the acceleration of the system 
of reference and whose direction is opposite to that of the acceleration. For 
instance, under this assumption, the load of mass m lying on the table in the 
car and the load of mass m, suspended from the thread are acted upon by the 
inertia forces F, = —ma and F,, = —my,a as is shown in Fig. 110. Then we 
can assert that when the loads are at rest relative to the car the resultants of all 
the forces (including the inertia forces) applied to these bodies are equal to 
zero as in the case of a state of rest in an inertial system of reference. In fact, 
we can write 


F+F,=0 and Fy, +P+N =0 (44.2) 


If the table did not exert the force of friction on the load m the inertia force 
F, directed opposite to the acceleration of the car would move the load with 
acceleration —a relative to the car so that the load would slide away from 
the table. If that sliding motion of the load (in the absence of the friction force) 
is considered with respect to the rails we can say that the load is in a state of 
rest relative to the rails since there are no forces acting on it in the horizontal 
direction and that the car moving with acceleration @ is being driven away 
from the load. Thus, the inertia forces should only be introduced when the 
motion in question is considered in an accelerated system of reference. When 
the same motion is considered in an inertial system of reference we do not need 
the introduction of any inertia forces. 

If the load suspended from the thread in the car (see Figs. 109 and 110) were 
pushed it would start to oscillate like a pendulum. In case the acceleration of 
the car remains constant the oscillations of the pendulum can readily be inves- 
tigated. Indeed, in such a situation the load is acted upon by its force of weight 
and, additionally, by the constant inertia force F,,, the resultant of the two 
forces being inclined at an angle @ to the vertical. Therefore, the pendulum must 
oscillate about the equilibrium position of the thread in which it forms the 
angle a@ with the vertical. In the state of equilibrium the force acting on the 
thread exceeds the force of gravity produced by the Earth: its absolute value is 
equal to the square root of the sum of the squares of the inertia force and the force 
of gravity and its direction is opposite to that of the force NW (see Fig. 110). 
If the thread is cut the load starts falling in the car along the straight line form- 
ing the angle a with vertical, the absolute value of the acceleration of the load 


being Va? + g*. The trajectory of this motion of the load relative to the Earth 
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is a parabola whose shape is determined by the velocity of the car at the instant 
when the load starts falling and by the acceleration g. 

For a body of mass m moving relative to a non-inertial system of reference 
having an acceleration a the second law of dynamics should be written in the 
form 


F + F, = mw, (44,3) 


where w, is the acceleration of the body in the non-inertial system of reference, 
F, = —ma is the inertia force, and F is the resultant of all the external forces 
acting on the body. 

The presence of the inertia forces is connected with the accelerated motion 
of the system of reference relative to which the motion in question is considered. 
The inertia forces are introduced in order to describe the motion in the accele- 
rated system of reference. In this sense there is no difference between them and 
the ordinary forces resulting from the interaction of the bodies. The principal 
distinction between the inertia forces and the other types of forces (resulting 
from the interaction of the bodies) lies in the fact that there are no reaction forces 
corresponding to the inertia forces. This means that there are no real bodies exerting 
the inertia forces. That is why an inertia force is sometimes referred to as a “ficti- 
tious” force. However, an inertia force is quite real because it is connected with 
the real situation when the coordinate system we deal with is in an accelerated 
motion. In this sense it is not at all fictitious, the only distinction from an 
ordinary force of interaction being the absence of a reaction force. 


45. Inertia Forces Acting on a Body in a Rotating Frame 
of Reference 


Let” us consider the motion of several pendulums placed on the horizontal 
uniformly rotating disk (see Fig. 111). It turns out that the threads of the pendu- 
lums depart from the vertical position, the angle of the deviation increasing 
together with the distance from the pendulum to the centre of the disk.* 

All the pendulums are at rest relative to the disk and are in a uniform circu- 
lar motion relative to the Earth (the system of reference connected with the 
Earth is considered inertial). Since the radii of the circles in which the loads 
of the pendulum move are different the centripetal forces acting on them are 
also different because they are directly proportional to the distances from the 
loads to the centre of the disk. The centripetal force F (see Fig. 112) is due to 
the tensile force of the thread N and to the gravity force P. Since F = mw?R 
and P = mg the angle of inclination @ of the thread to the vertical must satisfy 
the relation 


2 
tana = <* (45.1) 


where R is the distance between the load and the centre of the disk, g is the 
acceleration of gravity, and » is the angular velocity of the rotation of the 
disk. 


* The pendulum suspended from the post placed near the axis of rotation of the disk 
will practically have no deviation from the vertical when the angular velocity w of the 


rotation satisfies the condition o< V ¢/l. 
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Every pendulum is at rest relative to the disk, its thread being in an inclined 
position. Consequently, besides the force of weight, every pendulum is acted 
upon by a horizontal force directed from the centre, the absolute value of that 
force being different for different pendulums. This force is called the centrifugal 
inertia force. Its magnitude is equal to the mass of the load times the magnitude 
of the (centripetal) acceleration (relative to the Earth) of the point of the disk 
under which the load hangs; its direction is opposite to that of the acceleration. 
The centrifugal force is thus directed from the centre of the disk along the radius. 


FIG. 111 FIG. 112 


Hence, when the pendulums are at rest relative to the disk each of them is acted 
upon by three forces, namely, the force of gravity P, the tensile force N, and 
the centrifugal inertia force 


F, = mw’?R (45.2) 


where the vector R is directed from the axis of rotation. The resultant force 
of this system of three forces is equal to zero (see Fig. 112) and therefore the 
load is at rest relative to the (rotating) disk. 

The inertia force acting on a body when it is in a state of rest in a rotating 
coordinate system depends on the position of the body relative to that system. 
When a body moves with respect to a rotating system of reference then, besides 
the centrifugal force, it is subjected to the action of some other inertia forces 
whose absolute values and directions will be determined in Sec. 48. 

We conclude this section with the remark that in a system of reference which 
is in an accelerated rectilinear motion the inertia force is the same for all the 
points (this is not the case in a rotating system) and therefore the inertia force 
acting on a body in such a system does not depend on whether the body moves 
or is at rest. 


46. Weightlessness 


In the cabin of a spaceship, in the car of a falling lift, and in a flying airplane 
when it moves solely under the action of the gravity force weightlessness sets in. 
A body in the spaceship, in the lift, etc. “loses its weight” when it is acted upon 
only by the force of gravitational attraction produced by the Earth (or by other 
celestial bodies). The astronaut can freely “lie in the air” within the cabin with- 
out any support, an amount of fluid which does not wet the walls of the vessel 
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takes a spherical form, and so on. Before proceeding to the study of the phenom- 
enon of weightlessness we must note that all the apparatuses in which the state 
of weightlessness is observed are in an accelerated motion under the action of 
the force of gravity alone, that is they are in a state of free fall. 

Let us investigate how the weight of a body changes in a lift moving with 
an acceleration a directed downwards (Fig. 113). Here, like in Sec. 14, by weight 
we mean not the force of gravity P exerted on the body A by the Earth but 
the force of pressure Q with which the body acts on the floor of the car. The 
reaction force with which the floor acts 
on the body is denoted Q’. By the laws 
of dynamics, we have 


P — Q' =™ma and Q = Q' 


where m is the mass of the body 


h 
Z whence 
Q = P—ma (46.1) 
|2 (here the signs of the projections of the 
forces and of the acceleration are 


chosen in accordance with the arrows 

indicating the directions of the corre- 

sponding vectors in Fig. 113). The force 

P does not vary (because the distance 

from the lift to the Earth’s surface is 

Q of course assumed to be very small in 

comparison with the radius of the 

Earth) while the force Q (the force of 

FIG. 113 pressure exerted by the body on the 

floor) depends on the acceleration a. 

If we associate with the lift an accelerated reference system moving with accel- 

eration a, all the bodies in the car must be regarded as being acted upon by 

the corresponding inertia forces. The projection of the inertia force applied 

to the body of mass m being equal to —ma, equation (46.1) can be interpreted 

as follows: the force of pressure Q with which the body acts on the floor is equal 

to the resultant of the force of gravity P and the inertia force —ma applied 

to the body. 

Formula (46.1) can also be written as 


Q =m (g — a) (46.2) 


whence it follows that for a = g we have Q=0, that is the force of pressure 
turns into zero and the body thus loses its weight. Hence, any body placed in 
a lift moving with acceleration of magnitude g directed downwards is in the 
state of weightlessness. The magnitude of the inertia force applied to the body 
is then equal to that of the force of gravity while the directions of the forces 
are opposite and the sum (the resultant) of the two forces is equal to zero. 
It should be noted that what has been said does not depend on whether the lift 
moves upwards or downwards; it is only required that its acceleration should 
be equal to g and directed downwards. 

An analogous situation can be observed in the cabin of a spaceship when it 
moves solely under the action of the gravitational force because in this case 
all the bodies in the cabin have an acceleration of magnitude g (corresponding 
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to the point at which they are at the moment) produced by that force. When 
moving in a circular orbit round the Earth the spaceship is in a “permanent free 
fall”, its acceleration being all the time perpendicular to its trajectory. 
The state of weightlessness may appear in an airplane flying with a certain 
velocity when the pilot chooses the flying regime in such a way that the resultant 
of the forces with which the air acts on the airplane (these are the drag force 
and the lift force) is completely balanced by the thrust force. In these conditions 
the airplane “falls” under the action of the force of gravity with acceleration g. 


(c) (d) 


FIG. 114 


For modern airplanes such regime may last about half a minute; during this 
time the people in the airplane observe the state of weightlessness. 

Almost a hundred years ago Professor N. A. Lyubimov (the University 
of Moscow) suggested a very simple experiment with a pendulum on a falling 
frame to demonstrate the phenomenon of weightlessness. The scheme of the 
experiment is shown in Fig. 114a. The frame A carrying a pendulum can slide 
freely along two guides under the action of the gravity force. The frame is let 
to fall together with the pendulum as the latter oscillates. If this motion starts 
at a time when the load of the pendulum is in its uppermost position D (at 
this moment its instantaneous velocity relative to the frame turns into zero) 
then, as the frame is falling, the pendulum no longer oscillates; it stops moving 
relative to the frame and remains in the position D. If the frame is let to fall 
when the oscillating pendulum passes through the equilibrium point C the oscil- 
latory motion of the pendulum goes into a uniform rotation about the point 
of suspension (see Fig. 1140). 

We can also perform the following experiment with the falling frame. A load 
is suspended from a spring attached to the frame (see Fig. 114c). If-the frame 
starts to fall when the load and the spring are in equilibrium and the spring 
is extended so that it exerts a force balancing the weight of the load then, after 
the fall has begun, the spring contracts as if there were no load suspended from 
it, that is as if the load “lost” its weight (see Fig. 114d). 

All these phenomena can easily be explained as the results of the actions of 
the corresponding inertia forces on condition that the forces of friction (which 
are very small in the experiments) are neglected. When a body moves relative 
to the frame as the latter is itself in a uniformly accelerated motion (in a free 
fall) the body is acted upon by the force of gravity P and by the inertia force 
F, (directed upwards) whose magnitude is equal to the mass of the body multi- 
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plied by the magnitude of the acceleration of the frame and whose direction 
is opposite to that of the acceleration. The acceleration of the frame being g, 
the inertia force balances the force of gravitation produced by the Earth. Con- 
sequently, the resultant of the forces acting on a body which moves or is at 
rest relative to the frame is equal to zero and therefore the body must be in 
a uniform rectilinear motion or retain its state of rest. That is why when the 
pendulum has a zero velocity at the beginning of the fall of the frame it remains 
in a fixed position relative to the frame. If the pendulum hasa non-zero velocity 
relative to the frame at the moment the latter starts falling it begins to rotate 
uniformly about the point of suspension since the only force the pendulum is 
acted upon is the force F. This force is directed to the point of suspension and 
gives the pendulum the centripetal acceleration of the circular motion (it is of 
course meant that the mass of the frame is much larger than that of the pen- 
dulum). Similarly, the load extending the spring when the frame is fixed can 
no longer extend it after the fall has begun because in the fall the inertia force 
and the gravity force applied to the load are equal in their magnitudes and 
opposite in the directions and thus balance each other. 

These phenomena can also be explained without the introduction of the inertia 
forces if we consider the motions of the frame and of the load relative to the 
Earth. After the frame is let to fall the accelerations of the frame and of the 
pendulum relative to the Earth become equal. Consequently, the velocities 
of the frame and of the pendulum are produced only by the action of the gravity 
forces and are therefore equal at any moment. Hence, the gravity forces cannot 
change the mutual positions of the frame and the pendulum during the free 
fall of the former. Thus, if the pendulum is at rest relative to the frame at the 
initial time-of the fall, it remains in that state during the whole period of 
motion. Similarly, if the pendulum hasa non-zero angular velocity at the initial 
time, it must bein a uniform rotation with the same angular velocity during the 
fall. (In these considerations it should also be taken into account that the mass 
of the frame is assumed to be considerably less than the mass of the pendulum). 

Analogous arguments apply to the other cases of weightlessness. 

The weightlessness which sets in when a spaceship moves in vacuum under 
the action of the gravitational forces can only be explained in the same manner. 
In this case the spaceship has an acceleration (created by the gravitational 
forces) relative to the reference system connected with the Sun. In the non- 
inertial reference system connected with the spaceship to all the bodies in the 
cabin of the spaceship are applied inertia forces whose direction is opposite to 
that of the acceleration of the system. Besides the inertia forces, the bodies are 
subjected to the action of the forces of gravitation, so that the resultant of the 
forces acting on each body is equal to zero. When a spaceship moves in a circular 
orbit round the Earth the role of the inertia forces is played by the centrifugal 
forces which balance the action of the gravitational forces on each body in the 
cabin. 


47. The Relationship Between the Vectors of Angular 
and Linear Velocities of a Particle 


Before proceeding to the material of this section the reader should remember 
the definition of the vector product of two vectors (see Sec. 7). The formula 
expressing the vector product proves convenient for writing the formula con- 
necting the angular velocity of a point moving in a circle (Fig. 115) with its 
linear velocity. 
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The angular velocity » (represented by a vector) of a pointrotating about an 
axis is defined as a vector parallel to the axis of rotation whose length is equal 
to the number of units of length equal to the numerical value of the angular 
velocity w (see (22.12)) and whose direction is such that the rotation of the 
point is seen counterclockwise from the terminus of the vector o. 

The vector @ is perpendicular to the plane of the circle in which the point 
moves while the vector v (the linear velocity of the point) lies in that plane. 
Let us also consider the radius vector R (see Fig. 115) directed from the axis 
of rotation to the moving point. The 
vectors R and v are mutually perpen- 
dicular fand lie in the plane perpen- | 
dicular to the axis of rotation. 

According to the definition of the 
vector product of two vectors, the ve- ” 


locity v is connected with the vectors Vv 
wm and R by the formula 
v = [oR] (47.1) 


In the case under consideration the | 
angle a between the vectors w and R is l 
equal to 90° (sin a = sin 90° = 1). Thus, 
the linear velocity v is equal to the vector 
product of the angular velocity w by 
the radius vector R. FIG. 115 
In the simple situation we have 
considered the reason for writing formula (47.1) may not be quite clear to the 
reader but this representation of the velocity v in terms of and R will be 
extremely convenient for our further analysis of more complicated motions. 


48. Inertia Forces Acting on a Body Moving in a Rotating Frame 
of Reference 


Let us consider Fig. 116 showing a body (a small ball) in a uniform rectilinear 
motion along a guide relative to a rotating disk. Let the velocity of the uniform 
rectilinear motion of the ball along the radius of the disk be v,. The motion 
of the ball relative to the fixed coordinate system x, y connected with the table 
(and regarded as an inertial reference system) is neither rectilinear nor uniform: 
the trajectory of the centre of the ball is a spiral, and the acceleration of the 
ball depends in a rather complicated manner on the motion along the trajectory. 
To determine the inertia forces acting on the body moving in a rotating frame 
of reference ave must first of all find the acceleration of the body relative to the 
fixed coordinate system z, y. 

Thus, let the centre of the ball move uniformly along the radius of the rotat- 
ing disk. We shall find the acceleration of this point (the centre) relative to the 
fixed coordinate system. Let the point be at a distance R from the axis of rota- 
tion at time ¢. The position of the point is specified by the radius vector R in 
the zy-plane. The velocity of the point relative to the fixed coordinate system 
can be resolved into two components one of which is equal to the velocity vy, 
of the motion of the point relative to the disk and goes along the radius R 
and the other is perpendicular to the radius R and is equal to [wR] where o 
is the angular velocity of the rotation of the disk (Fig. 117a). 
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Let us now determine the magnitudes and the directions of these components 
at time ¢ -++ dt where the time increment di is very small. Firstly, during the 
time interval dt both components turn through a small angle 


da = wdt (48.1) 


and, secondly, the absolute value of the component along the radius does not 

change and the absolute value of the tangential component (perpendicular to 
the radius) gains an increment equal 
to 


o dR = wv dt (48.2) 


\s3 


because during that time the distance 
from the point to the axis of rotation 
receives an increase of magnitude 


yp 
frm 


dR =v, dt (48.3) 


For the sake of visuality, the compo- 
nents of the velocities at time mo- 
ments ¢t and t + dt shown in Fig. 1176 
are drawn from a common origin. As 
is readily seen, the increment of the 
velocity of the point during time dt 
can be represented as the sum of three 
vectors (dv),, (dv),, and (dv);. The 
vectors (dv), and (dv), are perpendicu- 
lar to the radius and goin one direc- 
tion parallel to the tangential com- 
ponent [wR] of the velocity and the 
vector (dv), is directed towards the 
axis of rotation. It should be noted 
that when determining both the direc- 
FIG. 116 tions and the magnitudes of these vec- 
tors we must take into account the 
fact that since the time interval dt is infinitesimal so is the angle da and 
therefore the magnitudes of the vectors (dv),, (dv),, and (dv), are very small 
relative to the magnitudes of the components of the velocity. 
Now using Fig. 117b we can determine the magnitudes of the infinitesimal 
vectors (dv),, (dv),, and (dv)s. 
(1) The vector (dv), is due to the rotation of the vector representing the veloc- 
ity of the relative motion along the radius R (because the latter rotates). 
By formula (48.1) the magnitude of (dv), is 


(2) The vector (dv,) is due to the increase of the distance from the moving 
point to the axis of rotation, the increase of that distance results in the corre- 
sponding increase of the circular velocity. The magnitude of the vector dv, is 

(dv), = o (R + dR) — oR = ov, at (48.5) 


(in these calculations we have taken into account formula (48.2)). 
(3) The vector (dv); appears because the rotation of the disk results in the 
motion of the point in a circle and therefore the component [wR] of the velocity 
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(perpendicular to the radius) changes its direction. The magnitude of the vector 
(dv), is 


(dv)3 = oR da = oRo dt = wR dt (48.6) 
To find the acceleration of the moving point we must divide the increment 


of the velocity by the infinitesimal time dt. The tangential component of the 
acceleration (perpendicular to the radius) is found by adding together (48.5) 


\o(R+aR} 


lw (R+dR) 7 [oR] 

Yj 

(dV YY 
G 

g Vo ~( (dv 0 oh ae 
a oe = ae ane d ys: BLL dv); 
(b) 
FIG. 117 


and (48.4) and dividing the result by dt, this component is called the Coriolis 
acceleration. Denoting it by wey, we can write for its absolute value the formula 


dv) dv) 2Wv, at 
Weor = ees = Oto = 2evg (48.7) 


The component of the acceleration along the radius is calculated in the same 
manner. It readily follows that this component is nothing but the eee 
acceleration w, (Sec. 9), its magnitude being 


2 
We = ahs ie is — w2R (48.8) 


Thus, the magnitude of the Coriolis acceleration is twice the magnitude of the 
angular velocity times that of the velocity of the point relative to the disk. 

Since the point has an acceleration relative to the reference system z, y 
it is acted upon by a force. The magnitude 7 of the component f of this force 
along the radius (the vector f is directed to the centre of the disk and corresponds 
to the centripetal acceleration) is f = mw?R. The magnitude F of the component 
F of the force perpendicular to the radius is * = 2mqvy. The former component 
is the centripetal force and the latteris the force producing the Coriolis accele- 
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ration. This means that when the ball moves along the guide attached to the 
rotating disk the guide acts upon the ball with the force F perpendicular to the 
guide. 

The Coriolis acceleration is perpendicular to the direction of the velocity 
Vy of the relative motion and can be written in the form of the vector product of 
the vectors @ and v,: 


Weor = 2 [OV] (48.9) 


FIG. 118 


Formula (48.9) is valid for any direction of the velocity v, relative to the 
rotating disk. In the general case this formula can be obtained with the help 
of Fig. 118a showing the components of the velocity of the point moving relative 
to the disk with an arbitrary constant velocity v,. The velocity of the point 
relative to the fixed reference frame at time ¢ is resolved into the two components 
v, and [wR] the ball occupying the position A at that moment. At time ¢ + dt 
the ball is at the point B, its velocity being resolved into the two components 
v, and [w(R + dR)j. The latter component is turned through the angle (w — 
+ v'/R) dt relative to the initial direction of the component at time ¢ (v’ is 
the component of the velocity v, perpendicular to the radius). 

For the sake of visuality, in Fig. 118b the vectors representing the components 
of the velocity of the point relative to the fixed reference system at the instants ? 
and ¢t + dt are drawn from a common origin. The increments of the velocity 
during time dt are also shown there. In the derivation of formula (48.9) it should 


be taken into account that w dt and = dt are infinitesimal angles. 
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The three vectors whose sum is equal to the increment of the velocity are 
shown in Fig. 11&8c as forming a chain (for the sake of visuality). The first and 
the third vectors in the chain are perpendicular to v, and have equal magnitudes 
while the second one is directed towards the centre. On dividing the sum of 
the first and the third vectors by dt we obtain the Coriolis acceleration 2 [mv,). 
Similarly, the division of the second vector by dt results in the centripetal 
acceleration —w?R. 

It should be noted that a motion in a rotating reference system in the direc- 
tion parallel to the axis of rotation (i.e. when v,|| @) does not produce the Corio- 
lis acceleration because in this case the vector v, does not change its direction 
in space. However, we can say that the Coriolis acceleration is always equal to 
2[@v,] (for any direction of v,) because if we write vg = v;, + v,, where 
v; is parallel to the axis of rotation and v, is perpendicular to it, then [wvy| = 
=l[ov,] since [wv,)] = 0. 

Let us come back to the example of the ball moving along the radius of the 
rotating disk (Fig. 116). So far we have considered this motion relative to an 
inertial reference frame (i.e. relative to the fixed coordinate system). We shall 
now analyse the same motion in the reference system connected with the ro- 
tating disk. 

Since the ball is in a uniform rectilinear motion (along the radius) relative 
to the disk no forces would act on the ball if the ordinary laws of dynamics were 
applicable to this motion. However, as has been established, there are two 
forces acting on the ball: the force f = —mw?R directed to the centre of the 
disk along its radius and the force F = 2m |wv,] perpendicular to the radius. 
The force f is exerted on the ball by the thread (see Fig. 116) attached to it 
which goes to the axis of rotation, passes around the pulley placed near the 
centre and then goes upwards to the reel it is wound onto. The force F is pro- 
duced by the guide which bends slightly and acts onthe ball in the direction 
of the rotation of the disk. These forces are permanently acting on the ball. 
The magnitude of f increases proportionally to the distance between the ball 
and the centre of the disk while the other force F is constant in its magnitude 
since Vv, and w are constant. However, the ball is in a uniform rectilinear motion 
relative to the disk. 

The forces F and f are quite real and do in fact act on the ball; their magni- 
tudes and directions are independent of whether the motion is considered rela- 
tive to the fixed reference frame or relative to the rotating one. Therefore, 
as in the case of an accelerated rectilinear motion, we can introduce inertia 
forces in order to retain the ordinary form of the first and the second laws of 
dynamics for the rotating reference system. 

The introduction of the inertia forces makes it possible to describe the uniform 
motion of the ball along the rectilinear guide attached to the rotating disk in 
the following way. In the direction perpendicular to the guide the ball is acted 
upon by the force F exerted by the (slightly bent) guide. This force is balanced 
by the (Coriolis) inertia force F,; = —2m [wv,]| whose direction is opposite to 
that of the force exerted by the guide (see Fig. 119). Along the radius the ball 
is acted upon by the force f produced by the tension of the thread. The force f 
gives the ball the centripetal acceleration; it is balanced by the centrifugal 
inertia force f; = mw*R. From this point of view, the resultant of the force 
of pressure of the guide, the force of tension of the thread, and the two inertia 
forces balancing them is equal to zero and the ball is therefore in a uniform recti- 
linear motion along the guide in the rotating reference system. 
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FIG. 119 FIG. 120 


FIG. 121 


Like all inertia forces, the Coriolis inertia force appearing in a rotating ref- 
erence system is applied to the body moving relative to that system. When the 
relative motion is uniform and rectilinear this force is in balance with the forces 
exerted on the body by the other bodies. We once again stress that no inertia 
forces must be introduced when the same motion of the body is considered in an 
inertial reference system. 

In the example we have considered the ball is permanently acted upon by the 
centrifugal inertia force which is directly proportional to the radius. If we 
cut the thread and let the ball move freely along the radius without the action 
of the external force f the motion along the guide is no longer uniform and 
becomes accelerated. The magnitude of this acceleration is specified by the 
magnitude f/f, = mw?R of the inertia force and it increases together with R. 
The Coriolis inertia force also increases as the velocity of the motion of the 
ball relative to the disk grows. It can be shown that in this case the distance R 
between the ball and the centre of the disk increases according to the formula 


R= acosh wt 


where a is the distance between the ball and the centre at time ¢ = 0 when 
its velocity is equal to zero, and cosh z is a function of the variable x which 
is called the hyperbolic cosine and is defined by the formula cosh x = 1/2 (e* + 
+ e~*). 
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The action of the Coriolis inertia force can be demonstrated with the aid of 
a visual experiment suggested by Professor S. E. Khaikin. The scheme of the 
experiment is shown in Fig. 120. Along the diameter of the rotating disk is 
placed a rubber pipe through which water is made to run as the disk rotates. 
The motion of the water is uniform relative to the disk and the water is acted 
upon by the Coriolis inertia force which bends the pipe in the direction opposite 
to the direction of the rotation of the velocity vector of the water particles. 
In this experiment the curvature of the pipe increases as the angular velocity 
of the rotation is increased. The same occurs when the velocity of the water 
flow in the pipe is increased. Both phenomena are more easily observed when 
the disk is lit by a stroboscopic tube. 

Below we demonstrate another procedure for the derivation of the formulas 
describing the relationship between the accelerations of a moving body in 
a fixed and in a rotating coordinate system. 

We begin with establishing the general rule for the differentiation of a vector 
function. 

Let us consider a vector A simultaneously in a rotating reference system 
and in a fixed one. 

If the vector A is invariable relative to the rotating coordinate system in 
which its components along the coordinate axes are constant then its components 
in the fixed system vary. Hence, the vector A itself varies in the fixed system. 
During time interval dt it receives the increment 


dA=[w dt A] whence — =[0A] 


Indeed, let us resolve the vector .A into the two components Ai and A, along 


the directions parallel and perpendicular to w, respectively (see Fig. 121a). 
Then we can write 


The increment dA is shown in Fig. 121), the plane of the figure being perpen- 
dicular to w. As is seen, 


dA=[dt A,), that is “ =[04,]=[o4] 


If the vector A varies in the rotating system and receives an increment (dA), 
during time dt then the derivative of A in the fixed coordinate system can be 
written as’ 


dA (dA) 
rae 2+ [0A] (48.10) 


The vector (d.A),/dt can be called the time derivative of the vector A in the 
rotating system. Formula (48.10) is valid for any vector function A. 

Let us apply formula (48.10) to the vector R joining a fixed point O on the 
axis of rotation of a moving particle with that particle (see Fig. 122). Then 
for the fixed system we have 


dR (dR) 
ap a > + [oR] (48.11) 


where “* = v is the velocity of the particle in the fixed system and ces = Vo 


is the velocity relative to the rotating system. The velocity v, can have an 
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arbitrary direction. The derivative of the velocity vector 
= v, + |[oR] 


in the fixed system which is sas to the acceleration w of the particle relative 
to that system can be expressed as 


dv == So dk | 
= i | o5 =| (48.12) 


provided that o = const. ery to rn the derivatives “® and 


can be written in the form 


dVo 
dt 


= schoo +[@vo] and 


e SE =v =v) + [oR] 


On substituting these expressions into 
Z (48.12) we obtain 


w = S22 + [ove] +[@ [vo + [OR] = 
= {oo 4 2fer)|+loloR]] (48.13) 


which is the sought-for relation. The 

(dv0)o 

dt 

tion of the particle relative to the 

FIG. 122 rotating system, the term 2[uv,] is 

the Coriolis acceleration and [@ [w RJ] = 

= —w’p is the centripetal acceleration (see Fig. 122). Thus, for the case 
® = const the general expression of the acceleration is 


first term = wW, is the accelera- 


w=w,+ 2 leav,| — wp (48.14) 


The introduction of the inertia forces can be interpreted from different points 
of view. To avoid misunderstanding we shall discuss the two possible approaches. 

(1) Without using the motion of inertia forces. 

In this approach the first and the second laws of dynamics are inapplicable 
to a non-inertial reference system and the forces of interaction between the 
bodies do not specify completely the acceleration of a moving body. Therefore, 
it is necessary to carry out the dynamical analysis of the motion of the given 
body in an inertial reference system and then determine its motion relative 
to the non-inertial system using the known rules of kinematics. 

(2) Using the motion of inertia forces. 

In this approach the addition of the inertia forces to the interaction forces 
makes it possible to apply (formally) the first and the second laws of dynamics 
to a non-inertial reference system as well. When the non-inertial system is 
in a translatory motion the inertia forces are the same for all the points and 
are independent of the velocity of the motion of the body relative to that system. 
In case the non-inertial system rotates the inertia forces are different for different 
points: the centrifugal inertia forces depend on the positions of the points at 
which they are applied and the Coriolis inertia forces depend on the relative 
velocity of the motion. 
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The physical significance of the inertia forces is that they make it possible 
to take into account the acceleration of a body which is in a uniform rectilinear 
motion relative to a non-inertial reference system, that is the acceleration 
resulting from the non-uniform motion of the system of reference. The addition 
of the inertia forces to the external forces is equivalent to the subtraction of 
a part of the external forces from their resultant, namely, the part of these 
forces which specifies the centripetal and the Coriolis accelerations of the body 
(in case the non-inertial reference system rotates) or the acceleration of the non- 


bw from 
North Pole 


FIG. 123 


inertial system (when it is in a translatory motion). The remaining part of the 
external forces determines the acceleration of the body relative to the non- 
inertial system of reference. 


49. The Influence of the Earth’s Rotation 
on the Motion of Bodies. The Foucault Pendulum 


The action of the Coriolis inertia force accounts for the fact that rivers flowing 
in the northern hemisphere wash out their right banks (this is known as Ber’s 
law). The action of this force also explains why in the northern hemisphere the 
right-hand rails of the railways are worn out faster than the left-hand 
ones. 

Let us consider a train moving northward along the meridian in the northern 
hemisphere (see Fig. 123a). The velocity v of the motion along the meridian 
can be resolved into the two components uv, and v, parallel to the Earth’s 
axis and perpendicular to it, respectively. The direction and the magnitude 
of the component v, is not affected by the Earth’s rotation and consequently 
this component is not connected with the inertia forces. As to the other com- 
ponent, it undergoes a variation similar to that of the velocity of a body moving 
along the radius of a rotating disk (see the example in Sec. 48, Fig. 116). Con- 
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sequently, the train is acted upon by the inertia force of magnitude 
F cor = 2Mov, = 2mov sin M (49.1) 


where m is the mass of the train and 9 is the latitude. From Fig. 123b where 
the direction of the component v, at time ¢ + dt is shown in dotted line it 
is readily seen that the inertia force is always directed to the right from the 
direction of the motion of the train. It is therefore quite obvious that the fact 


View from North Pole 
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FIG. 124 


that the right-hand rail* is worn faster than the left-hand one can only be observed 
for the double-track railways along whose each track the train always goes 
in one direction. 

The Coriolis inertia force also acts in the case when the train moves not 
along the meridian but in an arbitrary direction. If, for instance, the train 
moves along a parallel of latitude (see Fig. 124) it has the Coriolis acceleration 
of magnitude 2wv directed to the axis of the Earth’s rotation when the train 
moves eastward and directed from that axis when the train moves westward. 
Hence, in these cases there exists the inertia force 


Foor = 2mov (49.2) 


directed from the axis of the Earth or to its axis. The projection of this force 
on the horizontal plane is equal to 


Foor SiD @ = 2mva sin @ (49.3) 
Thus, the magnitude of the projection is the same as in the case of the motion 
along the meridian and it again acts to the right from the direction of motion. 


The fact that the right banks of the rivers flowing in the northern hemisphere 
{and the left banks in the southern hemisphere) are washed away and become 


* Accordingly, the left-hand rail in the southern hemisphere, 
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steeper is explained in the same manner; this effect is independent of the direc- 
tion of the flow. 

Let the reader analyse the following problem: does the Coriolis inertia force 
appear when a train moves near the equator and does this force produce a non- 
uniform wear-out of the rails? (Answer: the Coriolis force appears in this case 
but it does not produce a non-uniform wear-out.) 

Let us consider the free fall of a body in the reference frame connected with 
the Earth. During the fall the body is acted upon by three forces: the force of 
gravity, the centrifugal inertia force, and the Coriolis inertia force. When 
the height of the body over the Earth’s surface is small (in comparison with 
the Earth’s radius) the magnitudes of the inertia forces are small. The magni- 
tude of the centrifugal acceleration is equal to 


(21)? x 6400 X 108 


OER COS @ “Ta ae x 1 


cosq m/s? ~ 0.034cos @ m/s? (49.4) 
where w is the angular speed of the Earth, A is the radius of the Earth, and 
@ is the latitude. Near the equator the centrifugal acceleration is about 0.3 % 
of the acceleration of gravity and therefore the variation of the centrifugal 
force during the fall can be neglected in approximate calculations. The influence 
of the Coriolis force is much more significant and in the northern hemisphere 
it results in an eastward departure of a falling body from the vertical. 

This eastward deviation of a falling body can readily be computed approxi- 
mately if we assume that, in the first approximation, the velocity ov of the fall 
is directed downwards and that its magnitude is equal to gt (where ¢ is the 
time of the fall) as if the Earth did not rotate. The Coriolis inertia force is equal 
to —2m [wv] and, to the approximation assumed, its magnitude is 2mwmgt cos q. 
Consequently, the magnitude of the eastward acceleration of the falling body 
is approximately equal to 


a = 2wgt cos @ (49.5) 


On integrating twice the expression of the acceleration we find that the eastward 
deviation of the falling body is approximately equal to * 


s = + oft? COs @ 


In this approximate computation we assume that the Coriolis force is all 
the time directed eastward and neglect the variation of the direction of the 
velocity v and, consequently, the variation of the direction of the Coriolis 
inertia force. The substitution of concrete numerical data into the relation 
thus obtained shows that in the fall at the latitude of 45° the eastward deviation 
of the body from the vertical is equal to 3 cm for the time of the fall of 4s (in 
this example the body falls approximately from the height of 80 m). Thorough 
experiments in which the eastward deviations were checked completely confirm 
the results of the calculations. 

The facts we have discussed prove mechanically the Earth’s rotation. They 
show that a reference system connected with the Earth is non-inertial. This 
means that the system connected with the Earth can be approximately con- 


t t 
*We have s= \ v dt where v= | a dt =2wg cos@ 
0 0 


t dt =wg cos pe??. 
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sidered inertial only when the forces acting on the body are much greater than 
the Coriolis and centrifugal inertia forces. 

The centrifugal inertia force has a definite direction and a definite magnitude 
at a given place irrespective of the motion of the body. 

It acts on the body together with the gravitation force P as an equivalent 
force of weight P’ = P+ f (Fig. 125a). The force P’ determines the local 


Cetrifugal 
force f 


FIG. 125 


vertical direction and the force of weight of the body at each point in space 
surrounding the rotating Earth (see Secs. 14 and 46). 

The above discussion concerns only the diurnal rotation of the Earth about 
its axis. It can easily be shown that the influence of the inertia forces appearing 
in the annual rotation of the Earth round the Sun is considerably smaller. 
It is apparent that the magnitude of the Coriolis force in the annual rotation 
is approximately 360 times as small as the magnitude of the Coriolis force in 
the diurnal rotation of the Earth. The magnitude of the centrifugal force result- 
ing from the rotation of the Earth round the Sun is of the order of 0.2 that of 
the centrifugal force of the diurnal rotation on the equator. 

When physical bodies move near the Earth’s surface the inertia forces acting 
on them because of the rotation of the Earth round the Sun and the forces 
of gravitational attraction of the bodies to the Sun practically balance each 
other and therefore in most cases they can simply be neglected. To illustrate 
what has been said let us write down the exact equation of motion of a material 
point of mass m in a spatial region near the Earth. Choosing the centre of mass 
of the Earth as the origin of a non-inertial reference system (see Fig. 1250) 
we obtain the equation 


mi mM 
a ame | ae R—may+ Feor + Fe (49.6) 


The terms on the right-hand side of (49.6) are, respectively, the force of gravita- 
tional attraction of the material point of mass m to the Earth, the force of gra- 


mr = —y 
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vitational attraction of the point to the Sun, the inertia force appearing because 
of the Earth’s rotation round the Sun in the elliptic orbit, the Coriolis inertia 
force, and the centrifugal inertia force appearing because of the Earth’s diurnal 
rotation. The quantities r, y, M,., M,, R and a, are, respectively, the radius 
vector of the material point, the constant of gravitation, the mass of the Earth, 
the mass of the Sun, the vector connecting the Earth to the Sun, and the accele- 
ration of the Earth in its rotation 

round the Sun. 


The acceleration a, = —y a R of 


the centre of mass of the Earth is due 
to the gravitational attraction of the 
Earth to the Sun. The distance R 
between the Earth and the Sun is 
approximately equal to R, = 1.5 x 
x 108 km. 

The numerical comparison of the 
terms of equation (49.6) which repre- 
sents the inertia force resulting from 
the non-uniform orbital motion of the 
reference system connected with the 
Earth and the force of gravitational 
attraction of the material point to the 
Sun shows that they balance each 
other to a high accuracy. Therefore 
their common input in equation (49.6) FIG. 126 
can be considered zero. indeed, we 
have r/R, ~ 10'/108 = 10-* and R= R,+rwz R, whence it follows that 


— ye R—may = —ymM, (RIF — Ry Ri) = 0 


As was indicated above (see Fig. 125a), when introducing the notation P’ 
we mean the sum of the force of attraction exerted on the body by the Earth 
and the centrifugal force. Equation (49.6) can therefore be written in the form 


mr = P! + Foor = MGete — 2M [Oye] (49.7) 


where Qs = P’/m is the “effective” acceleration of gravity and U;e; is the 
velocity of the body relative to the Earth. Equation (49.7) describes the motion 
of a body of mass m in the near space relative to the frame of reference connected 
with the Earth. 

Thus, a reference system connected with the Earth can be regarded‘as inertial 
only approximately. The error appearing in this approximation is specified 
by the ratios of the magnitudes of the inertia forces to the magnitude of the 
resultant of all the other forces acting on the body. 

In 1852 J. B. L. Foucault, a French scientist, proved the Earth’s rotalion 
with the aid of his observation of the oscillations of a pendulum. Imagine 
that a pendulum is placed on the North pole. It is obvious that the plane of 
the oscillation of the pendulum rotates slowly (relative to the Earth) in the 
direction opposite to the rotation of the Earth. The rotation of the plane of 
the oscillation of the pendulum can be demonstrated by an experiment with 
a pendulum suspended over a rotating disk (Fig. 126). If the pendulum carries 
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FIG. 127 


W Sin ca) 


FIG. 128 


a funnel from which the sand is pouring out then, after the pendulum has been 
made to oscillate and the disk has been made to rotate, the trace of the sand 
shows the rotation of the plane of the oscillation of the pendulum relative 
to the rotating disk. 

In the fixed coordinate system there are no forces making the plane of the 
oscillation of the pendulum change its position and therefore the plane remains 
invariable in space while the disk (or the Earth) rotates relative to that plane. 
It is evident that on the North pole the plane of the oscillation of the pendulum 
rotates with the angular speed of the Earth (15° per hour). If the oscillation 
of the pendulum on the North pole is considered relative to a coordinate system 
connected with the Earth, the rotation of that plane can be accounted for by 
the action of the Coriolis force. Indeed, this force is perpendicular to the angu- 
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lar velocity vector and lies in the horizontal plane all the time. The magnitude 
of the force is proportional to the velocity of motion of the load of the pen- 
dulum and to the angular speed of the Earth’s rotation, and the direction of 
the force is such that the trajectory of motion is curved in the corresponding 
direction. 

The shape of the trajectory of the pendulum traced on the Earth (on the disk) 
depends on the way in which the pendulum is made to oscillate. Let us con- 
sider the sand trace on the rotating disk (Fig. 126) for the following two cases. 
Let us first give the pendulum an initial deviation from the vertical and simul- 
taneously make the disk start to rotate so that when the pendulum begins 
to oscillate the funnel receives the same velocity as the point of the disk over 
which the funnel is placed. Then the trajectory will have a “star-like” shape 
(see Fig. 127a). The trajectory of the pendulum on the North pole of the Earth 
will be of the same shape when the pendulum starts oscillating from a position 
deviated from the vertical. Now let us consider the case in which the pendulum 
is made to oscillate when the disk is fixed and starts to rotate after the pendulum 
has begun to oscillate. Then the trajectory will be “rose-shaped” as shown in 
Fig. 127b. For the pendulum oscillating on the North pole of the Earth a trajec- 
tory of the latter type can be observed when the oscillation of the pendulum is 
produced by a sharp jerk at the moment when the pendulum is in the equilib- 
rium (vertical) position. In both cases the trajectories are curved in the same 
direction under the action of the Coriolis force. 

Thus, when the pendulum oscillates on the North pole the trajectory traced 
by the pendulum is curved and thus the plane of the oscillation of the pendu- 
lum rotates slowly under the action of the Coriolis force 


TP wse = —2m [mv] (49.8) 


which all the time lies in the horizontal plane and is always directed to the 
right from the direction of the motion of the load. 

To demonstrate Foucault’s experiment it is necessary to equip the pendulum 
with a device measuring the rotation of the trajectory. To increase the period 
of the oscillations of the pendulum its length should be made as long as pos- 
sible; then the oscillation process will last long until the oscillation is damped 
(under the action of the friction forces). The experiment shows that the angular 
speed of the rotation of the plane of the oscillation of the pendulum is equal to 


® sin mg = 15 sin » deg/h 


where @ is the latitude (Fig. 128). The angular speed of the rotation round 
the vertical at the latitude g is equal not to wm but to w sin @ which is the pro- 
jection of the angular velocity @ on the vertical. 

The decrease of the angular speed of rotation at latitude @ (compared to that 
at the North pole) can also be explained by the fact that the projection of the 
Coriolis force on the horizontal plane drawn at the given latitude differs from 
the magnitude of that force on the North pole in the factor sin @ (since the rota- 
tion of the plane of the oscillation of the pendulum is only due to that projection). 
The Coriolis force acting on the load of the pendulum located at a given place 
with latitude @ lies in the plane perpendicular both to » and v and its magni- 
tude is proportional to the sine of the angle between these vectors. The only 
case when the Coriolis force is directed horizontally is when the vector v lies 
in the meridional plane; in all the other cases this force does not lie in the 
horizontal plane. 


CHAPTER 7 


Motion of a Rigid Body 


30. Translatory and Rotational Motions of a Rigid Body 


Under certain conditions any physical body undergoes a deformation, that is it 
changes its shape in some way. By a rigid body (an absolutely rigid body) is 
meant a body which can never change its shape. This means that in all the 
circumstances the distance between its any two points (or, more precisely, be- 
tween any two particles of the body) remains constant. It is obvious that 
the notion of a rigid body is an abstraction. However, there are many cases 
when the shape of a moving body does not change or changes so slightly 
that the change can be neglected; then it is expedient to state the laws of motion 
for such a body as if it were perfectly rigid. 

Some physical bodies such as pieces of metal and the like consist of very 
small crystals. The atoms and molecules forming a crystal have a definite 
regular spatial configuration. In Fig. 129 we see a schematized model of a crystal 
where the “balls” are the atoms (or molecules) and the “rods” connecting them 
represent (conditionally) the forces keeping these “balls” in fixed positions 


FIG. 129 
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relative to each other. Any rigid body can be thought of as consisting of crystals 
representable as certain configurations of such balls connected with weightless 
hard rods. Every particle of a rigid body can be represented as a set of a sufficient- 
ly large number of atoms and molecules constantly connected with each other. 
When such a body moves its every particle describes a certain trajectory but 
this trajectory is connected in a certain way with the trajectories of the other 
particles. Each particle is acted upon by some forces exerted by the neighbouring 
particles. It is these forces that are 
symbolized by the “rods” in Fig. 126. 
We speak of them as internal forces in 
the rigid body. In addition, every par- 
ticle can also be acted upon by forces 
exerted by some other bodies. Such 
forces are referred to as external forces. 
An example of an external force is 
the force of gravitation with which the 
Earth acts on the particles of a body. 

Every compound motion of a rigid 
body can be regarded as a combination 
of translatory and rotational motions 
which are the simplest types of a 
motion. Therefore, we begin our inves- 
tigation of a motion of a rigid body 
with considering separately these sim- 
plest motions. FIG. 130 

A body is said to be in a translatory 
motion if the line connecting any two particles of the body retains its direction 
in space. A translatory motion is not necessarily rectilinear. For instance, in 
the model shown in Fig. 130 a heavy body is suspended from a rotating disk 
at a point B about which it can freely rotate. When the disk rotates the body 
is in a translatory motion. As is seen in the figure, the line AB remains parallel 
to itself during the motion although every point of the body moves in a 
circular trajectory. 

A rigid body in a translatory motion moves without rotation and the 
line connecting any two particles of the body remains parallel to itself. 
Therefore, the displacement of all the points of the body are the same. It 
follows that in a translatory motion of a body all its points have the same 
velocity at any time and hence their accelerations are also the same. The 
simplicity of such a motion is characterized by the fact that to determine 
the motion completely it suffices to know the law of motion of any chosen 
point of the body since all the other points move in the same manner. For 
instance, a motorcyclist moving rectilinearly is in a translatory motion. 
The wheels of the motorcycle are in a compound motion representable as 
a combination of translatory and rotational motions while the piston of its 
engine is in a non-rectilinear translatory motion. 

A motion of a rigid body is said to be plane if during the motion every point 
(particle) of the body remains in a fixed plane and all such planes are parallel 
to each other. In plane motion the trajectory of any point of the body lies 
in a fixed plane and the planes containing the trajectories either coincide or 
are parallel to each other. For example, in a rectilinear motion of a motorcycle 
its wheels and piston are in plane motions. A cylinder rolling on a table without 
sliding (Fig. 131a) is in a plane motion while a rolling cone (Fig. 131b) is not. 
12—0776 
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FIG. 132 


A motion of a rigid body is said 
to be rotational if the trajectories of 
all the points of the body are circles 
whose centres lie in a common st raight 
line called the azis of rotation. For 
example, when the engine of a car 
works while the car does not move the 
driving shaft of the engine is ina 
rotational motion. The fixed axis of 
rotation passes through points which 
are invariably connected with the 
rotating body and remain fixed during 

FIG. 133 the motion. The axis of rotation may 
lie outside the body or pass through 
it. A rotational motion about a fixed axis is always a plane motion. 

The motion of a wheel of a vehicle in a rectilinear motion (of an automobile, 
of a car, of a train, etc.) is a compound motion. It consists of the rotation of the 
wheel about its axis and of the motion of the wheel and its axis together with 
the vehicle. In a fixed reference system the trajectories of different points of 
the wheel are complex curves called cycloids (Fig. 132). In a reference system 
connected with the vehicle the trajectories of the points of the wheel are circles. 
The displacement of any point of the wheel is representable as consisting of 
two parts: one part is determined by the displacement of the axis of the wheel 
and the other by the rotation of the wheel about the axis. Therefore, the veloc- 
ity vo of any point of the wheel relative to the ground is the sum of the velocity 
V, of the axis (see Fig. 133) and the linear velocity v, = [wR) of the rotational 
motion about the axis. 

A rotational motion of a body is determined by the magnitude of the angular 
velocity. Let us consider a line segment AB passing through two points A 


CH. 7 MOTION OF A RIGID BODY 179 


and B of a rotating body and lying in a plane perpendicular to the axis of rota- 
tion. Let the segment occupy a definite position AB at time ¢ and some other 
position A’B’ at time t + dt, the angle between the latter and the former posi- 
tions being da. The quantity ie = is called the angular velocity (the angular 
speed) of the body. It is evident that the angular velocity is independent of the 
choice of the points A and B in any plane perpendicular to the axis of rotation; 
thus the angular velocity specifies the rotational motion of the body as a whole. 

As was mentioned (Sec. 47), the angular velocity is represented by a vector 
directed along the axis of rotation. 


91. Equilibrium Conditions for a Rigid Body with 
a Fixed Axis of Rotation 


As was said, the relative positions of the points of a rigid body remain invar- 
iable, that is such a body is considered non-deformable. If two forces of equal 
magnitudes and opposite directions are applied to two points A and B of the 
body and act along the line AB connecting the points, their resultant force 
is equal to zero and their action does not affect the motion of the body. This 
means that any force acting on a rigid body can be transferred to any point 
along its line of action (see Fig. 134a). 

Indeed, to any point B, lying on the line of action of a force F applied to 
a rigid body at a point A, it is allowable to apply two forces F, and F, of equal 
magnitudes and opposite directions. Let one of these forces, say F,, be equal 
to F. The sum of F, and F is equal to zero: F, + F = 0. Consequently the 
body can be thought of as being acted upon only by the force F, applied at the 
point B. In other words, the action of the force F can be replaced by that of Fy. 

The indicated property can be stated mathematically in the following way: 
the action of a force on a rigid body can be represented by a sliding (or free) 
vector whose magnitude and direction remain invariable as it is transferred 
along its (fixed) line of action. A vector which cannot be transferred along 
its line and is connected with a definite point of application is said to,be loca- 
lized (or bound or fixed). 

As is known, a body which can rotate about an axis is in an equilibrium state 
only in the case when the sum of the moments of all the forces acting on it is 
equal to zero. | 

Let us discuss a simple experiment with equilibrium of a body rotating about 
its axis under the action of two forces in order to demonstrate the expedience 
of the introduction of the notion of the moment of a force. Let a shaft carrying 
a disk be acted upon by two forces f and F (see Fig. 134b). The experiment 
shows that if the friction in the bearings supporting the shaft is negligibly 
small the equilibrium can only take place when the condition {R = Fr is 
fulfilled, that is when the moments of the forces are of equal magnitudes and 
opposite directions. 

The moment of a force about an azis is a physical quantity whose numerical 
value is equal to the product of the magnitude of the force by the arm of the force; 
the moments of the forces rotating the body in one chosen direction are consid- 
ered positive and those rotating the body in the other directions are considered 
negative. The arm of a force is the shortest distance between the axis and the 
line of action of the force. 

Consequently, in the study of the equilibrium of a body which can freely 
rotate about a fixed axis, it is not the balance of the forces but the balance 
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FIG. 134 


of the moments of the forces about the 
axis of rotation that specifies the 


YY y F, equilibrium. In a rotational motion of 
Ye | By a body the moment of a force plays 
Yj ~ a role analogous to that of the force 
a ‘EF in the theory of motion of a material 

a point. 


| 
! Let us discuss in more detail the 
! notion of the moment of a force about 


i an axis. Inthe general case when the 
acting force is directed arbitrarily (see 

EO F, Fig. 135) it can be resolved into two 

Y components one of which (F,) is 

IZ perpendicular to the axis of rotation 
while the other (F,) is parallel to the 
Yj axis. The force F parallel to the axis 
0 of rotation OO’ cannot produce a rota- 


tion of the body about the axis; its 

action does not affect the equilibrium 

FIG. 135 of the body rotating about the fixed 

axis. The force F, can bend the axis 

of rotation and deform the body; therefore, since we confine ourselves to the 

model of a rigid (non-deformable) body the component F, can be neglected. 

Hence, we must only take into account the component Fy, lying in the plane 

perpendicular to the axis of rotation. As is readily seen from Fig. 135, the 

moment of the force F about the axis OO’ is equal to the product of the 

magnitude Fy of the component Fy of the force F by the arm h or, equiva- 

lently, it is equal to the product of the magnitude of the rotational component 

F. by the distance R from the point of application of the force to the axis. 

The rotational component F, is perpendicular to the plane passing through 

the line R and the axis. Thus, the magnitude M of the moment of the force F 
about the axis OO' is expressed by the formula 


M=Fyh=F,R (54.1) 
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Now the equilibrium condition for a rigid body having a fixed axis of rotation 
can be stated in the following way: the equilibrium takes place when the sum of — 
the moments of the forces acting on the body about the axis of rotation is equal to zero. 


92. Law of Dynamics for a Body Rotating About a Fixed Axis 


When a body rotates about a fixed axis the trajectories of all its points are 
circles whose centres lie in a common line coinciding with the axis of rotation. 
All the particles of the body are in plane motion. Generally speaking, the 
velocities and the accelerations of different particles are different: the greater 
the distance from the particle to the axis, the greater is its velocity. On the 
contrary, the angular velocity is the same for all the particles of the body. 
The angular velocity completely determines the character of the motion of the 
whole rigid body in its rotation about the fixed axis. 

The angular velocity may vary as function of time ¢ (it can increase or decrease) 
like in the case of a linear velocity, the variation of the angular velocity is 
characterized by the angular acceleration. The angular acceleration is the rate 


of change of the angular velocity and is therefore equal to the derivative a 


dt 
Since at any given time the angular velocity is the same for all the parts of 
the rigid body, so is the angular acceleration 6 = =. 


The linear accelerations of different particles of a rotating body may be 
different. The vector of linear acceleration of any particle lies in the plane 
containing the trajectory of the particle. Let us find the relationship between 
the angular acceleration and the component of the linear acceleration of the 
particle tangent to the trajectory. In Fig. 136 is shown the trajectory of a particle 
whose velocity is v = wr where r is the distance from the particle to the axis. 
The magnitude w, of the tangential component of the acceleration is specified 
by the variation of the velocity v of the particle along the trajectory; it is 
given by the formula 


dv dw = 
w= =r = TB (92.1) 


because r is constant. Consequently, the magnitude of the tangential component 
of the acceleration of a particle of the body is equal to the angular acceleration B 
times the distance r from the particle to the axis of rotation. 

Now let us find the relationship between the angular acceleration and the 
sum of the moments of the forces acting upon a body rotating about a fixed axis. 

To find the connection between the angular velocity of the body and the 
resultant moment of the acting forces we begin with the study of the motion 
of an arbitrary particle of the body. Let a particle of mass Am; be at a distance 
r; from the axis (Fig. 137). In the general case this particle is acted upon by 
external and internal forces. The former are exerted on the particle by some 
other bodies and the latter by the particles of the body itself. Let us project 
these forces on the line AB (Fig. 137) perpendicular to r; and lying in the plane 
containing the ith particle and perpendicular to the axis of rotation. We can 
write down the sum of all these projections as 


(fa)int = (fidext 


where (f;)int is the resultant rotational component of the internal forces and 
(fiext is the resultant rotational component of the external forces. (The projec- 
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tions of the forces rotating the body counterclockwise are considered positive.) 
Then the equation expressing the second law of dynamics for the ith particle 
can be written in the form 


dv; dw 
Am; — = Amr; — it = (fi)int + (fidext (52.2) 


Next we find the moment of the forces, acting on the particle, about the axis 


FIG. 136 FIG. 137 


of rotation. To this end, we multiply (52.2) by r; and thus obtain 
d 
Amir =F: (fi)int +7 (fidext (52.3) 


Let us write the analogous equalities for the other particles of the given rigid 
body and add aca all of them. This results in 


a 2 Amjri = 2 ri (fi)int + ain (fidext (52.4) 


It should be taken into account that dri (f:)int = 0, that is the resultant 


moment of all the internal forces is equal " zero. For, to each internal force there 
corresponds another internal force equal to the former in its magnitude and 
opposite in the direction, the arms of both forces being equal. 


The sum ps ri (filext = M is the resultant rotational moment of all the exter- 


t 
nal forces acting on the body. The quantity 
t= » Am,r3 (52.5) 
i 


is called the moment of inertia of the body with respect to the given axis of rota- 
tion. 
We can also rewrite equation (52.4) in the form 


M=I aed (52.6) 
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Equation (52.6) reads: the resultant moment of the forces rotating a body about 
a fixed axis is equal to the moment of inertia of the body with respect to that axis 
times the angular acceleration of the body. This is the basic law of dynamics for 
a rigid body rotating about a fixed axis. It is analogous to the second law of 
dynamics for the motion of a material point, the only difference being that the 
force is replaced by the moment of the external forces about the axis, the linear 
acceleration is replaced by the angular one and the mass is replaced by the 
moment of inertia with respect to the axis of rotation. 

The moment of inertia of a rigid body with respect to an axis is a physical 
quantity equal to the sum of the products of the masses of the particles forming 
the given body by the squares of the distances from the particles to the axis. 
The moment of inertia with respect to an axis depends not only on the mass 
of the body but also on the distribution of the mass with respect to the axis. 
If the distances of some particles of the body from the axis are increased the 
moment of inertia also increases. 

The dimension of the moment of inertia is kg-m? in the SI system and g-cm? 
in the cgs system. 

In order to find the moment of inertia of a body we must divide the body 
into sufficiently small parts, determine the distance from each part to the axis, 
multiply the mass of every part by the square of its distance from the axis and 
then add up all the results. For instance, consider the body shown in Fig. 138. 
It consists of eight identical balls placed at the vertices of a cube with edge a. 
Let us compute the moment of inertia of the body with respect to the axis passing 
through the centres of the balls 2 and 6. It is of course supposed that the di- 
ameter of the balls is very small relative to the distance a. Denoting by m the 
mass of one ball we readily see that the sum of the moments of inertia of the 
four balls 7, 3, 5 and 7 is equal to 4ma?, the sum of the moments of inertia of 
the two balls 4 and 8 is also equal to 4ma? while the moment of inertia of each 
of the balls 2 and 6 is equal to zero. Therefore, the moment of inertia of the whole 
System is 


I = 4ma? + 4ma? = 8ma? 


The computation of the moments of inertia of some homogeneous solids will 
be discussed in Sec. 99. 

The role of the moment of inertia in mechanics can be demonstrated by any 
example involving a body rotating about a fixed axis. As an example of this kind 
let us consider the system whose two projections are shown in Fig. 139. The 
system includes a small pulley rotating about a horizontal axis. The rod A 
is rigidly connected with the pulley; the rod carries two loads of masses m, 
and m, attached to it at equal distances from the axis of rotation. From the 
end of the thread attached to the pulley a load of mass m is suspended. The 
observation shows that the greater the moment of inertia of the rod with the 
loads m, and m,, the faster does the load m move downwards. The moment of 
inertia can be varied by changing the distance from the loads m, and m, to 
the axis: as the distance is increased or decreased the moment of inertia also 
increases or decreases. 

Let us discuss in more detail the motion of this system and find the law of 
motion. After the whole thread is wound off the pulley, the rod A continues to 
rotate by inertia and the load m starts to move upwards. When the rotation 
of the rod stops the load m again moves downwards and so on, that is the system 
is in an oscillatory regime. It is evident that the accelerations of the moving 
parts of the system (we mean the angular acceleration of the rotating pulley 
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together with the rod carrying the loads m, and m, and the linear acceleration 
of the load m) are constant and retain the same values as the load m goes upwards 
and downwards. Indeed, this clearly follows from the fact that the real acting 
force is the force of gravity P = mg which is constant and is always directed 


downwards. 
We now set the equations of dynamics for the rotating rod (with the loads 


m, and m,) and for the load m. Denoting by B = = the angular acceleration 


FIG. 138 FIG. 139 


we can write the equations 


aaa (52.7) 
P—f=ma 


for the rod and for the load m, respectively, where f and f’ (f = f’) are the 
magnitudes of the forces with which the thread acts on the pulley and on the 
load m, J is the moment of inertia of the rod (with the loads), A is the radius 
of the pulley and a is the linear acceleration of the load m. The angular accel- 
eration of the pulley and the linear acceleration of the load m are connected by 
the relation 

a= RB 


Indeed, when the pulley turns through a small angle a the load m receives 
a vertical displacement of magnitude A = Ra. Indeed, on differentiating the 
equanty A = Ra twice with respect to time we arrive at the indicated relations 
d*A d2A 

since —; =a and 5 = Bp. 

On solving equations (52.7) we find the angular acceleration £8 of the pulley 
and the linear acceleration a of the load m: 

1 


p=~———— and a= —*— (52.8) 


1+ mR? 1+ mR2 
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From (52.8) it is seen that the acceleration a can be very small in comparison 
with g when the condition I > mR? holds.* 

When the distance from the loads m, and m, to the axis of rotation is varied 
the moment of inertia J changes and this results in a change of the time during 
which the load m goes downwards or upwards. The measurement of the time 
in which the load m passes a definite distance and the computation of the accel- 
eration a on the basis of this measurement make it possible to determine experi- 
mentally the moment of inertia J (provided that the mass m and the radius R 
are known). 


od. Angular Momentum 


In the analysis of a rotational motion of a body we deal with the moment. 
of the acting force (instead of the force itself) and with the moment of inertia 
of the body (instead of its mass). Therefore, it is expedient to ask the following 
question: what is the corresponding analogue of the momentum of a particle? 
It turns out that the role of such an analogue is played by a new physical quan- 
tity called the angular momentum (or the moment of momentum). 

The angular momentum (the moment of momentum) of a particle of a rotating 
body having a mass Am; is defined as the product of the distance r; from that 
particle to the axis of rotation by the momentum of the particle. Thus, the 
numerical value of the angular momentum of the particle Am, is equal to 


Amyv,r; (53.4). 


where v; is the velocity of the particle. 

By the angular momentum of a rigid body rotating about an axis is meant 
the sum of the angular momenta of the particles the body consists of: the numer- 
ical value N of the angular momentum of the body is given by the formula 


N= > Amr ;v4 (93.2) 


The expression for the angular momentum can be rewritten in the form 


N= > Am,r;rj;o = @ » Am,ri = Io (93.3) 
v 4 


Thus, the magnitude of the angular momentum of a rigid body rotating about 
an axis is equal to the product of the moment of inertia of the body with respect 
to that axis by the angular velocity. 
The basic law of dynamics for a body rotating about an axis can now be written 
as 
dN 
<—-=M (53.4) 
This law reads: the time derivative of the angular momentum of a body rotating 
about an azis is equal to the moment of the forces, acting on the body, about that 
axis. 


* The laws we have established do not apply to a short period when the load m is near 
its lowermost point and the thread stops winding off the pulley and starts winding 
onto it. During this period the load m gains a horizontal displacement and the moment 
of the forces rotating the pulley is not equal to fR. 
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If the resultant moment M of the external forces is equal to zero the angular 
momentum of the body retains a constant value: 


aN 


= =9, N=const and Jw= const (53.5) 


Relation (53.5) expresses the conservation law for the angular momentum. 

When a rigid body rotates about an axis and M = Q, that is when the angular 
momentum of the rotating body is constant, the motion of the body is analogous 
to an “inertial” motion for which mv = const. However, there is an important 
distinction between these analogous phenomena: the velocity of a point in an 
inertial motion remains constant while a rotating body with constant angular 
momentum JN must not necessarily have a constant angular velocity w because 
the moment of inertia J of the body can be varied during the motion. If the 
moment of inertia of a rotating body is changed the angular velocity wm can also 
change. If this is the case when the moment of the external forces is equal to 
zero the angular velocity w varies inversely proportionally to the moment of 
inertia. 

What has been said can be demonstrated by an experiment with a rotating 
platform suggested by N. E. Zhukovsky. Such a device (spoken of as Zhukov- 
sky’s platform) is shown schematically in Fig. 140. It consists of a horizontal 
disk which can freely rotate (with a negligibly small friction) about the vertical 
axis. A person with dumb-bells in his hands is sitting on the stool attached to 
the rotating platform. He stretches out his arms or presses his hands to his chest 
(see the figure). In the former case the moment of inertia J of the platform with 
the man attains its maximum value and in the latter case it attains a minimum 
value. Since the product 7m must remain invariable (because there are no exter- 
nal forces except the forces of friction whose moments are supposed to be negli- 
gibly small) the angular velocity wm takes a value w, in the former case and a dif- 
ferent value w, in the latter case, the magnitudes of the angular velocities sat- 
isfying the condition w, > @,. This variation of the angular velocity can easily 
be observed in the experiment. 

Let us use the law of conservation of the angular momentum expressed by 
(53.4) to investigate the rotations of two bodies in the following experiment 
suggested by Professor S. E. Khaikin. The scheme of the experiment is shown 
in Fig. 141: the stator of a small electric motor is supported by two ball bearings 
so that it can rotate about the axis of the rotor of the motor. The electric supply 
of the winding of the motor is performed with the aid of two slip rings with 
which the stator is equipped. As is observed in the experiment, the stator and 
the rotor will simultaneously rotate in opposite directions. If the forces of 
friction in the bearings supporting the stator are negligibly small the angular 
momenta of the stator and of the rotor are of equal magnitudes and opposite 
directions. Indeed, the forces of magnetic interaction between the stator and 
the rotor and the forces of friction between them are internal forces. Therefore, 
the sum of the momenta of these forces acting on the stator and on the rotor is 
equal to zero. The only external forces in this experiment are the forces of fric- 
tion in the bearings and in the slip rings of the stator. If the resultant moment 
of these friction forces is very small the total angular momentum of the system 
“stator and rotor” is equal to zero. This implies that the angular momenta of 
the stator and of the rotor are of equal magnitudes and opposite directions. 

In reality the moment of the external forces of friction is always different 
from zero. This moment, however small, makes the angular momentum of the 
stator gradually decrease in comparison with the angular momentum of the 
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rotor. The difference between the angular momentum of the stator and that 
of the rotor can be neglected when the electric motor is started because this 
difference is usually very small relative to the magnitudes of both momenta. 
However, this difference should be taken into account when we analyse the 
deceleration of the rotation of the stator and of the rotor which finally stops 
the motion some time after the electric current has been switched off. As can 
be observed, after the electric current has been switched off, the forces of friction 
first stop the rotation of the stator, then the statoriscarried by the rotor and they 


FIG. 141 


both rotate in the direction of the rotation of the rotor until the whole system 
stops moving. It is evident that if there were no moments of the external forces 
of friction and the angular momenta of the stator and of the rotor were equal 
then the interaction forces between them (they are internal forces in the system 
in question) would stop the stator and the rotor simultaneously since the total 
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angular momentum of the system would be zero at every moment. But, as has 
been said, after the electric current has been switched off, the angular momen- 
tum of the rotor is in fact a little larger than that of the stator and, besides, 
the moment of the decelerative forces applied to the stator is greater than the 
moment of the forces acting on the rotor. Consequently, the difference between 
these moments will increase and the stator will stop earlier than the rotor, 
after which the friction between the moving rotor and the stator will make the 
latter rotate together with the former until both bodies stop. 


04. Kinetic Energy of a Rotating Body 


The kinetic energy of a rotating body can be found as the sum of the kinetic 
energies of the particles the body consists of. The kinetic energy of a particle 
of mass Am; which is at a distance r; from the axis of rotation is equal to 

Amjv? ; Amir? 


7} SD 


(94.1) 


because v; = wr;. The kinetic energy of the whole rotating body is therefore 
expressed as 


w? I@? 
h=> >, Am,rj ao (94.2) 
i 


Formula (54.2) for the kinetic energy of a rotating body is analogous to the 
formula for the kinetic energy of a translatory motion, the difference being 
that in the case of rotation the mass is replaced by the moment of inertia I of 
the body and the linear velocity is replaced by the angular velocity ow. 

The work of the forces acting on a body rotating about a fixed axis can be 
found in the ordinary way by computing the scalar products of the acting forces 
by the corresponding displacement vectors. Alternatively, this work can also 
be expressed in terms of the moments of the forces. Let F be the resultant of 
the external forces and let the point of application of this resultant force move 
in a circle of radius R. Denoting by F, the projection of F on the tangent line 
to the circle and taking into account that during time dé the point of applica- 
tion of the force receives a displacement of magnitude R da where da is the 
angle through which the body has turned during that time, we express the 
elementary work of the external forces during time di: 


F,R da 


The product F,R is equal to the moment M of the resultant force and conse- 
quently the elementary work can be written as 


M da 


t 
Therefore, the work performed during time ¢ is equal to | M da. In other words, 


0 
the work of the forces acting on a rotating body is equal to the product of the moment 
of the forces by the angle of rotation when the moment is constant and to the integral 
of the moment of the forces with respect to the angle of rotation when the moment 
is variable. 

Let us show that if the body is acted upon only by the moment of the forces V/ 
the work of the forces is equal to the increment of the kinetic energy. Indeed, 
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according to the law of dynamics expressed by (52.6), we have 
dw 
M=I— (54.3) 


where / is the moment of inertia and o is the angular velocity. On multiplying 
both members of equality (54.3) by da = w dt (this is the angle through which 
the body turns during time dt) we obtain 


M da=I-S wdt=1d (+) 


whence it follows that the work during time t¢ is equal to 
t 


{ man—1[ a ($)=(48),-(4), sk 
0 0 


The proportion stated at the beginning of the paragraph has thus been proved.* 
To compare the laws of motion for a moving particle and for a rotating rigid 
body it is expedient to compile the following table of analogous quantities: 


Motion of a particle Rotation of a rigid body about an axis 


Mass m Moment of inertia relative to the axis J 
Resultant of external forces F Sum of the moments of the external forces about 
the axis M 
Displacement z Angle of rotation a 
Velocity v Angular velocity @ 
Acceleration a Angular acceleration B 
Momentum, K=mv Angular momentum relative to the axis N=Io 
Kinetic energy mv?/2 Kinetic energy [w?/2 
Work F dz Work M da 
Second law of dynamics Law of dynamics 
dK aN 
F=ma or F ai M =I!I68 or M= 7 


Let us discuss several experiments in which the kinetic energy of rotating 
bodies changes. We begin with studying the variation of the kinetic energy in the 
experiment with Zhukovsky’s platform (see Fig. 140) described in the foregoing 
section. When the moment of inertia of the platform rotating together with 
the person holding the dumb-bells changes the kinetic energy also changes, 
namely, it increases when the moment of inertia decreases and vice versa. 
Indeed, the angular momentum /q@ remains constant and therefore the angular 
velocity w increases as J decreases. Consequently the kinetic energy which is 
equal to Jw?/2 increases. When the person changes the position of the dumb- 
bells and places them closer to his body he performs some work to overcome 
the action of the centrifugal inertia forces. This work is expended on the increase 
of the kinetic energy. When the dumb-bells are held at a greater distance 
from the axis of rotation the reverse transformation takes place: the kinetic 
energy decreases by the amount of work performed by the centrifugal inertia 
forces as the dumb-bells move away from the axis along the radius. 


-* Formulas (54.3) and (54.4) hold when J = const. 
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As an exercise, let the reader confirm by calculation that the work performed 
by the person on the platform when the dumb-bells are moved towards the axis 
of rotation is exactly equal to the change of the kinetic energy. 

An analogous situation takes place in the experiment with the electric motor 
whose stator is supported by ball bearings allowing it to rotate (see Fig. 141). 
When the electric current is switched on and the stator and the rotor begin 
to rotate and their motion accelerates the kinetic energy of the system increases. 
If it}is permissible to neglect the external friction forces then the body with 


FIG. 142 


a greater;-moment of inertia will at any instant possess a smaller amount of 
kinetic energy. For definiteness, let the moment of inertia of the stator be four 
times that of the rotor. Then the angular velocity of the rotor is four times 
that of the stator since the magnitudes of the angular momenta of the stator 
and of the rotor are equal. The kinetic energy of a rotating body being propor- 
tional to its moment of inertia and to the square of its angular velocity, the 
kinetic energy of the stator is four times as small as the kinetic energy. of the 
rotor. Thus, when the two bodies (the stator and the rotor) rotate and are accele- 
rated by the internal forces the total kinetic energy gained by the system is 
distributed so that the body with the smaller moment of inertia receives a 
greater portion of the energy. The kinetic energy of the system varies as the 
electromagnetic forces perform work and is distributed between the bodies so 
that the amount of the energy obtained by each of the two bodies is inversely 
proportional to its moment of inertia. 

Let us also consider the following interesting problem. In Fig. 142 is shown 
a rod A rotating about the axis perpendicular to it. Two identical balls (shown 
in dotted line) may slide along the rod. Let the balls be first placed near the 
axis of rotation and joined together with a thread and let the system (the rod 
and the balls) be given an initial angular velocity w». After the thread is cut the 
balls, naturally, slide away from the axis of rotation towards the ends of the 
rod (the friction forces are supposed to be negligibly small). On the rod there are 
two stops placed at equal distances from the axis which prevent the balls from 
leaving the rod. It is required to find the terminal angular velocity of the rota- 
tion of the rod on condition that the impact of the balls against the stops is 
perfectly plastic. | 
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To solve the problem we assume that at the initial instant the balls are at 
a distance R, from the axis of rotation and that at time ¢ they are at a distance R 
from it. Then the angular velocity w at time ¢ can be found from the condition 
of constancy of the angular momentum which is expressed by the equality 


N = (19 + 2mR3) wo = (19 + 2mR?2) wo = const (54.5) 


where m is the mass of each ball and /, is the moment of inertia of the rotating 
system without the balls (J, = const). The kinetic energy of the rotational 
motion at time 7? is 


E = (Ip+2mR?) w => No (54.6) 


When the balls stop at a distance R, from the axis then, according to equality 


(54.5), the angular velocity is 
N 


To--2mR? 
The angular velocity obviously decreases and, consequently, so does the kinetic 
energy, the decrease of the kinetic energy being equal to 


AE= > N (@p — 4) (54.8) 


OO, = (94.7) 


Now it is interesting to pose the following question: what is the amount AE 
of the kinetic energy expended on? (The friction forces are assumed to be negli- 
gibly small.) To answer this question let us consider the phenomenon in more 
detail. 

First of all, as expression (54.6) shows, the kinetic energy E begins to decrease 
at the moment when the balls start moving away from the axis of rotation and 
their distance R from the axis becomes greater than R, because the angular mo- 
mentum is constant while the angular velocity decreases. However, since the 
friction forces are neglected there must hold the energy conservation law. 
Therefore, formula (54.6) does not obviously express the total amount of kinetic 
energy of the moving bodies and represents only a part of that energy. Namely, 
formula (54.6) does not include the amount of kinetic energy corresponding 
to the rectilinear motion of the balls along the rod. The decrease of energy ex- 
pressed by formula (54.8) is in fact equal to that amount. 

The moment the balls stop at the ends of the rod the phenomenon of plastic 
impact takes place and, as usual in such a phenomenon, the whole kinetic 
energy is transformed into heat. The amount of mechanical energy which goes 
into heat is given by formula (54.8). 

When the impact of the balls against the stops is entirely elastic and the 
mechanical energy is not transformed into heat the situation is quite different. 
It is evident that in this case the balls (having a velocity v, directed from the 
axis along the rod before the elastic impact) bounce off the stops after. the im- 
pact with the same velocity v, directed towards the axis of rotation. The centri- 
fugal inertia forces then decelerate the backward motion of the balls and the 
angular velocity of the whole system again increases. The motion of the balls 
towards the axis stops when R becomes equal to A,; at that instant the angular 
velocity assumes its initial value w,. After this instant the balls again move 
away from the axis and the process goes on periodically. Hence, the balls are 
in an oscillatory motion along the rod, and the angular velocity also varies 
periodically. The situation we have described takes place when there are no 
friction forces in the rotation of the rod and in the sliding of the balls along 
the rod. 
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In reality the impact of the balls against the stops is neither perfectly plastic 
nor entirely elastic and, besides, the friction forces between the balls and the 
rod, though small, should also be taken into account. Therefore, after the 
balls bounce off the stops they do not return exactly to their original positions 
near the axis of rotation and start moving again towards the ends of the rod 
from a larger distance from the axis of rotation than before. The amplitude 
of the oscillation of the balls thus decreases and after several impacts the balls 
stop at the ends of the rod. The transition of the kinetic energy into heat takes 
place both when the balls strike the stops and when they move along the rod, 
the total amount of the dissipated mechanical energy being equal to the expres- 
sion AE given by formula (54.8) (provided that the energy losses connected with 
the friction between the axis of rotation and the bearing supporting it are 
negligibly small). 


55. Centre of Gravity and Centre of Mass 
of a Rigid Body 


In the description of a mechanical motion of a rigid body an important role 
is played by a point called the centre of mass (or the centre of inertia) of the body. 
Practically the centre of mass of a body coincides with its centre of gravity, the 
latter notion being familiar to the reader from the elementary course of physics. 
Let us discuss how the centre of gravity of a rigid body can be found. 

Each of the particles the given body consists of is acted upon by the force 
of gravity exerted by the Earth. If the dimensions of the body are small in 
comparison with the radius of the Earth* all the gravitational forces acting on 
the particles can be considered parallel to each other. Their resultant force is 
parallel to the constituent forces and the magnitude of the resultant is equal 
to the sum of the magnitudes of the forces of gravity of all the particles because 
these parallel forces go in one direction. It turns out that for any position of 
the body in space this resultant force always passes through a point occupying 
a fixed position relative to the body. This point is called the centre of gravity 
of the body. 

When the centre of gravity of a body is fixed so that the body can freely 
turn about it the body is in an equilibrium state for all possible positions it can 
occupy. This implies that the sum of the moments of the forces of gravity of all 
the particles of the body about any horizontal axis passing through the centre of 
gravity is equal to zero. After any rotation about any axis passing through the 
centre of gravity the body with the fixed centre of gravity remains in a state of 
equilibrium because the resultant of the gravity forces passes through that 
point of support. 

Let us take a rectangular coordinate system zx’, y’, z’ whose origin coincides 
with the centre of gravity and denote by z;, y; and z; the coordinates of the ith 
particle having a mass Am; (Fig. 143). Let us turn the body in such a way that 
the plane x’O’y’ becomes horizontal. Since the sums of the moments of the forces 
of gravity (acting on all the particles of the body) about the horizontal axes 
O'x' and O’y’ passing through the centre of gravity are equal to zero the condi- 
tions 

>; Am; gyi=0 and Di Amy gz; =0 
i 


* This is in fact the only case when the notion of the centre of gravity of the body makes 
sense. 
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must hold. After the body is turned through an angle of 90° about the y’-axis 
the axis O’z’ will occupy a horizontal position and the sum of the moments of 
the gravity forces with respect to that axis must become zero, whence 


>) Am, gz; =0 


On cancelling these equalities by the constant g we arrive at the conditions 
s) Am; Xj = 0 ) 
i 


™ Am; yi = 0 (55.4) 
D» Am; Zi —0 

which imply 
>) Am,Y¥; = 0 (55.2) 


where rj; is the radius vector issued from the origin O’ whose terminus is at the 
point where the ith particle is placed. It is evident that equalities (55.1) and 
(50.2) remain valid for any choice of the directions of the axes O’z', O'y’, and 
‘z' relative to the body. 
The centre of gravity can be found experimentally as follows. The body is 
suspended from an arbitrary point. In the state of equilibrium the position 
occupied by the body must be such that the centre of gravity is on the vertical 


{3 —0776 
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line under the point of suspension. This line is marked on the body; as has been 
said, the centre of gravity is somewhere on that line. Then the body is suspended 
from another point and again the corresponding vertical line is marked on it. 
The centre of gravity must obviously be at the point of intersection of the two 
lines. 

Experiments readily show that the centre of gravity is a uniquely determined 
point: irrespective of the choice of the point of suspension the corresponding 
vertical lines always pass through the same point which is the centre of gravity. 

The coordinates of the centre of gravity of a body with respect to an arbitrary 
fixed coordinate system can be found provided that the coordinates of the par- 
ticles forming the body are known. To this end it is convenient to use the 
condition that the moment of the force of gravity of the whole body about any 
axis must be equal to the sum of the moments of the forces of gravity (acting 
on all the particles of the body) about the same axis. 

Let us consider a fixed coordinate system Ozyz whose axes Oz and Oy are 
horizontal (see Fig. 143). Given the coordinates z;, y;, and z; of each of the 
particle with mass Am,;, it is required to determine the coordinates xo, yo, and 
Z, Of the centre of gravity in the system Ozyz. According to the condition stated 
above, we can write for the axes Oz, Oy, and Oz the equalities 


mig = >, Amixig, myog = >, Amiyig, and mzog= >) Am,z;g* 
rf i 4 


On cancelling them by g and dividing by m (the mass of the whole body) we 
find the sought-for coordinates of the centre of gravity: 


> Amz; >» Amiyi > Amj;2; 
; 
Lo = ar ea ; Yo = ame ae and 29 = —_—— (59.3) 


Denoting by R, the radius vector of the point (zo, Yo, zo) and by r; the radius 
vector of the point (z;, y;, 2;) we can rewrite formulas (55.3) as one vector 


formula: 
>; Amjr; 
Ry =———_ (55.4) 


m 
The coordinates of the centre of gravity are usually found theoretically by 
means of formulas (55.3) (or formula (55.4)). When the mass of the body is 
distributed continuously these formulas involve the corresponding integrals 
instead of the sums. Let p be the mass density of the body. Then an infinitesimal 
particle with volume dz dy dz having coordinates z, y, and z has a mass equal 
to 9 dx dy dz and the expression of the coordinate z, in formulas (55.3) must be 
replaced by 
\ \ \ pz dx dy dz 


m 


Ip = (55.5) 


The formulas for y) and Zp are of analogous structure. 

The centre of gravity of an axially symmetric homogeneous body must lie on 
its axis of symmetry. It should be noted that the centre of gravity of a body 
may lie outside the body; for instance, this is the case for the centres of gravity 
of a ring, of a nut, of a washer, and the like. When computing the coordina tes 


* To establish the last equality we should rotate the coordinate system Ozyz together 
with the body about the z-axis (or about the y-axis) as was done earlier. 
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of the centre of gravity of a body we can divide the body into a number of 
parts, find the coordinates of the centres of gravity of these parts, after which, 
considering the mass of each part as being concentrated at the corresponding 
centre of gravity, we can determine the position of the centre of gravity of the 
whole body. 

The notion of the centre of gravity understood as the point of application of 
the resultant of the forces of gravity makes sense only for the bodies whose 
dimensions are not very large or, more precisely, are small relative to the 


FIG. 144 


Earth’s radius. Only in this caseisit allowable toregard the gravity forces (acting 
on the particles of the body) as parallel to each other. When the indicated condi- 
tion is not fulfilled there is no (fixed) point invariably connected with the body 
through which the resultant of the gravitational forces always passes. In order 
to illustrate what has been said we shall discuss the following example. 
Consider a body consisting of two identical material points A and B placed 
at the ends of an imaginable rigid weightless rod AB of length 2A, where R is 
the radius of the Earth (see Fig. 144). Let us determine the positions of the 
lines of action of the resultant of the gravity forces for the two different cases 
shown in Fig. 144a and b. In the former case this line passes through a point C 
of the rod lying near the point A. Since the distance from the point B to the 


centre of the Earth is / 5 times the distance from the point A to the centre of 
the Earth (this follows from Pythagoras’ theorem) and since, as is known from 
Newton’s law of universal gravitation (see Chapter 9), the force of gravitational 
attraction is inversely proportional to the square of the distance, we have 
CB = 5 AC, which determines the position of the point C on the axis of the 
rod. Inthe lattercase( Fig. 1445) it is evident that the line of action’ of the result- 
ant gravity force passes through the midpoint C’ of the rod. It is clear that 
varying the position of the rod in all possible ways we obtain different points 
on the axis of the rod through which the line of action of the resultant grav- 
ity force passes. 

As will be seen later, there are problems in which it is necessary to determine 
the centre of gravity of a system of several bodies which are not rigidly connected 
with each other. In such a case the centre of gravity of the system is again deter- 
mined by formulas (55.3) in which by m is meant the sum of the masses of all 
the bodies forming the system in question. As these bodies move the centre of 


1? 
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gravity may change its position both in space and relative to the bodies them- 
selves. 

Now let us consider the case when all the particles forming a body are acted 
upon by some parallel mass forces (this means that the magnitudes of the forces 
are proportional to the masses of the particles). As in the case of the parallel 
gravity forces, the line of action of the resultant of all these mass forces always 
passes through the same point invariably connected with the body irrespective 
of the position of the body in space and of the direction of the forces. This point 
is called the centre of mass or the centre of inertia of the body. It is evident that 
the coordinates of this point are determined by formulas (55.3) or (55.4) and 
that the centre of gravity and the centre of mass of a body coincide. That is 
why we usually do not distinguish between them. 


36. The Law of Motion of the Centre of Mass of a Body 


In this section we shall establish the law governing the motion of the centre 
of mass of a body. To begin with, let us discuss the following example. Suppose 
that we consider the motion of a box (see Fig. 145) which can slide on a smooth 
floor. If we pull the rope attached to the angle of the box the latter will be in 
a compound motion resulting from a translatory motion and a rotation and will 
possess both an angular velocity and an angular acceleration. However, it turns 
out that the following remarkable property always holds: under the action of 
a force F applied to a body, irrespective of the character of the motion produced 
by the force, the centre of mass of the body moves with an acceleration a whose direc- 
tion coincides with that of the force F and whose magnitude is equal to F/m where m 
is the mass of the body. 

In other words, the centre of mass of a rigid body always moves as if all the 
external forces were applied at the centre and the mass of the whole body were con- 
centrated at the centre. 

We now proceed to the proof of this proposition. As was found, the position 
of the centre of mass (coinciding with the centre of gravity) is determined by 
formulas (55.3) (or, which is the same, by formula (55.4)). Therefore, if r; 
denotes the radius vector of the ith particle drawn from the centre of mass, con- 
dition 

ba Am,r; = 0} (96.1) 


must be fulfilled where Am, is the mass of the ith particle. 

The centre of mass is defined in the same way in the more general case when 
a given body (or a system of bodies) undergoes deformations. The only diffe- 
rence is that the centre of mass of a rigid body occupies an invariable position 
relative to the body while in the case of a deformable body the centre of mass 
may move ina certain way relative to the particles the body consists of. However, 
if the positions of the particles of the body are known for any instant the loca- 
tion of the centre of mass can be found with the aid of the same formulas (56.1) 
or (55.4). Therefore, it is advisable to establish the law of motion of the centre 
of gravity for the most general case when the particles of the body can move 
relative to each other. 

The vector sum of the momenta of all the particles of a body is called the 
momentum of that body. We will show that the momentum of any body is 
completely specified by the mass of the whole body and the velocity of its 
centre of mass. Let us denote by Am, the mass of the ith particle of the body 
and by v, its velocity relative to a fixed coordinate system. We will also consider 
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a (moving) coordinate system with origin at the centre of mass of the body whose 
axes always retain their directions in space, that is always remain parallel to 
certain definite directions. Denoting by v, the velocity of the centre of mass 
relative to the fixed coordinate system and by v; the velocity of the ith particle 
in the moving coordinate system we can write 


Vi =Vot Vi 


Thus, the velocity of the ith particle relative to the fixed reference system is 
equal to the sum of the velocity v, of the centre of mass and the velocity vj of 


FIG. 145 


the particle relative to the moving reference system. The momentum of the 
ith particle is obviously equal to 


Ak; = Amv; = Amo + Am,v4} 


The sum of the momenta of all the particles of the body, that is the momentum 
of the whole body, can therefore be written as 


K = >» Ak; = > Am;v + Dy Am, (56.2) 


The first sum on the right-hand side can be rewritten as 


> Am;Vo = Vo pa Am,;=mv¢9 


(where m is the mass of the whole body) and for the second sum we have 
> Am,v;,=0 


The last relation follows from the condition that the origin of the moving coor- 
dinate system coincides with the centre of mass. Indeed, let r; be the radius vec- 
tor of the ith particle in the moving reference system; then i = vj, and equa- 


tion (56.1) which holds for any time ¢ implies that >) Am,;vj =0. Therefore, 
expression (56.2) can be brought to the form 
k= MV o (56.3) 


Thus, the momentum K of the whole body is equal to the product of its mass m by 
the velocity vg of its centre of mass. The total momentum K is independent of 
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the motions of the particles of the body relative to the moving reference system 
which is in a translatory motion together with the centre of mass of the body. 
In its motion the rigid body can only rotate relative to that moving reference 
system. Consequently, the momentum of a rigid body does not depend on the 
rotation of the body about any axis passing through its centre of mass. 

We now proceed to the dependence of the momentum of a body on the forces 
acting on it. 

Let us apply the second law of dynamics to the motion of each particle. Let 
the ith particle be under the action of the force 


(Fi) int a (F idextE 


where (f;)int is the resultant force exerted on the ith particle by the other par- 
ticles of the same body (this is an internal force) and (f;),.,+ is the resultant of the 
forces exerted by the other bodies (this is an external force). The time deriv- 
ative) of the momentum ofeach of the particles is equal to the corresponding 
force, that is 


id Ak; 
as =(Fi)int + (Fidext (56.4) 


On writing down these equations for all the particles and summing them  to- 
gether we obtain 


» oant = > (fidint + py (f idext (56.9) 


For the first sum on the right-hand side we have >; (fi)int = O because (f;) int 


a 
are internal forces (each of these forces has a reaction force among the internal 
forces which has the same magnitude and opposite direction). For the second 
sum on the right-hand side of (56.5) we have > (filext = F where F is the resul- 


v 
tant of all the external forces acting on the body. Therefore, equality (56.5) 
can be rewritten in the form 


d dK 
= > Ak, =~ =F (56.6) 


Taking into account relation (56.3) expressing the momentum of the body we 
can write the last equality as 


dVy _ 
m—, = (56.7) 


where “0 is the acceleration of the centre of mass of the body. 


Consequently, for any body, the time derivative of its momentum is equal to the 
sum of the external forces acting on the body (formula (56.6)). Since the momentum 
of the whole body is equal to the product of its mass by the velocity of the 
centre of mass, it follows that the acceleration of the centre of mass is equal to 
tre ratio of the sum of all the external forces to the mass of the whole body (formu- 
la (56.7)). This means that the acceleration of the centre of mass is independent 
of the positions of the points of application of the external forces acting on the 
body and is dependent solely on the magnitudes of the forces and their direc- 
tions. Suppose that we have struck a match-box lying on the table so that the 
line of action of the force passes through the centre of mass. The box will then 
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Mv, = \ F dt (56.8) 


Now imagine that we strike the box at its angle and that the force of action has 
the same magnitude. In this case the line of action of the force does not pass 
through the centre of mass and the box will be in a compound motion involving 
a rotation. However, if the acting force F is directed as in the former case and 
acts during the same period the mo- 
mentum of the box will again be equal 
to mv, and will be expressed by 
formula (56.8)*. If the magnitude and 
the direction of the acting force remain 
invariable the resulting motion of the 
centre of mass of the body does not 
depend on the point of application of 
the force: the centre will always move 
in the direction of the force and the 
momentum of the body will be expres- 
sed by formula (56.8). In this sense the 
second law of dynamics is applicable FIG. 146 

to any body; that is why the notion 

of the centre of mass plays such an important role in dynamics. 

It is expedient to make the following remarks concerning the basic notions 
introduced in this section. 

(1) The system of the external forces can be replaced by their sum (by the 
resultant external force), that is by one force under which the motion of the 
body remains the same as under the action of the given forces, only when the 
lines of action of all the forces (f;).,_ meet at one point or when the forces are 
parallel. At the same time, in all cases the resultant force completely specifies 
the motion of the centre of mass of the body. 

(2) Neither the resultant force nor the momentum of the body gives any 
information about the rotation of the body. At the same time, the law of motion 
of the centre of mass we have established implies the following important con- 
clusion: if the resultant of the external forces is equal to zero the momentum 
of the body does not vary during the time of motion or, in other words, the 
velocity of the centre of mass remains constant under the action of a system 
of external forces whose resultant is zero. When a body is first at rest relative 
to an inertial reference system and then starts moving under the action of 
a system of external forces with zero resultant force the centre of mass of the 
body remains at rest during the time of motion. 

The simplest example of a system of forces with zero resultant is a couple of 
forces. A couple of forces is a system of two parallel forces with equal magnitudes, 
opposite directions and different lines of action (Fig. 146). The action of a couple 
does not produce any displacement of the centre of mass. 

(3) The law of motion of the centre of mass describing the variation of the 
momentum and expressed by equations (56.6) and (56.7) which we have esta- 
blished for a single body remains valid for an arbitrary system of bodies. This 
general statement is proved in an analogous way. To this end, every body form- 


* Let the reader answer the following question: will the work performed by the force F 


be the same in both cases? 
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ing the system is divided into particles and the position of the centre of mass of 
the system is found for any time with the aid of formula (55.2) or (55.4). The 
mass of the system is understood as the sum of the masses of the bodies forming 
the system. By external forces are meant those forces which are exerted by the 
bodies not included in the system. The forces of interaction between the partic- 
les of one body or of different bodies forming the system are of course under- 
stood as internal forces, their sum being always equal to zero. The law expressed 
by formula (56.6) or (56.7) shows that when the resultant of the external forces 
is equal to zero the bodies included into the mechanical system in question 
can only move in such a way that the total momentum of the system remains 
invariable and the centre of mass is at rest or in a uniform rectilinear motion. 

The resultant of the external forces applied to a mechanical system can be 
equal to zero in the following two cases: either the system of the external forces 
reduces to a couple of forces or the action of the external forces does not produce 
any change in the mechanical state of the system. In the latter case we say that 
the system in question is isolated or closed. In such a system only the action 
of the internal forces should be taken into account and these forces cannot change 
the momentum of the system. 

The law of inertia stated earlier for a material point (particle) can now be 
generalized to any system of material bodies (particles): the momentum of an 
isolated mechanical system remains invariable and its centre of mass is either at 
rest or in a uniform rectilinear motion. This is the most complete and precise 
formulation of the law of conservation of momentum (expressing the inertia 
law) which holds for any isolated system of material bodies. Thus, the inertia 
law holds both for a single isolated particle and for any isolated system of 
particles. 

The law describing the variation of the momentum of a body or of a system 
of bodies written in form (56.6) and (56.7) gives some information about the 
motion of the system under the action of the given forces, namely, it specifies the 
translatory part of the motion. But it gives no information about the motion 
of the particles of two systems. Therefore, equation (56.6) or (56.7) does not 
itself provide a complete description of the process of motion within the system. 
However, there are many important cases when a detailed description of the 
motion of the particles forming the system relative to the centre of mass is 
unnecessary and when it is quite sufficient to know the translatory part of the 
motion. Then the whole system can be replaced by a point (placed at the centre 
of mass of the system) at which the whole mass of the system is concentrated 
and to which the resultant of all the external forces acting on the system is 
applied. In such cases it is sufficient to use only equation (56.7) to obtain the 
necessary information about the motion. 


o7. Plane Motion of a Body 


The investigation of the motion of a body when the point of application of 
the force applied to it is in an arbitrary position is a rather complicated task. 
We shall therefore begin with a plane motion of a body when all particles of 
the body move in planes parallel to a given fixed plane. For example, this is 
the case when a box is sliding on a smooth horizontal ice surface, a cylinder 
is rolling on a plane, and the like. 

Let us first discuss the results of some experiments. Suppose that, as shown 
in Fig. 147,a smooth board can only move on the smooth surface of the table. 
If we drive a nail into the board, attach a thread to it, and pull the thread the 
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board starts to move in such a way that the acceleration of the centre of mass of 
the board coincides in its direction with the acting force. If the motion starts 
from a state of rest and the thread has an invariable direction the velocity of 
the centre of mass must be in the direction of the thread. However, besides 
that motion, the board may rotate about a vertical axis. Changing the position 
of the nail in the board we observe that the rotation becomes slower when the 
point of application of the force is closer to the centre of mass. When the nail 
is exactly at the centre of mass, the board is in a translatory motion without 


FIG. 147 


rotation. In this case the moment of the external force about the vertical axis 
passing through the centre of mass is equal to zero. We can therefore draw the 
conclusion that the rotation of the board depends on the moment of the external 
force about that vertical axis. 

We now proceed to the following question: what is the relationship between 
the rotation and the moment of the force? It turns out that, as in the case of 
a body rotating about a fixed axis passing through its centre of mass, the moment 
of the force is equal to the moment of inertia of the body times the angular accelera- 
tion. 

Let us prove this assertion. To facilitate the computations we state a more 
general definition of the moment of a force about anaxis. Let R be the vector 
joining a point O on an axis with the point of application of a force F acting 
in a plane perpendicular to that axis and passing through the point O (see 
Fig. 148a where the axis is meant to be perpendicular to the plane of the figure). 
By the moment of the force F about the axis we mean the vector product of the 
vectors R and F: 

M = [RF] (87.4) 


According to the definition of the vector product, the magnitude of the moment is 
M = FR sina = Fh 


where h = R sin a is the arm of the force; this coincides with the former defi- 
nition of the magnitude of the moment of a force. Formula (57.1) automatically 
indicates the sign and the direction of the moment which is a vector perpendicu- 
lar to the plane of the motion. 

We now consider a plane motion of a body with' respect to a fixed reference 
system Ory (see Fig. 148b) not connected with the moving body. Let us take 
a sufficiently small particle of the body with mass Am; which can be regarded 


202 MECHANICS OF RIGID BODIES 


as a material point; the position of the particle is specified by the radius vector 
R, drawn from the origin O. Suppose that the ith particle is acted upon by an 
external force (f;)ex_ and by internal force (f;)\,4. Then the law of motion can 
be written for that particle in the form 


Am; maa} = (PF idexe + (FP i)int (97.2) 


where v; = on is the velocity of the particle relative to the fixed frame of 


FIG. 148 


reference Oxy. On performing the vector multiplication of both members of 
equation (57.2) by R, we obtain 


dv; 
Am; | Ri Ge | =(Ri(f dext] +1Ri (f d)int] (57.3) 
The term involving the time derivative can be rewritten as & [R,Am,v;] be- 
cause 
_ dR; 
Vi= Th 


and therefore 
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‘On adding together equations of type (57.3) written for all particles of the body 
we obtain 


— >, [Ri Amyvi)= >) [Ri (fidext] + D5 (Ri (FS dntl (57.4) 
i [i sj 
The first sum on the right-hand side is equal to zero since for every internal force 
there is a reaction force among the system of the internal forces which has the 
same magnitude and opposite direction and is applied to some other particle 
of the body. The sum of the moments of these two forces is equal to zero since 
their directions are opposite while the arms are equal. 

The quantity [R;Am,v,] is the angular momentum of the ith particle and the 
sum 


N= p> [Ri Am,vi] 


is the angular momentum (the moment of momentum) of the whole body (with 
respect to the axis passing through the point O). Now we can write the general 
law for a plane motion of a body regarded as a rotation of the body about a fixed 
axis passing through O: 
“dy 
dt 


= M (57.5) 


where 
M =») (Ri (Ff ext] 


‘Formula (57.5) reads: the time derivative of the angular momentum is equal to the 
sum of the moments of the external forces. Equation (57.5) is similar to formu- 
la (53.4) written for the case of a rotation of a body about an axis rigidly connec- 
ted with the body. The distinction between the formulas is that in formula (57.5) 
the velocities v; of the particles are not necessarily perpendicular to the vectors 
R,; and that the magnitudes and the directions of the vectors R; may vary in 
the course of the motion. 

Equation (57.5) can be given a clearer physical interpretation if we take 
into account the law of motion of the centre of mass (56.7). Let 


R; = Ro+1r; 


where R, is the radius vector of the centre of mass O’ and r; is the radius vector 
of the ith particle in the coordinate system O’z’y'’ which does not rotate and is 
connected with the centre of mass of the body (Fig. 148c). Then the velocity 
of the ith particle can be represented in the form 


Vi = 19 + Uj 
‘where 


ary 
ata 


Ro 


dt 


Vo= g ‘and u;= 

The radius vector of each particle can be written as the sum of the radius 
vector of the centre of mass and the radius vector of that point in the reference 
‘system connected with the centre of mass. Thesame relations hold for the veloc- 
ities. On substituting the indicated expressions in formula (57.4) we arrive at 


2S (Rot 11) Am: (vot wal = 5 (Ro 4d (F dex) 
| i 
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- {{Rovo] > Am + | Rot) Amu; | + ee Y; Amv | + D(riAm,e]} = 
j i ; P 
=[R » (f:) ext | a 2 [71 (Fidext] (57.6) 


According to the definition of the centre of mass the second and the; third sums 
in the curly brackets on the left-hand side of (57.6) are equal to zero. Indeed, 
we have the equality 


p> Amr; = 0 
The differentiation of this relation leads to 


2 Am, —+* ri = a Am;u;=0 


aii 


ar {[Romvy] + > Btn Amui}} = (RoF 1+ D (rdf daa (87.7) 


where m = >, Am, is the,mass of the whole body and F = ).(fi)ext is the sum 


of all external forces acting on the body. The first terms on the right-hand and 
left-hand sides of (57.7) are equal to each other because 


& [Romvg| =[H* muy |+| Rom 22 ] = [RFI 


since ae = v, and, according to (56.7), m are = F’, 
We thus arrive at a remarkable relation aon can be written as 
aN , 
= Mo (57.8) 


where N, = >, [r;Am,u,] is the angular momentum with respect to the axis 
i 


passing (at any given time ¢) through the centre of mass O' and M, = 
= >) Ir; (fiext] is the moment of the external forces with respect to that axis. 


Formula (57.8) indicates that for any compound plane motion of a body the 
time derivative of the angular momentum with respect to the axis passing through 
the centre of mass of the body is equal to the resultant moment of the external forces 
with respect to the same azis. The rotational part of the motion is quite similar 
to a rotation about a fixed axis rigidly connected with the body and occupying 
an invariable position in space (see 53.4). 

Since the centre of mass of a rigid body is in a fixed position relative to the 
body, the velocity uw; can be represented in the form u; = [wr;,] where the direc- 
tion of the vector @ is always perpendicular to the plane of motion. Therefore, 
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the expression of the angular momentum can be transformed as follows: 


Di Lae Amy we] = 3 (rs Am, [ory]] = 0D) Amr? * 


The quantity /,= ps Am,rj? is nothing but the moment of inertia of the body 


with respect to the axis passing through the centre of mass. Hence, as in the 
case of a rotation with respect to a fixed axis, equation (57.8) assumes the form 


I, = =e (57.9) 


The vectors o, a and M, are always perpendicular to the plane of motion. 
When the resultant of the external forces meets the axis passing through 
the centre of mass we have M, = 0 and = (0. This means that in case the 


line of action of the resultant external force intersects the axis passing through 
the centre of mass the angular acceleration is constant. If at an initial instant 
the body is at rest, that is o, = O where a, is the initial angular velocity, then 
® must all the time be equal to zero. In other words, in this case the body is in 
a translatory motion. If the initial angular velocity o, is different from zero 
then, under the same conditions, the body continues to rotate with the con- 
‘ , d@ 

stant angular velocity @ = @, since a 0 

Let us discuss a special case when a plane motion is produced by a couple 
of forces. Since the parallelfforces forming a couple are of equal magnitudes and 
opposite directions the resultant force of a couple is always equal to zero. In the 
case under consideration the centre of mass must therefore be at rest or in a 
uniform rectilinear motion. If the centre of mass is at rest before the couple 
has been applied to the body it remains at rest under the action of the couple. 
Thus, a body acted upon by a couple of forces is in a rotational motion about the 
axis passing through its centre of mass irrespective of the positions of the points 
of application of the forces forming the couple, the rotation being completely speci- 
fied by the direction and the moment of the couple. 

The moment of a couple of forces about any axis has the same magnitude equal 
to the product of the magnitude F of the forces forming the couple by the dis- 
tance H between the lines of action of the forces (see Fig. 149; the distance H is the 
arm of the couple). Indeed, the sums of the moments of the forces about the 
axes passing through two arbitrary points O, and O, are 


M=F(H+hy)—Fh,=FH and M=Fh,+Fh,=FH 


respectively. 

Let us sum up the results we have established. A plane motion of a body under 
the action of external forces can be represented as a combination of a translatory 
motion and a rotational motion in which the body takes part simultaneously. 
The acceleration of every particle of the body is equal to the sum of the accele- 
rations of the translatory and of the rotational motion of the particle about the 
axis passing through the centre of mass of the body. The acceleration of the 


* In these calculations we use the formula [a[be]] = 6 (ac) — c (ab) known from vector 


algebra. 
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translatory motion is the same for all particles and is given by the formula 
pe (57.10) 


m 
where F = >> (f;)ext is the resultant of all external forces and m is the mass 
i 


of the body. The direction of the acceleration a coincides with that of the resul- 
tant force F. The magnitude of the angular acceleration of the rotational motion 


FIG. 149 


about the axis passing through the centre of mass is expressed by the formula 


dw M 


where M is the magnitude of the resultant moment of all the external forces 
about the axis passing through the centre of mass and J is the moment of iner- 
tia of the body with respect to that axis. 


58. Rolling Motion of a Cylinder on a Plane. 
Maxwell’s Pendulum 


As an example of a plane motion, we consider a rolling motion of a cylinder 
(or a wheel) on a plane. Such a motion is shown schematically in Fig. 150. 

The axis of the cylinder moves with a velocity v, while the cylinder itself 
rotates with an angular velocity w. If the cylinder rolls on the plane without 
sliding then v, and w are connected by the relation 


= oR 9 (58.1) 


where AR, is the radius of the cylinder. This obviously follows from the fact 
that the displacement v, dt of the axis during time interval from ¢ to ¢ + dt 
is equal to the length wR, dt of the corresponding circular arc of radius Ro 
travelled by the point of contact of the cylinder and the plane during the same 
time. 

When vy > oy or vo < wR, the point of contact slides and the cylinder 
rolls with sliding. In the first case the velocity of the point of contact is directed 
forwards and in the second case backwards. 
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In both cases the velocity of a point of the cylinder is given by the formula 
Uo + [or] (58.2) 


where r is the radius vector joining the axis of the cylinder to that point (r is 
perpendicular to the axis of the cylinder). The} motion of the cylinder is the 
combination of the translatory motion with velocity v, and the rotational motion 
with angular velocity o. 


FIG. 150 FIG. 154 


An arbitrary plane motion of a body can be represented as a (pure) rotation 
about an instantaneous axis. By that axis is meant a straight line passing through 
those points fixed relative to the body which are at rest at the given instant. 
In the case of a cylinder rolling without sliding on a plane the instantaneous 
axis passes through the point of contact of the cylinder and the plane. This point 
of the cylinder has a zero velocity at any given instant. The velocities of all the 
other points of the body can be found if we take into account that during time dt 
the cylinder turns about the instantaneous axis (passing through the point A 
in Fig. 150a) with angular velocity mo. Let R = R,+ r be the radius vector 
of a point B (see Fig. 150a) issued from the instantaneous axis perpendicularly 
to it and let R, be the radius vector drawn to the axis of the cylinder from the 
point A. The velocity of the point B can be written as 


v = [oR] 


that is 


v= [wo (R,4+ r)] = v, + lor) (58.3) 


where v, = [MR,] is the velocity of the axis of the cylinder (coinciding with 
the velocity of the translatory motion). It is obvious that the instantaneous 
axis moves with velocity v, in the plane and that at different time moments it 
passes through different points of the cylinder. The axis of rotation passing 
through the centre of the cylinder also moves in space but retains a fixed posi- 
tion relative to the particles of the cylinder. 

When the cylinder rolls with sliding the instantaneous axis of rotation no 
longer passes through the point of contact. In the case vy > wR, (see Fig. 1500) 
the instantaneous axis passes through a point A lying below the plane and the 
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cylinder slides with velocity v,.* In the case vy <Q wR, the instantaneous axis 
passes above the plane. In all the cases of the rolling motion of the cylinder 
the instantaneous axis moves in a line parallel to the plane with velocity v, 
{with which the geometrical axis of the cylinder moves). 

Now let us discuss the dynamical aspect of a rolling motion of a cylinder 
on a plane. Let a cylinder of radius AR, roll down an inclined plane forming an 
angle a with the horizontal plane (Fig. 151). The cylinder is acted upon by three 
forces: the gravity force P, the force of normal reaction of the plane N and the 
friction force F between the cylinder and the plane. We begin with determin- 
ing the acceleration of the translatory part of the motion. Since the cylinder 
does not leave the plane in its motion, the component of the acceleration of 
the centre of mass of cylinder normal to that plane is equal to zero, that is 


Pcosa—N=0 (58.4) 


The magnitude of the component of the resultant of all the external forces in 
the direction parallel to the inclined plane is equal to 


f=Psina—F (58.5) 


The latter force determines the acceleration of the centre of mass, that is the 
acceleration of the translatory motion along the inclined plane. The magnitude 
of the acceleration therefore is given by the expression 


a=L— = (Psina—F) (58.6) 


where m is the mass of the cylinder. The angular acceleration is determined by 
formula (57.11) and is completely specified by the moment of the friction force F 
(which is the only external force not passing through the centre of mass) and by 
the moment of inertia J of the cylinder with respect to its central axis. Thus, 
we have 

dw M FR, 


7 a aa ee) 


where R, is the radius of the cylinder. 
Equations (58.6) and (58.7) are always valid irrespective of whether the 
cylinder rolls on the plane with sliding or without it. However, these equations 


do not enable us to find the three unknown quantities Ff, a, and ie and it is 


therefore required to establish an additional relation. When the cylinder rolls 
down the inclined plane without sliding the angular and the linear accelera- 
tions are connected by the relation 


d e 
a= Ro (58.8) 
following from formula (58.1). On solving the three simultaneous equations 


(58.6), (58.7), and (58.8) we find the acceleration a. The last two equations 
give us 


(58.9) 


* If we imagine a weightless disk of a sufficiently large radius attached to the rolling 
cylinder then the instantaneous axis passes through the point of the disk lying below 
the plane on a circle of radius OA with centre at O. 
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and the substitution of (58.9) in the first equation results in 


: la 
ma=Psina— rp 
whence 

a mg sin @ = gsina (58.10) 
R? mR? 


where g is the acceleration of gravity. 


FIG. 152 


Consequently, the acceleration a depends solely on the angle of inclination 
of the plane and onth ratio J/mRj. The greater this ratio, the smaller the acce- 
leration. The acceleration a cannot be smaller than 1/2 g sin a because we have 


IT<mR; 


for any cylinder. Indeed, only in the case of an (imaginable) hollow cylinder 
of infinitesimal width and radius Ry whose all mass is concentrated on its sur- 
face we have J = mRi; for a real very thin hollow cylinder we have 


I~mRi (I< mR) 


We see that in reality 1 << mR?. The ratio I/mRj is independent of the mass 
of the cylinder and is specified only by the distribution of the mass over the 
volume of the cylinder. 

For a homogeneous cylinder we have J] = 1/2mR?. Hence, the acceleration 
which such a cylinder has when it rolls without sliding down an inclined plane 
depends solely on the angle of inclination of the plane and is equal to 2/3g sina. 

Suppose we have two homogeneous cylinders made of one material and having 
equal radii, one of them being solid and the other hollow (see Fig. 152). Which 
of them rolls down faster? It is obvious that the ratio I[/mR is greater for the 
hollow cylinder since the particles it consists of are at greater distances from 
its axis (see also formulas (59.4) and (59.5)). Therefore, the acceleration of the 
solid cylinder is greater and the cylinder rolls down faster. 

From equations (58.9) and (58.10) we readily find the friction force: 

| gL Sedat (58.44) 
mR 
a 


14—0776 
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The friction force depends on three parameters, namely the angle of inclina- 
tion a, the gravity force P = mg and the ratio mR2/I. 

As the angle of inclination @ increases, the acceleration of the axis of the 
rolling cylinder grows proportionally to sin a. It is always less than the accele- 
ration g sin a with which a body moves sliding down the same inclined plane 
without friction (and without rotation) but it is greater than half that accelera- 
tion. The acceleration of the cylinder rolling down the plane is less than the 
acceleration of a body with the same mass sliding down the plane and this. 
phenomenon can be interpreted (formally) as an increase of the “inertia” of the 
cylinder because of the rotation of the former. This increase of the “inertia” 
depends on the ratio J/mR?. 

All that has been said concerns a rolling motion of a cylinder without slid- 
ing. A rolling motion with sliding can be investigated in like manner. This can 
easily be done under the assumption that, as in the case of friction of rest, the 
force of rolling friction has a maximum value pN where yp is a constant pro- 
portionality coefficient and N is the force of normal pressure exerted by the 
cylinder on the plane. Then the cylinder rolls without sliding when 


F<opNn (58.12) 
where F is the friction force whence, by (58.4) and (58.11), we obtain 
tana<p (4;+ 722 ) (58.13) 


Thus, for a cylinder to roll without sliding the angle of inclination must not 
exceed a definite value. A cylinder rolls with sliding only when the tangent of 
the angle of inclination of the plane is greater than 


U (4 ae mee ) (58.14). 


In this case the magnitude of the acceleration of the axis of the cylinder is equal 
to 


a=—(P sina —plV) = g (sin @ —pcos @) (58.15): 


Maxwell’s Pendulum. Let us consider a small disk with a shaft to which two 
threads of equal lengths are attached (see Fig. 153). Such a device is known as 
Maxwell’s pendulum. Imagine that the pendulum is suspended from the threads. 
and that the threads are wound onto the shaft after which the pendulum moves. 
downwards under the action of its weight. During the first part of the motion 
the threads wind off the shaft until the pendulum achieves its lowermost posi- 
tion (specified by the length of the threads). During the second part of the motion 
the disk rotates in the same direction and the threads again wind onto the shaft. 
This results in the upward motion of the pendulum. In the second part the rota- 
tion of the disk decelerates until the disk attains its uppermost position. Then 
the disk again moves downwards and so on. Because of the air friction the 
amplitude of the oscillation of the pendulum decreases and in some time the 
pendulum stops oscillating. However, since the friction forces are small the 
oscillation of the pendulum during several first upward and downward cycles 
of the motion can approximately be considered as a periodic process. 

Let us set the dynamical equation of motion of the disk. Denoting by P the 
force of gravity, by f the magnitude of the tensile force in one thread, by RA the 
radius of the shaft we can write the equation of the translatory motion of the 


disk in the form 
P — 2 = ma (58.16) 
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where a is the acceleration of the centre of masses. The equation of the rotation 
motion is 
2fR=1 ne (58.17) 
t 
where w is the angular velocity of the disk and J is the moment of inertia of 


the pendulum. The velocity v of the centre of mass, that is the velocity of the 
axis of the shaft, and the angular velocity w of the rotation of the disk are con- 


FIG. 153 FIG. 154 


nected by the relation v = wR. Consequently, the linear acceleration a and the 
do 


angular acceleration Bp = > are connected by the formula 
dw 
a=R— (58.48) 


On solving the system of simultaneous equations (58.15), (58.16), and (58.17) 
in three unknowns we find the acceleration of the centre of: mass 


P 


and the force of tension of the thread 
‘Pp i 
1= > Ti mke pe) 


It should be noted that the acceleration and the tensile force are independent 
of whether the disk moves upwards or downwards. In the oscillation process the 
velocity changes sign while the acceleration does not since the forces do not 
change their signs. 

The fact that the force of tension of the threads remains constant in the up- 
ward and downward cycles of the motion can readily be confirmed experimental- 
ly. To this end we can attach the upper ends of the threads to a beam balance 
(see Fig. 154). On releasing the pans of the balance as the disk moves upwards 
or downwards we readily see that the “weight” of the pendulum is independent 
of the direction of motion. It is apparent that that “weight” is equal to 2f where 
f is the tension of each thread. 


14* 


749 MECHANICS OF RIGID BODIES 


The pans must not be released when the pendulum is in its lowermost posi- 
tion because the change of the direction of motion is accompanied with impact 
which may destroy the balance. 


39. Moments of Inertia of Some Bodies. 
Huygens-Steiner Parallel Axes Theorem 


(1) Moments of inertia of a homogeneous cylinder with respect to the geometrical 
azis. A hollow or a solid cylinder can be divided (mentally) into (infinitely) 


FIG. 155 FIG. 156 


thin cylindrical layers whose particles are at the same distance from the axis. 
Let a solid homogeneous cylinder of radius A, be divided into concentric layers 
of width dR as shown in Fig. 155. The mass of the particles forming a layer of 
radius R is equal to 

dm = 2nRho dR (59.1) 
where h is the altitude of the cylinder and 0 is the mass density of the material 
of the cylinder. Since all the particles of the layer are at the same distance R 
from the axis the moment of,inertia of the layer is equal to 


dl = dm R* = 2nphR? dR (59.2) 
The moment of inertia of the wholecylindercan befound by adding together 


these infinitesimal moments of inertia, that is the total moment of inertia J 
is given by the formula 


Ro 
T= j dI = j R2.dm = 2noh ) R° dR = 2nph “2 (59.3) 
0 


Taking into account that the mass of the cylinder ism = nRihp we can re- 
write (59.3) as 
[= + mR (59.4) 
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Thus, the moment of inertia of a homogeneous solid cylinder is equal to its 
mass times half the square of its radius. 

The moment of inertia of a hollow cylinder with inner radius AR, and outer 
radius R, can easily be found with the aid of a formula similar to (59.3) in which 
the integration should be performed from the lower limit equal to R, to the 
upper limit equal to R,: 

Ro 


I=2nph | R°dR = 2nph (= — aL) (59.5) 
Ri 


4 4 


Noting that the mass of such a cylinder is m = np (R? — Ri) h we can write 
(59.5) in the form! 


I = m(R3+ R) (59.6) 


In the same manner we can easily find the moment of inertia of any body repre- 
sentable as a collection of hollow cylinders, rings, disks, and the like. 

(2) Moment of inertia of a solid of revolution. By a solid of revolution is meant 
a body whose surface is formed by the rotation of a plane curve about an axis 
lying in the plane of that curve. This curve is called the generatrix of the sur- 
face of revolution. Suppose that a curve f (hk), lying in one plane with an axis 
OO' (Fig. 156), whose end points are on the axis is rotated about that axis to 
form the surface of a homogeneous body. Given the density p of the material 
of the body and the function f (A), it is required to compute the moment of iner- 
tia of the body with respect to the axis OO’. To this end we divide the body into 
infinitely thin disks of altitude dh. The moment of inertia of such a disk is 
equal to 


d[ = > dm f? = + nof* dh (59.7) 


Consequently, the moment of inertia of the whole solid of revolution is 
1 ° 
IU 
I= 3 \ dmp= +p | fan (59.8) 
0 


The function f (h) being known, we can readily compute the moment of inertia 
of the solid of revolution by formula (59.8). 

Moments of inertia of a cone and of a ball. For a cone of altitude H the func- 
tion f (kh) can be written as f = (R,/H) h (see Fig. 157a). On substituting this 
expression in formula (59.8) we find the moment of inertia of the cone: 


H 
BL Ry \4 U R, \4 H5 
1=5 0 (3p) | wan=F (at) > 2) 
0 
As is known, the volume of such a cone is equal to. aRot , and formula (59.9) 
cap therefore be rewritten as 
I= mR? (59.10) 


where m is the mass of the cone. 
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The moment of inertia of a ball can be found in like manner. To simplify the 
calculations, let us first compute the moment of inertia of the upper half of 
the ball cut from the whole ball by the plane passing through its centre per- 
pendicularly to the axis of revolution (Fig. 157b). We have f2 + h? = R* whence 


P=Ro—Wv (59.44) 


On substituting this expression in formula (59.8) and performing the integra- 
tion from 0 to Ry, we obtain the moment of inertia of the half of the ball. Let 


FIG. 157 


the reader complete the calculations and compute the moment of inertia of 
the whole ball, which turns out to be 


2 
[== mR? (59.12) 


(3) Computing the moment of inertia of a body with respect to an axis passing 
through its centre of mass which is not an axis of symmetry of the body. Up till 
now we have computed moments of inertia with respect to an axis of symmetry 
of a body. In the case of an arbitrary axis passing through the centre of mass the 
computation becomes more difficult. Therefore, we shall only consider a very 
simple example of the moment of inertia of a homogeneous rod of length / and 
mass m with respect to an axis forming an angle of a with the centre line of the 
rod and passing through the‘centre of mass (Fig. 158). Let x denote the distance 
of a particle of the rod of length dz from the midpoint of the rod. The mass of 
this particle is dm = (m/l) dx and the distance f between the particle and the 
axis is f = z sin a. The moment of inertia of the particle is equal to 


dI = dm f= — dzz*sin?a 


and the moment of inertia of the whole rod is 
1/2 1/2 


j=2 tied 2” sintat | Pag ap ml? sin? a (59.13) 
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It is obvious that if the rod is perpendicular to the axis (a = 1/2) then 


[= = ml? (59.14) 


In these calculations the rod is supposed to be very thin; mathematically, this 
assumption means that the dimensions of the cross section of the rod are infi- 
nitesimal. Therefore, the result we have obtained has a practical meaning only 
when the dimensions of the cross 
section of a real rod are negligibly 
small in comparison with its length. 

Moment of inertia of a thin disk with 
respect to an arbitrary axis lying in the 
plane of the disk. The above result 
obtained for a thin rod can be used 
for computing the moment of inertia 
of a disk. Let a disk of radius R, be 
split (mentally) into thin “rods” per- 
pendicular to the given axis. The 
mass of such a “rod” of width dh lying 
at a distance h from the centre of the 
disk is equal to 


and, by formula (59.14), its moment 
of inertia, is 


2 mV RoE | 
dl == nV (R? —h2) dh FIG. 158 


‘Consequently, the moment of inertia of the whole disk can be computed by the 
formula 


Ro 
T= a \ (R3 — h?) 2 dh = mR?* (59.15) 


(4) Computing the moment of inertia of a body with respect to an axis not passing 
through its centre of mass. If we manage to find in a certain way the moment of 
inertia of a body with respect to an axis passing through its centre of mass then 
the moment of inertia with respect to any parallel axis can readily be found. 
Let the former moment of inertia be J, then the latter moment of inertia I is 
expressed by the formula 


I =I,+ ma (59.46) 


where m is the mass of the body and a is the distance between the two axes. For- 
mula (59.16) is known as the Huygens-Steiner parallel axes theorem. Let OO' be 
the axis passing through the centre of mass with respect to which the moment of 


* When computing the integral we use the substitution Ry, sin a = A and take into account 
wt 


3 
4 Ss 
that costa: da ig ™ 
0 
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inertia J, is known. We take the line OO’ as the z-axis of a rectangular coordi- 
nate system and draw the zxy-plane through the centre of mass of the body, the 
origin being at the centre (Fig. 159a). Let the other axis O”O” parallel to the 
former axis pass through a point (29, y,). Denoting the distance between the 
two axes by a we can write 


a=xit ys (59.17) 


Let a particle of mass Am; have coordinates z; and y;; then the moment of iner- 


FIG. 159 


tia of the body with respect to the axis OO’ passing through thecentre of mass 
is equal to 


[y= >) Am; (xi +?) (59.18) 


The square of the distance between the ith particle and the other axis O”O” is 
equal to 


(2; — 2)? + (Yi — Yo) 


and therefore the moment of inertia of the body with respect to the second axis 
is written in the form 


I = >) Am; [(2;— 20)? + (Yi — Yo)? 
On removing the brackets and performing the summation we find 


[= (a2 +y3) > Am, + >) Am; (23+ y?) — 2a 3) Amix; —2yy DS Amiy; (59.19) 


Taking into account formulas (59.17) and (59.18) and also the fact that, ac- 
cording to formulas (55.1) derived for the centre of mass, the last two sums on 
the right-hand side of (59.19) are equal to zero we arrive at the desired rela- 
tion (59.16). 

Thus, when the moment of inertia with respect to an axis passing through 
the centre of mass is known the moment of inertia with respect to any parallel 
axis can easily be found by formula (59.16). 
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Let us apply this result to the computation’of the moment of inertia of a cyl- 
inder with respect to an axis passing through its generatrix. By formulas 
(59.4) and (59.16), this moment of inertia is readily found: 


— mRi+ mR => mR? (59.20) 


Formula (58.16) can also be used for computing the moment of inertia of a cyl- 
inder with respect to an axis OO’ perpendicular to the geometrical axis of the 
cylinder (see Fig. 159b). To this end we divide the cylinder into infinitely thin 
disks, determine the moment of inertia of each disk with respect to the axis 
lying in the plane of the disk and parallel to OO’ using formula (59.15) and 
then apply formula (59.16) to compute the moment of inertia of such a disk 
with respect to the axis OO’. Finally, adding together the moments of inertia 
of all the disks we determine the sought-for moment of inertia of the whole cylin- 
der consisting of these disks. As an exercise, let the reader perform the calcu- 
lations and find the moment of inertia of a cylinder of radius R and altitude H 
with respect to the axis OO’ (Fig. 159d). 


60. Kinetic Energy of a Body for Simultaneous Translatory 
and Rotational Motions 


The kinetic energy of a rigid body is the sum of the kinetic energies of the 
particles the body is formed of. The kinetic energy of a particle of mass Am; 
is equal to 

Amjv? 


2 


where 0; is the linear velocity of the ith particle. It can be represented as a sum 
of two velocities: the velocity v, of the centre of mass and the velocity uw; of 
the ith particle relative to a coordinate system which is connected with the 
centre of mass and is in a translatory motion together with it: 


Vi = UOT Uj (60.1) 
The kinetic energy of the whole body is therefore 
4 4 
bya > 2 Ami => a Am; (V9 + 4)? = 


= a Am; + U9 py Am,;u; ++ 2D Am,u} 


that is 


2 
i = +5 > Ami > (60.2) 


because >) Am,u; = 0 (see Sec. 56). 


2 
This important relation applies to any motion of a rigid body and not only 
to one rigid body but to any system of rigid bodies as well. 


2 
Thus, the kinetic energy of a body consists of the two parts (2 | and 


(> Am,u?), the former being the kinetic energy of the translatory motion and 


2 
the latter the kinetic energy of the relative motion with respect to a reference 
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system which is connected with the centre of mass and is in the translatory 
motion together with the centre of mass of the body. 

Any plane motion of a rigid body can be represented as a combination of two 
motions: the translatory motion together with the centre of mass and the rota- 
tional motion about the axis passing through the centre of mass and remaining 
parallel to a fixed direction in space during the motion. That is why in this 
case the kinetic energy of a motion relative to the centre of mass is the energy 
of the rotation of the body about the axis passing through the centre. 


As was shown (see (54.2)), the kinetic energy of the rotation of a body with 
angular velocity w is equal to 


Iw? 
5 (60.3) 


where I = >) Am,r? is the moment of inertia of the body with respect to the 
2 


corresponding axis passing through the centre of mass. 
Consequently, the total kinetic energy is 


2 
Ey =-3¢ +-- (60.4) 


Thus, the kinetic energy of a body in an arbitrary plane motion is the sum of 
the kinetic energy mv?/2 of the translatory motion and the energy /w?/2 of the 
rotational motion. 

We now consider an example in which the application of the law of conserva- 
tion of energy provides a simple solution to the problem. 

Let two cylinders of equal masses m and equal radii R roll down an inclined 
plane without sliding (see Fig. 152). In this case formula v = wR is valid for 
both cylinders where w denotes their angular velocities and v the velocities 
of their central axes. Suppose that the cylinders start rolling from the state 
of rest at the same height A over the horizontal plane and that the moments of 
inertia J, and J, of the cylinders are unequal. The question to be answered is 
which of the cylinders reaches the horizontal plane faster. 

By the energy conservation law, the kinetic energies of the cylinders at the 
instants when they reach the horizontal plane are equal. Indeed, they must 
be equal to the potential energies of the cylinders in their initial positions, 
both potential energies being equal to PH where P = mg is the weight of each 
cylinder. Consequently, we can write the equalities 


mv? I,o? mv T,03 
bo yg = gg 
where 1,1, Ve, and w;, Wy are, respectively, the terminal linear and the angular 
velocities of the first and the second cylinder when they roll down from the 
height H. Taking into account the relation v = wR mentioned above, which 
indicates the absence of sliding, we can write y, = o,R andv, = ow, and there- 
fore equalities (60.5) imply 


(60.5) 


v} (m + a ) =v% (m +2) (60.6) 


Now it follows that the cylinder with a smaller moment of inertia reaches the 
horizontal plane faster than the other cylinder with a greater moment of iner- 
tia. 

The energy conservation law expressed by formula (60.5) for the case of a 
cylinder rolling“down an inclined plane without sliding establishes a one-to-one 
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relationship between the height from which the cylinder starts rolling and the 
velocity of its centre; this formula is analogous to the one derived earlier for 
the case of a free fall of a body. 


61. Free Axes of Rotation 


When a fixed axis about which a body rotates does not pass through the 
centre of mass of the body the centrifugal forces of inertia exert pressure on 


Bd AC 


+— — 


AG AC 


FIG. 160 


the axis. For instance, if a thin rod (Fig. 160) is rotated about an axis passing 
near its end (see Fig. 160a) the centrifugal force of inertia which is equal to 


mw*R 


{where m is the mass of the rod and AR is the distance between the centre of 
mass of the rod and the axis of rotation) bends the axis. It is evident that when 
the axis of rotation passes through the centre of mass of the rod (Fig. 1600) 
there are no bending forces. In this case the centrifugal force acting on one half 
of the rod is balanced by the centrifugal force acting on the other half. When 
the axis of rotation passes through the centre of mass and the rod is fixed on the 
axis as shown in Fig. 160c so that it forms an acute angle with the axis of rota- 
tion, the resultants of the centrifugal forces of inertia applied to both halves 
of the rod form a couple of forces whose moment also produces the bending of 
the axis. 

Hence, a rotating body exerts no action on the axis of rotation when the axis 
passes through the centre of mass and the resultant moment of the inertia 
forces with respect to any axis perpendicular to the axis of rotation is equal to 
zero. 

When a body possesses symmetry axes the directions of the axes of rotation 
on which the rotating body exerts no action can readily be determined. For 
instance, a rectangular parallelepiped made of a homogeneous material and 
shaped like a match-box (Fig. 161) possesses three mutually perpendicular 
symmetry axes which pass through the centres of the opposite faces of the paral- 
lelepiped. When this body is rotated about one of these axes the rotation pro- 
duces no action on the bearings supporting that axis. That is why such axes of 
rotation are called free axes. To check the indicated property let us make this 
free parallelepiped rotate about one of these axes. If there are no external forces 
the rotation will last indefinitely. But when a body is made to rotate about an 
axis not coinciding with one of the free axes (for instance, when the parallelepi- 
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ped, in Fig. 161 is made to rotate about an inclined axis ab) then the body, after 
it starts moving by itself, will no longer be in a pure rotational motion about 
that axis and the motion of the body will be compound. 

The axis I-I’ (see Fig. 161) passing through the largest faces of the parallele- 
piped corresponds to the greatest moment of inertia while the axis JJ-JI’ corre- 
sponds to the smallest moment of inertia. As will be shown in Sec. 64, any body 
possesses three mutually perpendicular free axes passing through its centre 
of mass. In the general theory it is proved that the rotation about the free axis 


FIG. 161 FIG. 162 
(a) A | Section A-B 
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corresponding to the moment of inertia having the intermediate value (in 
comparison with the greatest and the smallest moments of inertia) is unstable. 
For example, this is the case when the body shown in Fig. 161 rotates about the 
axis III-III’. 

The stability of the rotation about the free axis with the greatest (or with 
the smallest) moment of inertia can be demonstrated by throwing an empty 
match-box with rotation (see Fig. 162). The box will be in a stable rotation (and, 
simultaneously, in a translatory motion which is of no importance for our dis- 
cussion) when it is thrown so that it rotates about the axis J-J’ or IJ-II’ (com- 
pare with Fig. 161). On the contrary, when the box is made to rotate about the 


CH. 7 MOTION OF A RIGID BODY 221 


free axis JJJ-III’ it does not retain a stable rotation and, due to the instability, 
the motion no longer remains plane. 

A simple and visual demonstration of the role of the free axes gives a cylinder 
falling “head over heels” down inclined plane (Fig. 163c). Let the cylinder be 
made of a light material (for instance, of foam plastic) and let, as shown in 
Fig. 163a, two small lead loads be inserted into its face planes. The centre of 
mass of the cylinder lies on its axis; however, because of the loads, this axis is 
obviously no longer a free axis of the cylinder. The cylinder rolls down the 


(5) 


FIG. 164 


inclined plane. When the inclination of the plane is small the cylinder rolls 
down like an ordinary homogeneous cylinder (see Fig. 1635). But when we try 
to make it roll down the plane with a sufficiently large angle of inclination 
the cylinder, when its speed becomes sufficiently high starts to move irregularly, 
to jump up and to fall “head over heels” (Fig. 163c). 

A stable rotation of a body about its free axis can also be demonstrated as 
follows. The given body, for instance, a metal disk, is suspended from a thread 
attached to a rotating shaft as shown in Fig. 164. When the velocity of the 
rotation is low the disk rotates as is shown in Fig. 164a. As the angular velocity 
is increased, the disk, after several swings, starts rotating about the free axis 
of stable rotation. The motion becomes so stable that even the action of the 
force of weight of the body (which tends to change the position of the axis of 
rotation) does not affect the rotation significantly. 


62. Kinematics of a Rigid Body 


In the general case when the line of action of the resultant of the external 
forces appliedtoa body doesnot pass through the centre of mass the body is no 
longer in a pure translatory motion. The motion of the body becomes compound 
and is a combination of a translatory motion and a rotational motion. For 
instance, this can be observed in a rotation of a body about an axis not coin- 
ciding with one of its free axes. 
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When the resultant of the external forces passes through the centre of mass. 
the law of motion has a simple form analogous to that describing the motion of 
a material point. In this case all particles of the body have the same accelera- 
tion and the body is in a translatory motion so that every line connected with 
the body remains parallel to itself in the course of the motion. 

In the general case the motion of a body can be represented as a combination 
of a translatory motion (completely specified by the motion of the centre of 
mass) and a rotational motion about an axis passing through the centre of mass. 
Generally speaking, in the course of the motion this axis may change 

its position relative to the body and 
its position in space. 

A’ Here we do not discuss the complex 
laws of motion for the general case of 
a compound motion of a body and 
limit ourselves to some jexamples in 
which one point of the body is fixed. 
These examples will play an impor- 
tant role in what follows. 

First of all we note that when a 
rotation of a body about a fixed axis is: 
investigated it is convenient to repre- 
sent the velocities of different points. 
of the body in the following way. Let 
us choose a point O on the axis of 
rotation AA’ (Fig. 165) and take it as 
the origin of a fixed coordinate system 
Oxyz. Then the position of every par- 
ticle of the body at any instant tis 
specified by its radius vector R;. The 
velocity of the ith particle can be 
written as 


v, = [oR] (62.4) 


FIG. 165 where the vector of angular velocity @ 
is directed along the axis of rotation in 
accordance with the right-hand screw rule. Indeed, the distance from that par- 
ticle to the axis is p; = R; sin o and it is evident that formula (62.1) deter- 
mines correctly both the magnitude and the direction of the velocity v; of the 
particle. As is readily seen, the velocity of the ith particle is normal to the plane 
passing through the vectors w and R;, and its magnitude is equal to pj. 
Let us draw some useful conclusions from the possibility of the representation 
of the velocities v; of the particles by formula (62.1). 
(a) The magnitude and the direction of the velocity v; is independent of the 
position of the point O on the axis of rotation. For example, taking another 
point O’ (see Fig. 166a) as the origin we obtain 


i ee [oR§) = [ok;] and VU; = 0; 


(b) Since the angular velocity @ is a vector it can always be resolved into 
two vector components , and @,. Accordingly, the rotation about the axis 
AA’ with angular velocity w can be thought of as a combination of two simul- 
taneous rotations about the corresponding axes OC and OE (Fig. 1666) with 
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angular velocities @, and @,, respectively. Indeed, since © = @, + @, we have 
v0; = (OF) = (©, Rj) + [O22 jy) = vi + Vie 


where v;, = [o,R;] is the linear velocity in the rotation of the ith particle about 
the axis OC and v;, = [w,R;] is the velocity of that particle in its rotation 
about the axis OE. 

(c) There is an alternative representation of the rotation about the axis AA’ 
which sometimes proves convenient. Let us choose an arbitrary point B con- 
nected with the body and take a reference system Bz'y'z’ (see Fig. 166c) which 


FIG. 166 


is in a translatory motion (in a circle). Then the motion of the body can be 
thought of as a rotation with angular velocity wo about an axis passing through 
the point B. Indeed, since R; = R,z + Ri formula (62.1) implies 


v; = (oR) =[oRs] + (oR? = v5 + [ORT] 


where v; = [@R,]. In other words, the velocity of every particle of the body 
can be represented as the sum of the velocity of the point B and the velocity 
resulting from the rotation of the body with angular velocity about the axis 
parallel to AA’ and passing through the point B. 

Now let us consider a more complex motion of a rigid body when an axis of 
rotation OA invariably connected with the body is itself in a rotational motion 
about a fixed axis OB. For instance, this is the case for a rotating globe attached 
to a rotating shaft as shown in Fig. 167. 

Let a body rotate with an angular velocity wo, about an axis OA connected 
with a moving body while the axis OA is itself in a rotational motion about a 
fixed axis OB with angular velocity w, (Fig. 168). The compound motion of 
the body can be resolved into two simple motions: a pure rotation about the 
axis OA with velocity w, (as if it were fixed, that is as if we had o, = 0) and 
a pure rotation of the body about the axis OB with angular velocity w, (as 
if there were norotation about the axis OA, that is as if we had a, = 0). The 
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FIG. 169 


linear velocity wv; of the ith particle in the resultant compound motion when 
both rotations about the axes OA and OB take place simultaneously can be 
found as the sum of the following two velocities: the velocity v;, which the 
particle would have if og were equal to zero and the velocity v; 4, of the (tran- 
sient) motion which would appear in its pure form if m, were equal to zero. 
Evidently, 


Vio=[O,R;] and 2; tr=([@,h;] 


and therefore the linear velocity of the ith particle in the compound motion 
is written “as 


Vi = Viot Vi tr = [04 R;] + [02 Rj] = [(04 +08) Rj] =[OR;] (62.2) 
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where © = @, + @g, is the geometric (vector) sum of the angular velocities 
®, and @g. The vector mg, retains invariable position and is directed along 
the fixed axis OB while the vectors w, and @ change their positions in space. 
The vector lies in the plane passing through the fixed axis of rotation OB and 
the moving axis OA. Consequently, in this case, for any instant, the compound 
motion of the body can be represented as a rotation about an axis OD passing 
through the point O in the direction of the vector w. This axis of rotation is 
spoken of as an instantaneous azis. Both its direction in space and its position 
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relative to the body continuously vary. It isclear,that those points of the body 
which are on the instantaneous axis at a given time t have a zero velocity 0; = 0, 
that is v; t; =—Uj; , and hence for these points the linear velocities corres- 
ponding to simple constituent rotations are of equal magnitudes and opposite 
directions. 

The compound motion of the globe resulting from its two rotations about the 
two axes OB and OD (Fig. 167) makes it possible to observe the position and 
the motion of the instantaneous axis: near the points at which the axis OD meets 
the surface of the globe the contours of the map are more clearly seen than in the 
other places on the globe. 

The above described compound rotation about two axes with constant angular 
velocities ma, and mg, can be given a simple geometrical interpretation. The 
motion of the body can be represented with the aid of an imaginable cone OA’, 
invariably connected with the body, which rolls on another imaginable cone 
OB’ occupying a fixed position in space (Fig. 169a). The line of contact OD of 
the two cones is nothing but the instantaneous axis. At every instant the cone OA’ 
turns about the instantaneous axis OD, that is it rolls without sliding on the 
fixed cone OB’, the axis OD moving on the surface of the cone OB’. Depending 
on the magnitudes and direction of w, and @,, the axis OD may lie inside or 
outside the angle formed by the axes OA and OB. In the former case the cone OA’ 
moves outside the cone OB’ and rolls on its outer surface as shown in Fig. 169a 
while in the latter case (Fig. 169d) it is inside the cone OB’ and rolls on its 
inner surface. Accordingly, in the former case the angle between the angular 
velocities wo, and @, is acute and in the latter case it is obtuse. 
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Let us consider two more examples involving the addition of angular veloci- 
ties. 

A cone rolling on the surface of the table as shown in Fig. 170a is in a com- 
pound motion. At every instant it is in a rotational motion with an angular 
velocity @, about the instantaneous axis J-1’ lying in the line of contact of the 
cone and the plane surface of the table. The same motion can be thought of as a 
combination of simultaneous rotations about two axes: the vertical axis 2-2’ 
(occupying a fixed position in space) and the inclined axis OO’ (coinciding 
with the geometrical axis of the cone), the angular velocities of the rotations 
being respectively m, and @,. The vector w, is equal to the sum of the vectors 
@, and @p. 

The motion of a millstone (see Fig. 170b) can be interpreted in like manner. 
When rolling on the plane the millstone is in a compound motion which can 
be regarded as a rotation about the fixed point O. This rotation can be repre- 
sented as a motion of a cone with the point O as vertex and the millstone as base 
(see Fig. 170b). The circle bounding the base of the cone rolls on the horizon- 
tal plane. The directions of the axes of rotation OA and OB and the relation- 
ship between the corresponding angular velocities are indicated in the figure. 


63. Moment of a Force About a Point and Angular Momentum 
of a Rigid Body 


When the line of action of a force applied to a rigid body fixed at one point 
passes through that point the force obviously cannot affect the motion of the 
body since its action is balanced by the reaction force applied to the body at 
the point of support. Hence, only a force whose line of action does not pass 
through the point of support can change a state of rest or a motion of the body. 

As before, in the latter case the force produces rotation of the body about the 
axis passing through the point of support and perpendicular to the plane con- 
taining the line of action of the force and the point of support, the measure of 
the action of the force being the moment of the force. 

The moment M of a force about a point O (see Fig. 171a) is a vector quantity 
defined as the vector product of the radius vector R (drawn from the point O to 
the point of application of the force) by the force F: 


M=I(RF), M = RF sina = Fh (63.4) 


where h is the arm of the force F (kh = R sin a). This definition of the moment 
of a force as vector quantity is convenient because the direction of that vector 
indicates the axis about which the force tends to turn the body and the arm h 
of the force understood as the distance from the point of support to the line of 
action of the force is also taken into account. 

It is obvious that a body fixed at a point can only be in equilibrium when 
the sum of the moments of the forces acting on it about the point of support is 
equal to zero or, which is the same, when the polygon formed of the vectors 
representing the moments of the forces (in the general case it is a spatial figure) 
is closed. 

The above definition of the moment of a force about a point was stated in 
connection with the equilibrium problem for a body with one fixed point. In 
many other mechanical problems an important role is played by a more general 
notion which is’ not necessarily a point ofsupport. Given a force F and the point of 
its application, the moment of the force about a pole O is defined as the vector 
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product [RF] where R is the radius vector joining the point O to the point of 
application of the force F. 

In the special case of a plane motion (see Sec. 57) we have already dealt with 
the definition of the moment of a force about a pole; in this case the moment of 
the force has a definite direction in space and coincides with the moment with 
respect to an axis which is always perpendicular to the plane of motion. 

The moment of a force with respect to a given axis OO’ whose definition was 
stated in Sec. 54 is equal to the projection M, onto the axis OO’ of the moment 
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M about an arbitrary point O lying on the axis OO’ (see Fig. 1710). Indeed, the 
area S, equal to the projection of the area S onto the plane perpendicular to the 
axis OO’ is the same for all the points O lying on the axis. The number 2S is 
equal to the modulus of the moment M of the force F about the point O and 
2S) is equal to the moment /, of the same force about the axis OO’. Equality 
Sy = S cosa therefore implies M, = M cosa (see Fig. 1710). 

In the analysis of the laws of motion of a rigid body an important role is 
played by the angular momentum (moment of momentum) of the body relative 
to a pole O. By the angular momentum of a separate particle of mass Am; about 
a given point is meant the vector product of the radius vector R; of the particle 
drawn from that point by the (linear) momentum Am;p; of the particle (Fig. 172). 
The angular momentum of the whole body is defined as the sum of the momenta 
of the particles it consists of: 


N= > Am, [R;v;] (63.2) 


The angular momentum of a rigid body is obviously a vector quantity. The 
angular momentum of a body with respect to a fixed axis was defined in Sec. 53 
as the quantity Jw where J is the moment of inertia of the body with respect to 
that axis and @ is the angular velocity of rotation. As in the case of the moment 


5* 
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of a force, the projection of the angular momentum of a body about a point 
onto an axis passing through the point is equal to the angular momentum with 
respect to that axis in the sense of the definition stated in Sec. 53, that is this 
projection is equal to Jw. 

Generally speaking, the direction of the angular momentum does not neces- 
sarily coincide with the direction of the instantaneous axis or with that of a 
fixed axis. For instance, let a body consisting only of two particles of masses 
m, and m, (see Fig. 173) be in a rotation about a point O and let the instanta- 


FIG. 172 FIG. 173 


neous axis go along the vector » and form an angle with the line connecting the 
two particles. The axis of rotation and the two particles lie in the plane of the 
figure. It obviously follows that the velocities v, and v, of the particles are 
perpendicular to the plane of the figure while the vector N (the angular momen- 
tum with respect to QO) is perpendicular to the line joining the particles and 
lies in the plane of the figure. For a homogeneous ball rotating about its centre 
the directions of its angular momentum and of instantaneous axis coincide. 

As has already been indicated, every body has three free ares which are mu- 
tually perpendicular and pass through the centre of mass. They are also called 
the principal axes of inertia. When the axis of rotation coincides with a free 
axis the angular momentum and this axis have the same direction. 


64. Angular Momentum of a Rigid Body and Moment of Inertia 


When a rigid body rotates about an axis @ passing through a fixed point O 
(Fig. 174) the moment of momentum (the angular momentum) of a particle 
of mass Am is 

AN = Am [Ro] = Am [R [oR]] (64.1) 
The vector AWN lies in the plane of the vectors and R and is normal to R. The 
projection of AN onto o is equal to AN, = Amp?o. Indeed, we have 


AN, = AN cosa = AmRv cos a = 
= Am vR sin (90° — a) = Am up = Am 0? 


since v = wp. Consequently, in our previous study of a rotation of a body about 
a fixed axis we did in fact deal only with the projection AN, of the angular 
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momentum on-the axis of rotation. This projection is equal to Am p?a, that is 
to the moment of inertia AJ = Am p?’ of the particle multiplied by w. The quan- 
tity AN, obviously does not depend on the position of the point O on the axis of 
rotation. Equality AN = AI@ expresses a simple relationship between the 
corresponding numbers (scalars). 

We now proceed to the relationship between the vectors AN and @ for the 
general case. It turns out that this relationship involves a triple vector product 
of vectors which can be conveniently represented by a new physical quantity 
known as a tensor. The notion of a 
tensor generalizes the notion of a 
vector quantity. 

To derive the desired relationship 
between the vectors AN and @ we first 
find the connection between the projec- 
tions of AN and of w on the coordi- 
nate axes. Using the well-known for- 
mula of vector algebra 


[a [bc]] = 6 (ac) — c (ab) 
we rewrite relation (64.1) as 
AN = Am R2@ — Am R (@R) (64.2) 


Equation (64.2) expresses the resolu- 

tion of AN into components along the 

vectors w and R (see Fig. 175). Now we FIG. 174 

can write down the projections of AN | 

on the axis Ox of an orthogonal coordinate system connected with the body: 


AN, = Am'R?o, — Am z (z@z + yoy + 20) 

that is 

AN, = Am (R? — 2’) ox — Am zyo, — Am 220, 
The projections ‘on the other two axes Oy and Oz are found similarly, and thus 
we obtain 

AN, = Am (R? — z*) o, — Am zyo, — Am zz0, 

AN, = —Am yzo, + Am (R? — y’) a, — Am yzo, (64.3) 

AN, = —Am zzo, — Am zyo, + Am (R? — 2) 0, 
where, as usual, z, y, and z are the projections of the vector R. Each projection 
of AN depends linearly on all the projections of w. The expressions of the coef- 
ficients in my, @,, and w, can easily be memorized since each of them has a di- 
mension of the moment of inertia of a particle of mass Am. 

The collection of these nine factors standing in front of the projections of o 
in formulas (64.3) is called the inertia tensor of the particle of mass Am. Denot- 
ing the tensor by one symbol AJ and arranging the nine numbers in a table 
(matrix) we can write 

Am (R2—2z?) —Amzy — Amazz 
AS=| —Amyx Am(R?—y2) —Amyz (64.4) 
— Am 2x — Am zy Am (R? — 2?) 
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The three equalities (64.3) can be written (symbolically) as one formula 
AN = AJ o (64.5) 


Formula (64.5) is analogous to relation AN, = AI a, the distinction being 
that AZ is no longer a number but a tensor of rank two. The multiplication of 
AJ by the vector @ is carried out in accordance with the rule of matrix multi- 
plication. This rule is clearly seen from (64.3): the projection of the vector AN 
on the z-axis is equal to the sum of the products of the elements in the first row 
of AZ by the corresponding projec- 
tions of the vector w, the projection 
of AN on the y-axis is equal to the 
sum of the products of the elements of 
the second row of AJ by the projec- 
tions of @, etc. 

Generally, a second-rank tensor is 
an ordered collection of nine numbers 
(representing some physical quantities) 
called the components of the tensor. 
In a transformation from one coordi- 
nate system to another these compo- 
nents are transformed as products of 
coordinates. We remind the reader 
that by a vector is meant an ordered 

FIG. 175 triple of numbers which are transfor- 

med like coordinates. A scalar (a num- 

ber) does not change when the coordinates are transformed. The multipli- 

cation of a tensor by a number reduces to the multiplication of each compo- 
nent of the tensor by that number. 

The sum and the difference of two tensors are understood as a new tensor whose 
components are, respectively, the sums and the differences of the corresponding 
components of the two given tensors. 

Among the second-rank tensors there is a unit tensor whose property is that 
the multiplication of this tensor by a vector does not alter the latter. The unit 
tensor € is obviously expressed by formula 


10 0 
e-(0 1 9] 
00 14 


The unit tensor remains invariable under any transformation of coordinates. 
The multiplication of the tensor aé where a is a scalar by a vector results in 
the multiplication of the vector by that scalar a. The multiplication rule for 
a tensor by a vector was stated above. 

The components of the tensor A expressed by formula (64.4) are pairwise 
products of the coordinates of the point multiplied by the constant mass Am. 
That is why we call the quantity AJ a tensor; itsevery component is transformed 
according to the transformation rule for tensors stated above. 

For a separate particle the relationship between AWN and ao is seen directly 
from equality (64.2) (not involving the tensor notation A) whose meaning is 
quite evident: the vector AW lies in the plane containing » and R; its construc- 
tion is demonstrated in Fig. 175. The tensor .f constructed for the whole rigid 
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body proves extremely convenient for describing the rotation of the body about 
a fixed axis. In this case the angular momentum is equal to 


N = >) Am; [R;[oR;]| = >) Am, Rio — > Am,R; (oR;) 
Using the tensor notation we can represent NV in the form 
N= Jo (64.6) 
where J = >}AJ;. We can write 
| Pre Cre ee 
i) a te ree rere ore 
Lyx Lay La 
where the components of the tensor J are 
Tex= >) Am; (Ri—at) 
Iyy= Am, (Ri —yi) | 


(64.7) 


Lyz =Ly= — >} Amiyi2; J 


The components with two similar indices are obviously equal to the moments 
of inertia with respect to the corresponding axes. For instance, 

Tnx = >) Am; (R?— 2x?) = >) Am, (y3 +23) 
is the moment of inertia of the body with respect to the z-axis. The components 
with different indices are termed products of inertia. The tensor J has only six 
independent components since J,, = Iy,, Ixz = I2x, and Iy, = Izy. Such a 
tensor is called symmetric. 

The components of a tensor depend on the choice of the coordinate system, 
more precisely, they are specified by the directions of the axes. For a reference 
system Oxyz connected with the body the components ofthe tensor J are con- 
stant quantities (they do not vary with time). The components of NV and @ are 
then determined with respect to the same axes. Thus, the six quantities /,., 
Ley, Lz) Lyy, Lyz, 12, determine the set of the values of N corresponding to all 
the directions of @, and, generally, the direction of N does not coincide with 
that of o. 

However, it turns out that for any body and for any point O there are at 
least three mutually perpendicular directions of o specifying three axes of 
rotation for which the vector N and the vector m have the same directions. 
These are the principal directions of the tensor 7. For the principal directions 
we have 

N = ho 


‘where A is a number. Let us rewrite the general equality (64.6) in terms of 
the projections on the coordinate axes: 
N p= LxxO~+ LT xy@y + L202 
Ny =1yx@y + Ly,0, + 1,20, (64.8) 
N,=1,,0, + 1,0, +1,,@, 
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For the principal direction these equations take the form 
NO = Lex + Le yOy + L202 
Mody = Ly x@xe + LyyOy + Ly 202 (64.9) 
Mdy = Tzalde + Tyy0y + Lez 

We thus arrive at a system of three homogeneous linear algebraic equations 


in the three unknowns @,, @,, and ,. Such a system possesses non-zero solu- 
tions if and only if the determinant of the system is equal to zero, that is 


Ixy —h ee dsez 
Lise Lyy—h Lyz |=0 (64.10) 
Lyx Ii, Liz—A 


On computing the determinant in (64.10) we arrive at a third-degree algebraic 
equation with one unknown A of the form 


M3 + a,A2 + a,A + az = 0 (64.11) 


where a, a, and ag depend on J;,, Ix), ..., Iz, (on the component of the 
tensor). 

Suppose that we managed to solve equation (64.11) and found its three roots 
Ai, Ag, and Az which turned out to be pairwise different. On substituting the 
numbers A,, A,, and A, in system (64.9) we find the corresponding principal 
directions. For instance, on substituting A, in (64.9) we determine the principal 
directions corresponding to @, for which N = A,@,. Let us write down the 
first two equations of system (64.9) (the third one is a consequence of these equa- 
tions):] 
wo, 

Wx 


@y 
My Loe = Ly Ge Te 


— , @y mn @ 
Lyx= (yy — Mag + lati, 
From these equations we find the ratios w,/o, and w,/@, specifying the principal 
direction corresponding to @,. The magnitude of the vector w, can be quite 
arbitrary. The other two principal directions can similarly be found for the 
roots A, and A3. 

Let m,, M,, and mg be, respectively, the unit vectors in the principal directions 
corresponding to A,, A,, and A3. We will show that if A,, A,, and A, are pairwise 
different, the vectors n,, n., and ng are mutually perpendicular. 

For the components (projections) of m, we can write the vector equation 
Ayn, = Jn, or, which is the same, the system of three scalar equations 


Aynyy = Lege + LxyM4y + L521 
Any, = LyxMix tly yay + Ly 212 (64.12) 
Ayn4, = L axM1 + TiyMy + LT M4z 


involving the projections 7,, My, and m,, of n,. On multiplying the first equa- 
tion (64.12) by n,,, the second by n,,, and the third by n,, and adding together 
the results we find 

AjNiN, = Ay 


where A, is the scalar product of the vectors n, and Jn,: A, = n,J'n,. We 
similarly write the vector equation A.n, = Yn, which can also be represented 


CH. 7 MOTION OF A RIGID BODY 233 


as a system of three scalar equations in terms of the projections of n,. On mul- 
tiplying these equations by the corresponding components of n, and adding 
them up we obtain A.n,n,=A,=n,Jn,. The tensor 7 being symmetric (i.e. 
Ly = Lyxy Lez=Lixy Lyz=l zy), it can easily be shown that A, = Ag. Therefore 
whence (A, — A.) myn, = 0. If A, A, the last equality can only be satisfied 
when n,n, = 0, which means that the vectors n, and nm, are orthogonal. It can 
be shown analogously that if A, =4 A, then n,n, = O and that if A, 4 A, then 
nin, = 0. 

It should be noted that when the coordinate axes are directed along n,, no, 
and n, the inertia tensor assumes a particularly simple form. Indeed, in this 
case we have ® = @,N, + 0... + @3n3 Whence 


N = Nin, + N,n, + Ngn3 = Jo = 
= J (@1Ny + O2Mg + O3N3) = OS, + O2SN, + O3INs = 
= WyAyMy + Welgh, + WshgNz 
Consequently, for such a coordinate system we have 
Bi mAiO1, No=Agde, N3=Ag03 
N2 we Ni + NZ + NS = Miw? + A505 + A503 


It follows that for the chosen coordinate system the inertia tensor takes the form 


(64.14) 


A, O O 
J=|0 AQ O 
0 O As 


in which only the diagonal components are non-zero. 

The numbers A,, A,, and Ag are obviously equal to the moments of inertia of 
the body with respect to the corresponding principal axes of inertia. They are 
therefore called the principal moments of inertia. The principal moments of 
inertia are specified by the distribution of the mass of the body over the spatial 
region occupied by it and are, independent of the choice of the coordinate system. 
The principal axes determined for the centre of mass of the body coincide with 
its free axes. 

Furthermore, it can be shown that if two of the roots A,, A., and As, for in- 
stance, A, and A,, coincide (A, = A,) there are an infinite number of principal 
axes lying in the plane normal to the vector n,. This is the case when the body is 
homogeneous and symmetric with respect to an axis and nz goes along that 
axis. Such homogeneous bodies as a cylinder (with circular or square cross sec- 
tion),a solid of revolution, and the like possess axial symmetry. A homogeneous 
ball is centrally symmetric, and any axis passing through its centre is its prin- 
cipal axis. 

We now derive an expression for the kinetic energy of a rigid body rotating 
with angular velocity w about an axis passing through a fixed point O at which 
the body is supported (Fig. 176). It turns out that the kinetie energy 7 is con- 
nected with o, NV, and J by the relation 


=; oN=-+0/0 (64.15) 


Indeed, taking into account (64.6) we write 
oN = >» Am,@ [R; lo R, i) 
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and the product » [R; [oR;]] can be expressed as 
o (RK; [oR;)] = 0 (Rio — R; (oR;)} = 
= wR} —(oR;)? = w?Rj (1 —cos a;) = w29? = v} 
Therefore oN = >) Amv? = 2T. 
The kinetic energy can also be represented in the form 


1 4 1 
T= >; Ami = => 0 > Amipi = > Too? (64.16) 


FIG. 176 FIG. 177 


as in the case of a rotation about a fixed axis where J, = >)Am,p? is; the moment 
of inertia with respect to the axis coinciding with @ (/, is a scalar). 
It should be noted that 


2T = ON = oN, = 1,0? (64.17) 
whence follows the familiar equality 
N, =1,0 (64.18) 


Hence, the projection of N on @ is equal to the moment of inertia with respect 
to the axis coinciding with m multiplied by w. We see that the relations derived 
earlier for the case of a rotation about an axis occupying a fixed position rela- 
tive to the body remain valid for any instantaneous axis. 

It can be shown that for the angular momentum WN with respect to any point 
O' we have 


N =m[R,loR ll + Nz (64.19) 


where NV, is the angular momentum for the rotation with angular velocity o 


about the axis passing through the centre of mass (see Fig. 177; here m = >\Am; 
is the total mass of the body and R, is the radius vector of the centre of mass 
drawn from the point O’). Indeed, putting, Rij = R, + R; we can write 


N= dMAm, [Ri [oRi]] = > Am; [(Ro + Rj) [0 (Ro + B;)]] 


On applying the formula for the triple vector product and taking into account 
that >)Am;R; = 0 we arrive at 
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‘The last sum on the right-hand side (denoted as N, in (64.19)) is the angular 
momentum for the rotation about the axis passing through O with angular 
velocity @ while the first term on the right is the angular momentum of the 
rotation of the body as a whole (as a particle with mass m concentrated at 
the centre of mass) with angular velocity m about the axis passing through O’. 

The angular momentum for a rotation about an axis passing through the 
centre of mass can be written as 


No = Joo (64.20) 


where J, is the inertia tensor in a coordinate system with origin at the centre 
of mass. The components of 7%, are invariable when the coordinate system is 
rigidly connected with the body. 

Knowing 7%, we can find the moment of inertia with respect to any axis 
passing through the centre of mass O of the body. Let the direction of the axis 
of rotation be specified by a unit vector n. Then, by (64.18) and (64.20), the 
projection of N onto nm can be expressed as 


N, = Non = nJ, nwo = 1,0 
where J, is the moment of inertia with respect to the axis n. Thus, 
I, = ng n (64.21) 


The general expression of the number J, in terms of the components of the ten- 
sor .f, and of the vector n is rather lengthy. We give a shorter formula for the 
special case of the coordinate axes directed along the principal directions n,, 
n,, and ng. In this case we have n = a,n, + an, +. 33 where a,, a, and 
a3 are the direction cosines of m relative to the axes with unit vectors n,, Mo, 
and n;. Consequently, 


Jon = 44S 91, + AS Ny + AgS 93 = yAy My + AqQAgNe + A3A3N3 


Therefore 
Tn = NT on = Ajhy + A2A2 + H3Ag (64.22) 


where A,, Aj, and Ag are the moments of inertia with respect to the principal axes 
passing through the centre of mass. Given A,, Ao, As, 1, %, and @3, we can 
readily determine the moment of inertia J, with respect to any axis nm using 
formula (64.22). 

The distribution of the values of J, for various directions can be visualized 
with the aid of the ellipsoid of inertia. Let us divide the basic relation (64.22) 
by J, and denote a,/V I, = 2,, &o/V In= x, and a3/V I, = x3. Then equali- 
ty (64.22) can be rewritten as 

Agri + Agts + Agz3 = 1 
This is the equation of an ellipsoid in coordinates z,, z,, and zr, reckoned along 
the principal axes m,, mz, mg of the inertia tensor. The semiaxes of the ellipsoid 
are obviously equal to 1/VA,, 1///A,, and 4//A5 and the distance p from the 
centre of the ellipsoid to its surface in the direction of n is given by the formula 
P= 2 +22+23= 1/1, 


since aj -+ aj + a} = 1. Therefore, o is the reciprocal of the square root of the 
moment of inertia /, with respect to the axis going in the direction of the vec- 
tor n. The surface of the ellipsoid thus shows the distribution of the values of 
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the possible moments of inertia with respect to the axes passing through the 
centre of mass.* The shortest axis of the ellipsoid is in the direction to which 
corresponds the greatest possible moment of inertia while the longest axis indi- 
cates the direction to which corresponds the smallest moment of inertia. 

It can be shown that the shape of the ellipsoid of inertia resembles to a ce1- 
tain extent the shape of the corresponding homogeneous body. For example, for 
a homogeneous rectangular parallelepiped with edges of different lengths (see 
Fig. 178 where such a “match-box-shaped” body is shown) the ellipsoid of iner- 


/\"4 1 


FIG. 178 


tia is of the form shown on the right of the figure. The longest semiaxis goes along 
n, while the shortest semiaxis goes along m,. The principal directions of the 
inertia tensor for the centre of mass coincide with the free axes. For an arbi- 
trary point of the body the principal axes of the inertia tensor are no longer 
free axes because when the body rotates about one of them it is acted upon 
by the centrifugal inertia fcrces and the direction of N does not coincide with 
that of o. 

For a solid of revolution the ellipsoid of inertia is an ellipsoid of revolution 
and one of the principal axes coincides with the axis of symmetry of the solid. 
Any axis perpendicular to this axis and passing through the centre of mass is 
a principal axis. Any two mutually perpendicular axes in the plane perpendicu- 
lar to the axis of revolution can be taken as the other two principal axes of the 
ellipsoid. For a homogeneous ball any direction passing through its centre is 
principal, that is its ellipsoid of inertia degenerates into a sphere. 

If an axially symmetric body has two mutually perpendicular principal axes 
with equal moments of inertia the corresponding ellipsoid of inertia is an ellip- 
soid of revolution. This is the case for a rod with square cross section; the sym- 
metry conditions indicate that such a rod possesses two principal directions 
with equal moments of inertia. The same considerations lead to the conclusion 
that the ellipsoid of inertia of a cube degenerates into a sphere. 

In conclusion we note that the Huygens-Steiner theorem is a consequence of 
equality (64.19). For, on multiplying this equality by unit vector m and taking 
into account (64.20) and the relations © = nw we obtain 


N, = nN = mon [R, |nR,)] + nf no = nJnw 


* The ellipsoid of inertia can also be constructed for the rotation about any axis not neces- 
sarily passing through the centre of mass. 
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where n.J,n = I,, is the moment of inertia with respect to the axis going in 
the direction of n and passing through the centre of mass O and nJn = I, is 
the moment of inertia with respect to the axis passing through an arbitrary 
point O’ in the direction of nm (Fig. 179). The scalar product in the last formula 
can be written as 


n [Ro(2Ro]] = Rj —(n Ry)? = Rj (1 —cos* a) = h? 


where h is the distance between the axes going in the direction of n and passing 


0.53 A 


FIG. 179 FIG. 180 


through the points O and O’, respectively. The substitution of this expression 
in the basic equality leads (after we cancel by w) to 


mh? + Io, =1, 


which is nothing but the Huygens-Steiner parallel axes theorem. 

We apply this theorem to find the ellipsoid of inertia in the following example. 
Let a ball rotate about a point O’ lying at a distance of h from its centre. The 
symmetry conditions indicate that one of the principal axes passes through the 
point O’ and through the centre of the ball and that the moments of inertia with 
respect to any axes passing through O’ and normal to OO’ are equal to each 
other. Any two axes lying in the normal plane to OO’ correspond to equal mo- 
ments of inertia and are principal axes. The ellipsoid of inertia is therefore an 
ellipsoid of revolution about the first principal axis OO’. It is evident that the 
moment of inertia with respect to that axis is equal to the moment of inertia 
of the ball 7,. The moments of inertia with respect to the second and the third 
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principal axes are equal to J, -+ mh?. Thus, for the point O’ the ratio of the 
semiaxes of the ellipsoid of inertia is equal to 


pole (ey 
Vijtme V25+R/r 2 7 


since, as we know, J, = 2/5mr* where r is the radius of the ball (see (59.12)). 
In Fig. 180 are shown the shapes of the ellipsoids of inertia forthe three cases 


h=0,h =r, andh = 2r. Here A = 1/VI,. 


65. The Fundamental Law of Dynamics of a Rigid Body 


Let a rigid body move relative to a coordinate system withorigin at a point 
O and let the forces acting on the body be known. Suppose that a particle of 
mass Am, of the body is at a point with radius vector R; (drawn from the point 
O) and is acted upon by a force F;. By the force F; we mean the sum of all 
forces acting on that particle, both internal and external. 

By the second law of dynamics, 

dv; 
Am; — = F; (65.1) 
On performing the vector multiplication of both sides of (65.1) by the radius 
vector R; of the ith particle we obtain 


dv; : " | 
Am; | R: = |=(RiFa =AM; (65.2) 
Now let us compute the angular momentum of that particle about the point O: 
AN; = Am; [R,;0v;] (65.3). 


The time derivative of this angular momentum is 


d ry d dR ; dv; | 
a ANi = a (Am: [B,v;]) = Am; ee v; | + Am; | Ri | (65.4) 

The derivative of the radius vector of the particle is equal to its velocity, 
that is 


ae 
thus we find 
ak; 
| 7 Vi | =[vivil =0 
The comparison of (65.2) and (65.4) shows that 
d ro dv; — : 
= AN; = Am; Ez i |=4M; (65.5) 


Hence, the moment of a force acting on a particle is equal to the angular mo- 


mentum of that particle. 

On adding together the moments of all forces acting on all particles of the 
body and also summing the derivatives of the angular momenta of the particles 
(which are equal to the corresponding moments of forces) we obtain 


d 
a DANI = DAM: 


4 
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that is 
adN 
i = M (65.6) 
where 


DS AN;=N and SYAM,;=M 


Since the internal forces form pairs of forces equal in the magnitudes and 
opposite in the directions (with common lines of action), the sum of the moments 
of the internal forces about any point is equal to zero and therefore the sum 
of the moments of all the forces reduces to the moment of the resultant of the 
external forces alone. 

Consequently, the fundamental law of dynamics of a rigid body can be 
stated as follows: the moment of the resultant of all the external forces about any 
fized point O is equal to the time derivative of the corresponding angular momen- 
tum of the body. 

This law can also be restated in the following way: the increment dN of 
the angular momentum during time dt coincides (in its direction and magni- 
tude) with the product of the moment of the resultant of all external forces M@ 
by time dt (here dt and dN are understood as infinitesimals). 

To complete the description of the motion of a rigid body we should add to 
law (65.6) the law of motion for the centre of mass which holds in all cases 
(see its derivation in Sec. 956): 


do 


at 


=f (65.7) 


where v, is the velocity of the centre of mass and F is the sum (the resultant) 
of all external forces. 

The law of variation of the angular momentum expressed by (65.6) can also 
be transformed to a non-rotating coordinate system which is in a translatory 
motion and is connected with the centre of mass (its origin is at the centre). 
This results in the equation 


[dN 
di 


= M, (65.8) 


where NV, is the angular momentum about the centre of mass and M, is the 
sum of the moments of the external forces about the centre of mass. Formu- 
la (65.8) is derived in the same way as it was done in Sec. 57 where an analo- 
gous formula was deduced for the case of a plane motion (see (57.8)). The 
only distinction is that in the general case treated here all vectors (R; ,v;,etc.) 
have arbitrary orientation in space. : 

Thus, formulas (65.7) and (65.8) provide a complete description of the 
laws of dynamics governing an arbitraty motion of a rigid body. In practi- 
cal problems the application of formula (65.8) to the analysis of a concrete 
motion may be rather intricate because in many cases it is difficult to deter- 
mine the direction of the angular momentum using only elementary tech- 
niques. 

The derivation of the basic laws of dynamics for a rigid body clearly indi- 
cates that the laws 


——=F and —-=M (65.9) 
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are also valid for any system of material points or bodies (not only for a rigid 
body). The notation used in formulas (65.9) is familiar to the reader: K = ))K; 
is the sum of the momenta of all particles (bodies), F = >) F, is the sum (the 
resultant) of all internal forces, etc. 

The character of the variation of the momentum (see (65.6)) for an arbit- 
rary system of particles or for a rigid body as the position of the pole is changed 
should be discussed in more detail. Suppose that NV, NV;,R;,etc. have been compu- 
ted for a point A (see Fig. 181) relative toa fixed reference system. The question 
is how the law of variation of the momentum changes when we pass to another 
pole O whose position is determined 
by an arbitrary radius vector Ro. 

For the sake of generality let us 
suppose that R,isa function of time f, 
that is the point O can be in a motion. 
Foreach particle we have (see Fig. 181) 


khy=Rot+7r, 
Let us show that the sum of the mo- 


menta of the particles of the system 
(relative to the point O) which is 


equal to 
Ny = > [riKil 
satisfies the condition 


FIG. 181 aes M,— [ tke 


K | (65.10) 


where M, = >; Ir,F,). Indeed, substituting the expression of R, in the for- 
mula N = >) [R;K;] we can write 


N = >) (Ro + ri) Ki) = (Ro >) Kil + > [ri Kil 
that is 
= [R,K] + N, 
It follows that 
ak 


KK), dN, 
ge 


and, by (65.6), this expression must be equal to 
M => RF) = > (Ro+7:) Fil=(Ro dD Fil + Dlr] =[RoF] + Mo 


Now taking into account the equality F = aK we arrive at relation (65.10). 


“dt 
It means the following: in the case of a fixed pole O chosen quite arbitrarily we 
have ot 0, and the law describing the variation of the angular momentum 


has the ordinary form (65.6); in the case of a moving point O relation (65.6) 


remains valid whe 


0 
dt 
locity of the centre of mass of the system of particles (of the body); finally, 


the relation m oe = K means that the pole O is placed at the centre of mass. 
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The definition of N, was stated on condition that the velocity (and the mo- 
mentum) are taken relative to a fixed reference frame. However, it can be shown 
that the sum of the momenta will be equal tothesame quantity NV, if the veloc- 
ities of the particles are taken relative to a reference system which is in a tran- 
slatory motion together with the centre of mass. 


Let the momentum of the ith particle (in the above mentioned reference 
system) be k;; then 


dR 
a + k; 


d 
where ae is the velocity of the centre of mass. Consequently, 


No= >, [ri Kil = > | (m, St +h) |= 
=| >) mij one ] + S (rik = > (iki 


The point O being at the centre of mass, there must be >) m,r; = 0. There- 
fore, the formula (65.7) describing the motion of the centre of mass always 
holds both for any system of particles and for any rigid body. 


K,=m, 


66. Gyroscopes 


When a body is in a very fast rotation about a given axis and simultaneo- 
usly rotates about some other axes with comparatively low angular velocities 
it is possible to determine approximately the direction of the angular momen- 
tum, which simplifies considerably the investigation of the motions in such 
cases. 

The physical phenomena taking place in the rotation of tops and gyroscopes 
usually satisfy the above condition. This makes it possible to elaborate a sim- 
ple theory for the motion of the gyroscopes. 

Let us consider a top. Making the top rotate rapidly about its axis one can 
observe the amazing stability of the rotation of the top as it spins on a point 
(on the sharp lower end of its axis). We can take a top spinning on a board and 
throw it up to watch its stable rotation after it has fallen back on the board 
(see Fig. 182). These phenomena can be explained on the basis of the law of 
variation of the angular momentum (formula (65.8)), which will be done 
later after the analysis of the laws governing the motion of the gyroscopes 
has been completed. A gyroscope is a body symmetric with respect to its axis 
of rotation (it is usually shaped as a disk) about which it spins with a high 
angular velocity. The analysis of the motion of a gyroscope is simplified when 
the gyroscope has one fixed point coinciding with the centre of mass of the 
disk. This kind of support can be realized practically by using gimbals (a cardan 
suspension) supporting the gyroscope with the aid of two rings as shown in 
Fig. 183. 

Figure 183 shows a disk-shaped body (a gyroscope) fixed on the axis AA’ 
which can rotate without friction (practically, with as little friction as pos- 
sible). The axis A A’ is supported by the bearings (at the points A’ and A’ in the 
figure) attached to the inner supporting ring. The inner ring is in its turn sup- 
ported by two bearings attached to the outer ring and can rotate about the 
axis BB’. We shall conditionally refer to the axis BB’ as the “horizontal” 
one (in the course of motion its position may of course change); this axis forms 
16-0776 
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an angle of 90° with the axis AA’ of the gyroscope. Finally, the outer ring 
can freely rotate about the axis DD’ supported by two bearings attached to 
the post. The axis DD’ is perpendicular to the horizontal axis; that is why 
we shall conditionally call DD’ the “vertical” axis. Thus, the intersection 
point of the three axes AA’, BB’, and DD’ always coincides with the centre 
of mass of the gyroscope. 

The rings are symmetric with respect to their axes and therefore when the 
disk does not rotate the system is in a state of neutral equilibrium for any 


>\\) 
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FIG. 182 FIG. 183 


configuration of the bodies involved since the line of action of the resultant 
force of gravity always passes through the point of intersection of the three 
axes. Hence, the gyroscope supported in this way can be regarded as a sym- 
metric body with one fixed point (with one point of support). The axis AA’ 
of the gyroscope can freely turn about the vertical and the horizontal axes 
and can thus occupy any direction in space. Besides, the disk itself can freely 
rotate about its axis. In other words, the gyroscope can occupy any position 
relative to the fixed point O. Such a body is spoken of as a free (or two-degree- 
of-freedom) gyroscope (on condition that the forces of friction in the bearings 
of all the three axes are negligibly small and that the moments of inertia of 
the rings together with the bearings are also very small). 

Applying very little effort we can easily make the disk together with riugs 
rotate about any axis when the disk does not rotate about its own axis. Now 
let us make the disk rotate about its axis (relative to the supporting system) 
with a high angular speed (this can be done by pulling a thread wound onto 
the axis of the gyroscope as shown in Fig. 184). Then the gyroscope receives 
a certain angular momentum WN. The axis of symmetry of the gyroscope retai- 
ning its position in space, the direction of the angular momentum WN obviously 
coincides with that of the axis of the disk and its magnitude N is equal to 
Io, that is to the moment of inertia J times the angular speed o. 

Now let us take the whole device, turn it in various ways, lift it, and lower 
it. It is then seen that under all these manipulations the direction of the axis 
of the gyroscope remains invariable in space. Furthermore, when we strike 
the inner ring we find that even a considerably strong push does not change 
the direction of the axis of the gyroscope. The axis behaves as if its direction 
were fixed. We can also observe that when the gyroscope does not rotate about 
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its axis the same pushes produce a fast rotation of the axis of the gyroscope 
together with the ring. 

All these facts can readily be explained on the basis of the fundamental 
law of motion of a body with one point of support. The moments of the friction 
forces in the bearings being negligibly small and the moment of the gravity 
force about the point of support being zero, there are no moments of external 
forces acting on the rotating disk when the whole device is being moved. There- 
fore, the vector representing the angular momentum must retainfboth a constant 


FIG. 184 


magnitude and an invariable direction in space. The axis of the gyroscope coin- 
cides with the angular momentuminitsdirection at the initial instant and it 
continues to coincide with it and to retain its direction in space in the course 
of motion. The same explanation applies to the case when the top is thrown 
up and is flying (see Fig. 182). During the flight the top is free, the moment 
of the gravity force about its centre of mass is equal to zero and the gravity 
force itself cannot change the character of the rotation of the body. That is 
why the direction of the axis remains invariable during the flight: the angular 
momentum of the top retains both its magnitude and its direction in 
space. 

When the inner ring of the gyroscope is struck a moment of forces M is pro- 
duced during time dt and the increment of the angular momentum during that 
time is dN. But since the gyroscope is in a very fast rotation and possesses 
an angular momentum with a considerably large magnitude this small incre- 
ment of the momentum can only result in a turn of the vector NV through a very 
small angle da. In other words, the increment dN of the angular momentum 
is negligibly small relative to the original value N of the momentum and there- 
fore even when dN is perpendicular to N the angle of the deviation of the 
axis of the gyroscope from the direction of the angular momentum is very 
small. Hence, practically the axis remains invariable. 

It is quite clear, theoretically, that a free gyroscope can be used for the 
construction of a compass. If there were no friction in the bearings supporting 
the axis of the gyroscope and the axes of the rings, the axis of such a gyro- 
compass would always show a definite direction in space irrespective of the 
rotation of the Earth about its axis and of the annual motion of the Earth 
round the Sun. In such a case the axis of the gyroscope would not take part 
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in the motion of the Earth and would show an invariable direction; for in- 
stance, it could be permanently oriented to the Polaris. But since it is practically 
impossible to eliminate friction completely, the moments of friction forces, 
however small, eventually change the direction of the axis of the gyroscope 
and of its angular momentum. That is why a free gyroscope can only be used 
for the construction of a gyroscopic compass working during some finite time 
period. 


67. Motion of the Axis of a Gyroscope 


In this section we investigate the motion of the axis of a rotating gyroscope. 
The disk of the gyroscope can be in a compound motion representable as a com- 
bination of a rotation about the axis of the gyroscope and a motion of the axis 
itself. In the general case the direction of the angular momentum of the gyro- 
scope must not necessarily coincide with the axis of the gyroscope. But in case 
the gyroscope is in a very fast rotation about its axis while its rotation con- 
nected with the motion of the axis of the disk is comparatively slow it is al- 
lowable to assume that the directions of the angular momentum and of the 
axis of the disk are approximately coincident. 

For example, in ordinary demonstrative experiments with a gyroscope its 
disk rotates about the axis with an angular speed of the order of ten revolutions 
per second while the angular speed of the rotation of the axis itself is less than 
one revolution per ten seconds. For such motions the angle of the deviation 
of the vector representing the angular momentum from the direction of the 
axis of rotation is less than 1/100 radian, that is less than 1°. 

Indeed, as was pointed out in Sec. 64, the angular momentum can always 
be resolved into components along the principal axes and therefore, as was 
indicated, the magnitudes of these components can simply be computed as 
the products of the corresponding moments of inertia by the corresponding 
components of the angular velocity vector. The axis of rotation of the disk 
and any two mutually perpendicular axes lying in the plane of the disk are 
principal axes. Let us resolve the instantaneous angular velocity of rotation 
@ into the components @, and @, going, respectively, along the axis of the 
disk and perpendicularly to it (see Fig. 185). Then, knowing the moment of 
intertia J, of the disk with respect to itsaxisand the moment /, with respect to 
the axis perpendicular to the former we can determine the direction of Nand the 
angle B between the vector N and the axis ofrotation (the direction of N coin- 
cides with that of @,). Obviously, [)>J, and therefore B < arctan wp/w, ~ 0. 
Therefore, the angular deviation of the direction of the angular mo- 
mentum WN from the direction of the axis indicated by the vector @, is prac- 
tically very small. When neglecting this deviation we introduce a negligibly 
small error not affecting the essence of the ultimate conclusions. In what fol- 
lows we shall therefore assume that, practically, WN coincides with @, in its 
direction. 

Let us set the axis of the disk horizontally and make the disk rotate very 
speedily. Then let us suspend a small load from the inner ring of the gyroscope 
near the axis of the disk (see Fig. 186a). It turns out that under the action of 
the gravity force P of the load the point of suspension of the load does not 
move downwards but rotates slowly together with the axis of the disk and the 
outer ring about the vertical axis in the counterclockwise direction. The mo- 
ment we remove the load the rotation immediately stops. Increasing the weight 
of the load we observe the corresponding increase of the velocity of the rota- 
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FIG. 185 


tion of the ring about the vertical axis. Next, let us remove the load and press 
down the inner ring with a stick at the point from which the load was suspend- 
ed. The ring will move counterclockwise as if it were acted upon by the force 
of weight of the load. If we push the ring upwards (see Fig. 1860) it also rota- 
tes in the horizontal plane but in the opposite direction. 

Thus, although we exert a downward or upward action on the gyroscope it 
moves in\the perpendicular direction in the horizontal plane. Another strange 


FIG. 186 


phenomenon is the absence of “inertia”: the moment the external action 
stops the motion also stops. These facts will be elucidated below. 

The rotation of the axisof a gyroscope under the action of an external force, 
for instance, the rotation of the ring of the cardan suspension of the disk 
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under the action of the weight of the load is called precession. It can easily be 
explained on the basis of the law of motion of a rigid body expressed by for- 
mula (65.6) established earlier. The rotating disk whose axis is in a horizon- 
tal position is acted upon by the force of gravity having a non-zero moment 
about the point of support. The angular momentum of the disk must there- 
fore vary. By formula (65.6), the increment dN of the angular momentum 
during time dtis equal to M dt. The moment M of the force of gravity of the load 
about the point of intersection of the three free axes (the point of support) 
is represented by a vector lying in the 
horizontal plane. The angular momen- 
tum is also a vector; its direction 
coincides with that of the axis of the 
disk lying in the horizontal plane. 
The increment dN = M dt is a vector 
perpendicular to the angular momen- 
tum N (Fig. 187). Consequently, 
during time dt the angular momen- 
tum vector turns through an angle 


FIG. 187 FFL (67.4) 


N 


in the horizontal plane and the axis of the disk of the gyroscope turns together 
with that vector through the same angle da. Formula (67.1) expresses pre- 
cisely the angle of rotation of N and gives an approximate value of the angle 
of rotation of the axis of the gyroscope. The moment of the external force acts 
permanently and is always perpendicular to the angular momentum; therefore, 
the axis of the disk is in a rotation about the vertical axis with angular speed 


da M 
Q= a=7T (67.2) 


Note that here, in contrast to what we are used to, the moment of the external 
force specifies the angular velocity of the gyroscope and not the acceleration; 
that is why the removal of the force results in stopping the motion of the axis. 
The angular velocity Q of the rotation of the axis is called the precession veloc- 
ity; it is equal to the ratio of the magnitude of the moment of the external 
force to the magnitude of the angular momentum of the gyroscope. 

When the external force is applied so that its moment is not perpendicular 
to the angular momentum, for instance, when the load is suspended from a point 
on the inner ring not lying on the axis of rotation of the gyroscope, the preces- 
sion velocity is determined solely by the component of the moment of the 
force of gravity P normal to the angular momentum, that is in this case dN = 
= M, dt where M, is the normal component. Thecomponent M, of the moment 
going along the axis is balanced by the reaction force exerted by the outer ring. 

Thus, the end point of the axis of the gyroscope moves in the direction of 
the moment of the force and not in the direction of the force itself, which ac- 
counts for the “strange” behaviour of the gyroscope. 

Similar phenomena can be observed when another type of suspension of a gy- 
roscope shown in Fig. 188 is used. In this case the ring carrying the bearings 
supporting the axis of the disk of the gyroscope is attached to the rod AB which 
is (geometrically) the extension of the axis of the disk of the gyroscope. The 
rod is supported at a point O so that it can rotate about a horizontal axis per- 
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FIG. 189 FIG. 190 


pendicular to the rod (the vector M in the figure goes in the direction of that 
axis). This horizontal axis is supported by a semiring which can rotate about 
the vertical axis relative to the post. All the three axes of rotation meet at 
the point O and hence the disk of the gyroscope can be in any position in space 
(at a certain distance from the point O which is supposed to be in a fixed posi- 
tion on the rod). The moment of the force of weight of the gyroscope is bal- 
anced by the moment of the gravity force P of the counter weight at the end A 
of the rod AB. 

When this system is unbalanced (i.e. when the counter weight is decreased 
or increased) there appears a rotating moment about the horizontal axis acting 
on the disk and producing the precession of the gyroscope. When the balancing 
weight is decreased the precession is in one direction and when it is increased 
the precession is in the opposite direction. 
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The phenomenon of precession can also be demonstrated as follows. Let 
the ring carrying the gyroscope or the rod to which the ring with the gyroscope 
is attached be suspended from a thread as shown in Fig. 189 so that the axis 
of the rotating disk is at an angle to the vertical. If the disk did not rotate the 
gyroscope would simply “fall” down. in case it is in a rapid rotation there ap- 
pears precession due to the moment of the force of gravity. 

Precession can also be easily shown in an experiment with the top. Strictly 
speaking, a rotating top always shows a slight precession which, however, 

is very small when the angular veloc- 

ity is large and when the top is 

almost vertical. Indeed, the top (see 
/ Fig. 190) is supported at the point 
‘Centre A lying below its centre of mass and 
of mera ~~ therefore when the axis of the top 
y departs from the vertical (which 
practically is always the case) there 
arises the moment of a couple of 
forces, namely, of the reaction force Q 
at the point of support and of the 
force of weight P, which causes pre- 
cession. 

When the top is in a rapid rotation 
its precession is such that the axis of 


a the top remains on the lateral surface 

w/ Point of tangency of a cone with vertex at the point A 

Py and the angular momentum vector 
Y rotates together with the axis.* De- 


noting byh the distance from the point 

A to the centre of mass of the top, by 

FIG. 194 I the moment of inertia of the top 

and by w the angular speed of rotation 

we can write the relation M = Qh sina = Ph sina for the moment M of the 
couple. The increment of the magnitude of the angular momentum is dN= 
= M dt = Q dt N sin a where Q is the precession velocity (see Fig. 190). 
On replacing N by Im we receive the formula for the precession velocity: 


Phsina Ph 
2 = Tosina Jo (67.3) 
When the angular speed w of the top is large the precession velocity Q is neg- 
ligibly small. As the rotation of the top gets slower (this is always the case 
due to the friction forces and air resistance) the velocity of the precession be- 
comes larger and can be more easily observed. 

It should also be noted that besides the couple of forces indicated above, 
the top is also acted upon by the moment of the force of friction whose action 
makes the top tend to the vertical position. This can easily be observed when 
the top is made to rotate speedily with its axis inclined to the vertical. It 
can be seen that in some time the axis becomes (almost) vertical. This effect 
is particulary strong when the lower end of the axis of the top is blunt. 


* This imaginable cone described by the vector N with origin at the point A is shown 
in dotted line in Fig. 190. 
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To explain this effect let us consider Fig. 191 where the lower end of the 
axis of such a top is shown. The vector N is not shown in the figure but it is 
meant to be directed upwards along the axis. The point B of contact between 
the end of the axis and the horizontal surface does not lie on the geometrical 
axis of the top and therefore the friction force applied tothatend (it is direct- 
ed to the reader perpendicularly to the plane of the figure) has a moment 
M,, about the centre of mass of the top. The vector M;, is in the plane of the 
figure and is directed towards the vertical. Consequently, the increment dN = 
= M,, dt of the angular momentum of the top is also directed towards the ver- 
tical, which makes the axis of the top tend to the vertical position perpen- 
dicular to the supporting plane. 

The inclined top is under the action of two moments: the moment of the 
couple of forces (the couple is formed by the reaction force of the supporting 
plane and the force of weight) and the moment of the friction force. If the air 
resistance is negligibly small the motion of the top is determined by these 
two moments. 


68. Gyroscopic Effect 


Experiments with the precession of a gyroscope lead to the following conclu- 
sion: since the axis of the gyroscope rotates in a certain direction there must 
be some forces acting on the gyroscope whose resultant moment is in the di- 
rection of motion of the positive end of the gyroscope.* 

For instance, the rotating millstone shown in Fig. 1706 is acted upon by 
a force exerted by the plane on which it rolls. This force is directed upwards 
and creates a moment which determines therotation of the axis of the mill- 
stone in the horizontal plane. The millstone itself acts on the plane with the 
force of the same magnitude and opposite direction. The magnitude of this 
gyroscopic force can be found from the precession law expressed by formula 
(67.2). If the angular velocity of the millstone is @ the angular velocity of 


the rotation about the vertical axis is oF (Fig. 192). Let usregard the mill- 


stone as a homogeneous cylinder of radius R placed at a distance of H from 
the vertical axis. As will be seen, the force of pressure the millstone exerts 
on the plane can be much greater than the weight of the millstone in the ab- 
sence of rotation. This accounts for the usage of such a construction. 

The angular momentum of the millstone is always in the plane passing 
through the axes of rotationand it goesat anangle to the vertical (see Fig. 192). 
We are only interested in the horizontal component of the angular momentum 
whose magnitude is 


N, = lw = 1/2 mR*o (68.1) 


where m is the mass of the millstone. It is evident that only the direction of 
the horizontal component of the angular momentum changes; the vertical 
component retains both its magnitude N, and its direction. Therefore, dN 
is equal to the increment of the horizontal component while the latter is mea- 


* By the positive end of the axis of a gyroscope we mean the one from which the arrow 
representing the angular momentum vector goes out. The positive directions of that 
vector and of the vector of angular velocity of rotation coincide (according to the 
right-hand screw rule mentioned in their definitions). 
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FIG. |192 


sured by the change of the direction of 
the axis of the millstone. Thus 


dN =Nyo + dt=FH dt (68.2) 


Substituting the expression of N, 
given by (68.1) in (68.2) we obtain 


1 R 
= Mo —- = FH (68.3) 


whence the magnitude F of the force 
F is found: 


1 R3 
oes m Ti? w? (68.4) 


Consequently, the force of pressure 
FIG. 193 of the millstone on the horizontal 
plane exceeds its weight by F. 

One can readily feel the gyroscopic effect by taking the axis of a rapidly 
rotating body and trying to turn it in a certain direction (see Fig. 193). Ap- 
plying a moment of a force to turn the axis one feels as if the axis were tearing 
away and tending to turn in the perpendicular direction. To compensate for 
this tendency one should apply considerable effort which increases together 
with the speed of the turn of the axis. 

The same gyroscopic forces act on the bearings of the axes of rapidly rotat- 
ing parts of a machine when the machine itself is turned. This accounts for 
the forces acting upon the bearings of a turbine on a ship or in an airplane 
engine when the ship or the airplane changes the direction of motion. The magni- 
tudes of these forces increase together with the rate of change of the direction 
of motion. 


69. Rotation of the Axis of a Constrained Gyroscope 


Let a gyroscope be supported so that it has only one degree of freedom, for 
instance, let it be able to rotate only about one axis (different from the axis 
of its rotating disk). Then the reaction of the system to a force trying to turn 
it about that allowable axis is quite different from its reaction in the previous 
cases studied in Sec. 68. It turns out that in the case under consideration the 
gyroscope no longer resists the action of the external force and behaves like 
an ordinary body; it simply turns in the direction of the force applied to it. 
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Suppose that the horizontal axis of the gyroscope shown in Fig. 188 is fixed. 
On being slightly pushed the gyroscope thus suspended rotates about the verti- 
cal axis. The explanation of this fact is that in the case under consideration the 
moment of forces which is needed for the turn of the angular momentum vector 
is created by the reaction forces in the bearing supporting the vertical axis 
and not by external forces. 

When the gyroscope in Fig. 188 is free and is acted upon by a horizontal 
force rotating the rod AB in the clockwise direction (we mean the top view) 
the ring with the gyroscope moves 
downwards since the external mo- 
ment is directed downwards. When Sve aie 
the horizontal axis is fixed (see the M 
scheme in Fig. 194) such a motion 
is impossible. For, the bearing of 
the vertical axis exerts the forces F 
and F’ on the axis and the moment 
M of these forces is normal to the 
horizontal axis; this moment results 
in the displacement of the axis of 
the gyroscope in the direction of the 
push. 

Let us consider the experiment 
whose scheme is shown in Fig. 190. 
Here the vertical axis of the gyroscope 
is fixed and the post is rigidly con- 
nected with the horizontal disk. When 
the horizontal disk is rotated we 
observe that the axis of the gyro- 
scope moves so that the direction of 
the rotation of the disk of the gyro- 
scope tends to coincide with the direc- 
tion of the rotation of the horizontal 
disk. The phenomenon is explained FIG. 194 
quite simply: as the horizontal disk 
is rotated the post and the vertical axis of the gyroscope transmit to the 
gyroscope a moment of forces M represented by a vector parallel to the axis 
of rotation of the horizontal disk (see Fig. 195). This moment can only produce 
the rotation about the horizontal axis until the direction of the axis of rotation 
of the gyroscope coincides with the direction of the moment M. 

Now let us fix the post with the gyroscope so that the “vertical” axis of the 
gyroscope is inclined to the axis of rotation of the horizontal disk and let us 
fix the “horizontal” axis of the gyroscope so that it can only be in rotation 
about its own axis and about the “vertical” axis. The scheme of the experi- 
ment is shown in Fig. 196. In these conditions the gyroscope is acted upon 
by a moment of forces which is always in the vertical plane passing through 
the axis of rotation of the horizontal disk. Indeed, the angular velocity o of 
the horizontal disk can be resolved into the two components w, and @y. The 
rotation of the post with angular velocity w, does not affect the motion of the 
gyroscope since the “vertical” axis is free. The rotation with the angular veloc- 
ity @, creates a moment M whose direction coincides with that of the vector 
®, lying in the above indicated plane. 


Axis of gyroscope 


F’ a axis N 


Top view 
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FIG. 196 


These simple experiments are visual because when the direction of the rota- 
tion of the horizontal disk is changed the gyroscope turnsin the opposite direc- 
tion. They show-;how the construction of a gyro-compass can be designed. 


70. Motion of a Free Gyroscope 


In this section we give an example of the solution of a problem on a motion 
of a free gyroscope by which is meant a gyroscope with the centre of mass as 
its single point of support. 

Let the moment M of the external forces be equal to zero. Then we have 

aN 0 


N=const and — 


= (70.1) 


where NW is the angular momentum of the gyroscope. Let us write down the 
last condition in a reference frame connected with the rotating disk of the gy- 
roscope. To this end we apply the differentiation rule for the vectors in a rota- 
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ting coordinate system derived in Sec. 48. The derivative of the vector N in 
(70.1) is taken in an inertial (fixed) reference system. In the rotating system 
of coordinates connected with the rotating disk of the gyroscope whose angu- 
lar velocity is m we have, according to the general formula (48.10), 


(dN )o 
dt 


In the case under consideration this reduces to 
CMe + [on] =0 (70.2) 


dN 
= +[vo) 


This equation completely specifies the motion of a freely rotating body with 
a single point of support at its centre of mass. The vector N is constant in its 
magnitude and retains its direction in space. However, its position relative 
to the rotating body may vary and equation (70.2) describes this variation. 


In the special case when the vectors @ and WN coincide we have oe = 0 and 


the body rotates about the axis of rotation going along the vector @ and oc- 
cupying invariable positions in space and relative to the body. 

Let us take the free axes of the body as the coordinate axes and rewrite equa- 
tion (70.2) in terms of the projections on these axes. The reader should remem- 
ber that for the projections of V on the axes we have 


Ny = 401, Ny = Ag@2, and Nz = Agas 


where A,, A,, and Ag are the principal moments of inertia, NV, and q, are the 
projections of N and @ on the first principal axis to which corresponds the 
moment of inertia 4,, etc. The quantities A,, 4,, and A, are constant in the 
chosen coordinate system. Therefore 


dN, , do, dN, _. do, dN, _, dag 

de ge ae ge BS a ae (70.3) 
because 

(d@), dw 


it = at. and (dN)y>=aNin, +dNon,+ dN3nz3 


where m,, Mg, and mg are unit vectors in the directions of the principal axes. 
Taking into account (70.3) we can rewrite equation (70.2) in the form 


dw 
Ma + 0.NV3;—a;,N,=0 


ves + wsN,—a0,N3 = 0 


dw 
a + w,V., —s WeiV, = 0 | 


hs 
that is 
| ipectal 

1 gp 1 Mas (A3 — Az) = 0 


d@ ‘ 
aT + Wg, (Ay — Az) = 0 (70.4) 


he 


d 
ha Be + 0102 (ho — 94) = 0 | 


The equations we have obtained are a special case (for M = 0) of the Euler 
equation. 

The general analysis of these equations is rather intricate. We will limit 
‘ourselves to the case of a free gyroscope shaped as a solid of revolution. In this 
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case two principal moments of inertia of the gyroscope are equal. For definite- 
ness, let A, = Ags. Then equations (70.4) assume the form 


d@, __ dW. =o dws 
a= 0, + O30 = 0 and Ss — W209 = 0 (70.5) 


where @) = 0, aoe 

The first of these equations implies w, = const, that is the projection of the 
vector » on the first coordinate axis remains invariable. Hence the quantity 
®, is constant and the remaining two 
simultaneous equations can easily be 
solved. By the direct substitution we 
can readily verify that 


®, = A cos (Wt + g) and 
@3 = A sin(w ot + g) (70.6) 


are the ‘solutions (A and @ are cons- 

tants dependent on the initial condi- 
tions). 

tanB=A/w, The analysis of the solution we have 

obtained indicates that the vector o 

remains invariable in its magnitude 

FIG. 197 and is in a motion on the surface of 

a cone (Fig. 197). It rotates about the 

axis of symmetry of the body with angular speed w,. The expression 

A = V w? + o% depends on the initial conditions while the angle B specifying 

the shape of the cone is determined by the ratio A/@,. The ratio w,/w, depends 

solely on the ratio of the principal moments of inertia, that is on the distri- 

bution of the mass of the gyroscope. 

To visualize the motion of the axis of the gyroscope it is expedient to pass 
from the rotating coordinate system to a fixed system of reference. This can 
be performed in a simple way as follows. 

Let us use formula (64.14). We always have 


N = 104M, + Agel, + Ag@sitz 
and in the case under consideration Ag = A,. Therefore 
N = Ay@yry + Ag (Wei, + Wits) + Again, — A,O\ry = 
= (Ay — Ag) 12, + AQo (70.7) 
It follows that the vectors n, (going along the axis of the body), N, and @ lie 


in one plane. Taking this into account and using equality (70.7) we can deter- 
mine the motion of the axis of the gyroscope. To this end we rewrite (70.7) as 


® = aoe — Wot, (70.8) 
2 


where s = Q is the component of the angular velocity along the vector WN. 


The vector @ retains its magnitude and direction. Since the moduli of the 
vectors m and —@ mn, are constant and the vectors themselves lie in a plane 
passing through the vector Q, they rotate with angular velocity & and the 
angle between the vectors remains constant. Therefore, the vector {2 repre- 
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sents the precession velocity of the gyroscope. The precession phenomenon is 
shown in Figs. 198 and 199 for the cases A, >A, and A, < Azo, respectively. 


Suppose that the angle 8 between and n, (the latter vector goes along the 
mache w,. It should be 


axis of the gyroscope) is known. Then we find w» = 


noted that in the case A, >A, (Fig. 198) we have w, > 0 and therefore the 
angular velocity of rotation —@ n, of the gyroscope about its axis is opposite 
to the precession velocity 2. The axis of the gyroscope is in this case in preces- 


ZL Cone — 
of precession 


ee 
. 
ee a 


‘Gyroscope 


W <0 


Cone of precession W >0 


FIG. 198 FIG. 199 


sion whose direction is opposite to the rotation of the gyroscope itself. The 
condition A, > A, means that the body in question has a shape flattened in the 
direction of its symmetry axis, which is clearly seen in the figure. 

Figure 199 demonstrates another case when the body is elongated in the 
direction of its symmetry axis: A, < A,. In this case the precession is in the 
direction of the rotation of the body about its axis since w) < 0. The angle B 
(or the quantity A) depends on the initial conditions. ; 

Such a rotation of the axis of a gyroscope about the direction of the angular 
momentum vector NV in the surface of a cone is called regular precession in con- 
trast to pseudoregular precession occurring under the action of a constant moment 
of the gravity force. When the rotation of a gyroscope about its own axis is 
very fast (this was assumed in the foregoing section) the character of the phe- 
nomenon of presudoregular precession is almost undistinguishable from that 
of the phenomenon of regular precession when these phenomena are observed 
in an ordinary manner. In the general case the pseudoregular precession invol- 
ves small oscillation of the axis of the gyroscope on the surface of the precession 
cone (this is called the nutation phenomenon). However, oscillation can hard- 
ly be observed when the angular speed ofthe rotation of the gyroscope is high. 
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It should be noted that a gyroscope can also move without any precession 
when A = 0 and the directions of N and o coincide. There can be no preces- 
sion for a ball-shaped gyroscope because in this case we always have N = ha. 


71. On Gyroscopic Forces 


The analysis of the gyroscopic phenomena presented in the foregoing sections 
was based on the general law of motion ofa rigid body (deduced in Sec. 65) 


A xis of rotation 
through an angle of Aa 


FIG. 200 


which is expressed by the formula M = peal . Using this law we managed to 


explain all the peculiarities of the behaviour of a gyroscope. But it is also pos- 
sible to consider directly the accelerations of the particles of a rotating body 
in order to find what forces act on them; such forces are usually referred to as 
gyroscopic. 

Let the axis of a rotating disk turn through an angle da during time dt. Let 
us find the accelerations of various points of the disk in this motion. We shall 
consider the four typical points A, B, C, and D indicated in Fig. 200 which are 
symmetric, at time t, with respect to the axis OO’ about which the axis of the 
disk turns. Let us resolve the velocities of each of the four points into two com- 
ponents: parallel to the axis OO’ and perpendicular to it. The parallel compo- 
nents of the velocities of the points A and B have equal values v, and the paral- 
lel components of the velocities of the points C and D are equal to the same 
vector vj.: The perpendicular components of the velocities of the points A and D 
have equal values v, and the perpendicular components of the velocities of 
the points C and B are equal to v’,. Besides the parallel and perpendicular 
components lying in the plane of the disk, each of the points has a component 
normal to the plane of the disk which appears because of the rotation about the 
axis OO’. Let us suppose that the rotation about the axis OO’ is much slower 
than the rotation about the axis of the disk. Then, for the sake of simplicity, 
we can neglect the components normal to the plane of the disk. 
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We now consider the increments of the velocities during time dt. All the 
points change their positions during that time interval dt: they gain some dis- 
placements in the direction of the rotation of the disk along the corresponding 
arcs of the circle; besides, because of the rotation about the axis OO’ they leave 
the plane of the figure: the points A and B move towards the reader while the 
points C and D move in the opposite direction (see Fig. 200). 

Let us consider the corresponding increments of the components of the veloc- 
ity of each point. For the points A and B the components v, receive the incre- 


FIG. 201 FIG. 202 


ments Av, 4 and Av} 3, respectively, lying in the plane of the disk and having 
equal magnitudes and opposite directions (Fig. 201), which follows from the 
symmetry of the disk. The same applies to the points C and D. The increments 
of the components v, and v;, are not in the plane of the disk. Let us denote 
the components of these increments in the direction normal to the disk as Av, 
and Av’, (Fig. 202), the components of the increments parallel to the plane of 
the disk as Av,, Avg, Avg, and Avp (see Fig. 201). All the components of the 
increments can be divided into pairs of equal vectors, which follows from the 
symmetry of the configuration of the points A, B, C and D. Therefore, the 
sum of the components of the increments lying in the plane of the disk is equal 
to zero. . 

The magnitudes of the increments can easily be determined. The increments 
of the velocity lying in the plane of the disk (Fig. 201) correspond to the uni- 
form motion of the points in the circle. Therefore, the sum of these increments 
specifies the centripetal acceleration of the given point. Only the perpendicular 
components v, and v; change their directions because of the rotation of the 
disk about the axis OO’; therefore, the magnitudes of the increments of the 
velocities of the points A, B, C, and D in the direction normal to the disk are 
equal to Av, = Aav,. 

The components of the increments of the velocities normal to the disk (see 
Fig. 202) are of equal magnitudes; their directions are opposite for the points A, 
D and B, C. The same applies to any other four points. Consequently, all the 
17-0776 
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points of the disk must have accelerations whose directions coincide with the 
directions of the increments of the velocities shown in Fig. 202. The disk must 
therefore be subject to the action of a couple of forces whose moment is per- 
pendicular to the axis of the disk and to the axis OO’. This allows us to draw the 
reverse conclusion: if a rotating disk is acted upon by a couple of forces its axis 
rotates so that the general relation 


aN 
M = at 


is fulfilled for which we assume that the axis of the disk and the vector N have 
the same direction. 


CHAPTER 8 


Rolling Friction 


72. Forces of Rolling Friction. Forces of Sliding 
Friction in Rolling Motion of a Cylinder 


In physics and engineering an important role is played by forces appearing 
when a wheel (a cylinder) is rolling on a plane. Generally, these forces are 
called friction forces. To describe the phenomenon in more detail we distin- 
guish between the three types of friction forces which are due to rolling, sliding, 
and adhesion of wheels. Forces of rolling friction, like friction forces in a trans- 
latory motion, always exist and always decelerate the motion. Forces of slid- 
ing friction and adhesive forces appearing in a rolling motion can both accel- 
erate and decelerate the rolling body. Like forces of friction of rest, adhesive 
forces must not necessarily be connected with transformation of mechanical 
energy into heat. 

Let.a homogeneous cylinder roll with sliding down inclined plane. Then, gener- 
ally speaking, all the three types of friction forces are present. In the absence 
of sliding only forces of rolling friction and adhesive forces act; in many cases 
the force of rolling friction is very small and then only the adhesion should be 
taken into account (which was done in Sec. 58). When a rolling motion is ac- 
companied by the action of adhesive forces alone, that is when the point of 
contact of the cylinder and the plane does not slide relative to the plane, there 
are no losses of mechanical energy. 

Let a cylinder roll on a horizontal plane without rolling friction so that the 
axis of the cylinder is perpendicular to the velocity of motion. If the cylinder 
rolls without sliding and its motion is uniform then obviously there is no tan- 
gential force of interaction between the cylinder and the plane (it is assumed 
of course that there is no air resistance). 

Now imagine that we take a cylinder rotating about its axis with angular 
velocity @,, put it on a horizontal plane and let it move freely the moment it 
touches the plane (Fig. 203). Then the cylinder rolls on the plane and the obser- 
vation shows that at the beginning of its motion there is an acceleration along 
the direction of motion. This means that the cylinder is acted upon by an ex- 
ternal force. This force is exerted by the horizontal plane and the magnitude 
of the force is equal to the mass of the cylinder times the acceleration of the 
points lying on the axis of the cylinder. The initial value of the linear velocity 
of the cylinder is equal to zero and the linear velocity increases as the motion 
of the cylinder starts whence it follows that during that period of motion slid- 
ing takes place. The force of sliding friction thus accelerates the linear velocity 
of the axis of the cylinder and decelerates its rotation about the axis. Hence, 
the velocity v of the translatory motion increases while the angular velocity 
decreases. The velocity v,; of the sliding of the points of the cylinder adjoin- 


17* 
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FIG. 203 


ing the plane decreases in its modulus because wR > v and 
Vs, = oR—v 


where RF is the radius of the cylinder. The moment the velocity v,, turns into 
zero the force of sliding friction stops acting and, beginning with that moment, 
the motion becomes uniform. 

The motion of the cylinder can be investigated quantitatively if we assume 
that the force of sliding friction in the phenomenon approximately obeys the 


FIG. 204 


Coulomb law (see Sec. 42) and is equal to fy = uN where JN is the weight of the 

cylinder. The moment the cylinder is put on the plane and allowed to move 

the accelerating force is equal to fy and it retains the same value during the 

motion. Therefore, the linear acceleration of the cylinder is determined by the 

formula 

ae. 
m 


a (72.4) 


where m is the mass of the cylinder. The cylinder simultaneously possesses 
a negative angular acceleration B = —| 6 | with 


R 
|B| = tot (72.2) 
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where J is the moment of inertia of the cylinder with respect to its symmetry 
axis. Consequently, the velocity of the axis of the cylinder increases according 
to the linear law 


ee reel 
Ue at == = t (72.3) 


while the angular velocity decreases linearly: 


foft 
rf 


WO = Wy —| B | t = wp — t (72.4) 
where w, is the initial angular velocity of the cylinder at initial instant t = 0 
when the rotating cylinder is put on the plane. 

It is evident that there is an instant t = t, (ty > 0) at which the linear veloc- 
ity v becomes equal to wR. At that instant the sliding disappears and, conse- 
quently, the force of sliding friction stops acting on the cylinder. That is why 
after the time instant ¢ = ¢, the cylinder rolls without sliding, its axis moving 
uniformly with velocity 

Wf 

_, mR? 
1 -!- 7 


Vo = (72.5) 


Formula (72.5) can readily be obtained by eliminating ¢ from expressions (72.3) 
and (72.4) and putting wR = v>. The magnitude ¢, is found from formulas 
(72.3) and (72.5): 


MVg __ MOokt 
~~ mR?2 
0 9 (14+-) 


The time diagrams for the linear and angular velocities are shown in Fig. 204. 
The friction force fy acts only from t = 0 to ¢ = ty when sliding takes place. 
For t > ¢, the cylinder rolls uniformly without sliding. 

It should be noted that in the phenomenon we have discussed a part of the 
initial kinetic energy of the rotating cylinder is transformed into heat. Let 
the reader show that this part of the initial energy is equal to 

mR] 
(1+ mR?)? 


to = (72.6) 


We stress once again that at the initial time t = 0 there must appear slid- 
ing. The uniform motion of the cylinder can only start without sliding at the 
initial time when there is an impact of the cylinder against the plane at the 
initial instant, the force of the impact being infinite (more precisely, this force 
must be sufficiently large). Such an impact can take place when the surface of 
the plane has some irregularities. After the impact the points of the cylinder 
contacting the plane stop moving (relative to the plane) under the-action of 


the impulse P = \ f dt of the force f exerted by the plane on the cylinder at the 


points of contact. The impulse P of the force f gives the cylinder a momentum 
of magnitude mv = P and, besides, decelerates the rotation of the cylinder. 
The corresponding decrement Aw of the angular velocity w can be found from 
the condition /Aw = RP. After the impact the cylinder is in a pure rolling 
motion on the plane and v = (mw — Aw) A. On eliminating P and Aqw we find 
WR 
mR? 


1+; 
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When the velocity of sliding vs) is directed backwards (i.e. wR > v) the force 
of’sliding friction is directed forwards; when the velocity v,, is directed forwards 
the force of sliding friction is directed backwards (wR < v). In the latter case 
the friction force decelerates the motion of the cylinder. 

Let us make the cylinder roll along the plane with an initial velocity v, so 
that it does not rotate at the initial instant. Then the force of sliding friction 
decelerates the translatory motion. The velocity v of the translatory motion 
decreases and the angular velocity w of the rotational motion increases until 
wR becomes equal to v after which a uniform motion without sliding 
starts. 

In a rolling motion without sliding there may appear adhesive forces. In the 
examples we have discussed there are no such forces only because the cylinder 
is not acted upon by horizontal external forces. When a cylinder rolling along 
a plane without sliding is under the action of an external force the correspond- 
ing force of adhesion appears. Consequently, adhesive forces, like forces of 
friction of rest, are specified by the magnitude of the external forces acting 
on the moving body. 


73. Adhesion of Wheels 


When an automobile or a locomotive moves and its wheels roll without 
sliding an important role is played by the forces produced by adhesion of wheels. 
In a rolling without sliding the contacting surfaces of the wheels and of the 
road or rails do not move relative to each other and there may appear an adhe- 
sive force. As in the case of friction of rest, this force does not exceed a defi- 
nite maximum value f,. The magnitude f, is proportional to the force N with 
which the wheel presses the supporting surface. The dependence of the adhesive 
force on the force N can be of a more complex character for a moving automobile 
because in this case the pressure results in a deformation of the automobile 
tyres. 

Let us consider the scheme of the motion of a self-propelling vehicle (or an 
automobile) shown in Fig. 205a. The driving wheel is under the action of a rota- 
tional moment of magnitude M = f-b (Fig. 205b) produced by the engine and 
transmitted to the wheel through the body of the vehicle. The body of the vehi- 
cle is in its turn acted upon by a moment of magnitude M’ = f’-b directed 
opposite to M and, by the third law of dynamics, f = /f’. Since the wheel rolls 
without sliding the forces applied to it determine its acceleration in accordance 
with the equalities 


M—faR=JB, faa—fr=ma and a=BpR (73.1) 


where f, is the force exerted by the body of the vehicle on the axis of the wheel 
(see Fig. 205b), m is the mass of the wheel, f,4 is the adhesive force applied to 
the wheel, J is the moment of inertia of the wheel, and AR is its radius. These 
equations make it possible to establish the relationship between the force f, 
and the moment /™/: 


I 
fi=a-— (m+ 4e) a (73.2) 
The force applied to the body of the vehicle is equal to f, in the magnitude and 


opposite in the direction. Hence, f, is the magnitude of the driving force pro- 
ducing the motion of the vehicle. It is less than the adhesive force f,4 by the pro- 
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duct ma. When the motion is uniform, that is a = 0, formula (73.1) results in 


f= f= (73.3) 


Consequently, for a uniform motion the driving force f, is equal to the adhesive 
force f,, and its magnitude depends solely on the moment M produced by the 
engine and on the radius R of the wheel. Formulas (73.1), (73.2) and (73.3) have 
been derived under the assumption that fag < fp, which means that there is 


FIG. 205 


no sliding of the wheel on the supporting surface. If otherwise, the relation 
wR =v does not apply and, consequently, the equality BR =a does not 
hold either. The external force applied to the driving wheel cannot exceed f,. 
When the moment M produced by the engine increases so that the force exceeds 
that value f, sliding sets in. In this case the first two equalities (73.1) remain 
valid while the last one (i.e. a = BA) no longer holds; for the case of sliding we 
have a< 6A. For instance, when a = 0 and B > 0 a part of the rotational 
moment is expended on the increase of the angular velocity of the wheel but 
not on the increase of the driving force. 

When an automobile starts moving ona slippery road with a sharp increase 
of the rotational moment / produced by the engine the slipping of the wheels 
may occur. In this case the wheels rotate rapidly and slip while the driving force 
is small and the automobile does not move or starts moving very slowly. The 
sharp decrease of the driving force is accounted for by the fact that the magni- 
tude of the force of sliding friction decreases as the velocity of sliding increases. 
That is why in such cases the moment M should be increased gradually as the 
automobile starts moving. 

In all these considerations we have supposed that the rotational moment M 
is directed so that it gives the automobile a forward acceleration. When the 
moment produced by the engine changes sign during the motion the above equa- 
tions remain valid with the only distinction that the signs of the acceleration 
a and of the driving force /, change. It is evident that in this case the force f, 
is directed backwards and decelerates motion of the automobile. 


74. Braking and Skidding 


When the brakes of an automobile are applied, the brake shoes (Fig. 206) 
exert friction forces f’ acting on the wheels. These forces produce braking cou- 
ples with moments M), acting on the wheels and decelerating the automobile. 
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The moment My, satisfies equations analogous to (73.2) and involving the 
decelerative force fy (provided that there is no sliding of the wheels). As has 
been said, when the automobile starts the rotational moment produced by the 
engine should be increased gradually in order to avoid the slipping of the wheels 
and the decrease of the driving force. Similarly, when the brakes are 
applied, the moment M,, of the braking couple must not be increased 


sharply. 
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The sliding of the wheels of an automobile which arises when the brakes are 
applied may be dangerous because of the phenomenon of skidding which leads 
to the loss of control. Skidding often occurs when the brakes of an automobile 
are applied on a slippery road. This can also be explained by a specific depen- 
dence of the forces of sliding friction on the velocity and the direction of the 
motion. 

When a body slides on a horizontal plane in the direction of its velocity 
v it turns out that even a very small force f acting perpendicularly to v may 
produce a considerable displacement of the body in the direction of f. The 
matter is that a body sliding in a certain direction can produce only a very 
small friction force as it is displaced in the perpendicular direction. This phe- 
nomenon is due to the absence of adhesion between the surfaces of the body 
and of the plane because the body moves relative to the plane. This effect can 
be visualized in an experiment suggested by 8S. E. Khaikin. The scheme of this 
experiment is shown in Fig. 207. 

In the figure we see an electric motor with a clutch B on its axle A. A load 
of weight P is suspended from a thread which is passed around the pulley C and 
is attached to the clutch. The force of weight of the load stretches the thread and 
tends to move the clutch B away from the axle. The clutch consists of two halves 
pressed together with the aid of screws. On regulating properly the tightening 
of the screws we can determine the weight P of the load which can remove the 
clutch from the axle of the electric motor when the axle does not rotate. The 
clutch is prevented from rotating together with the axle by the lever D attached 
to the clutch; the other end of the lever is fixed at the point a with the aid of 
another thread stretched perpendicularly to the plane of the figure. Then the 
motor is started and the axle rotates; it turns out that the clutch moves along 
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the axle as the latter rotates under the action of a considerably smaller force 
(approximately of magnitude of 0.1 P and even less). 

This phenomenon of the decrease of the force of sliding friction can be ex- 
plained rather simply if we take into account that the force of sliding friction is 
always directed opposite to the velocity of sliding. When the clutch moves 
along the axle with a velocity v, the resultant velocity of the sliding of the 
particles on the surface of the axle with respect to the clutch is directed at an 
angle of a small magnitude @ to the plane perpendicular to the axle (see 
Fig. 208). Consequently, the friction 
force f, is directed at the angle a to 
that plane. Only a small component 
f, of the force f, acts in the direction 
of the axle: 


Shaft | 


fi=fy tana ~ fa = fo K fy (74.4) 


because usually we have v, < v. 

We now can explain the skidding of 
an automobile on a slippery road when 
the brakes are applied sharply. The 
brake shoes stop the rotation of the 
wheels and the automobile starts 
sliding forwards by inertia. A small 
irregularity on the road or a slight 
difference in the friction forces acting FIG. 208 
on different wheels may produce a side 
force or a moment of forces with respect to the vertical or a lateral displace- 
ment of the automobile. For, there are no friction forces (or they are too 
small) that can prevent the wheels of the automobile from a motion perpen- 
dicular to the direction in which the automobile moved before. This is 
of course a simplified explanation, which however describes correctly the main 


features of the phenomenon. 


79. Rolling Friction 


In the foregoing sections we did not discuss the forces of rolling friction. We 
only dealt with adhesive forces in a rolling motion (analogous to the force of 
friction of rest) and with forces appearing when a cylinder rolls on a plane with 
sliding (these forces are analogous to the force of sliding friction between plane 
surfaces). An important distinction between them is that an adhesive force 
performs no work (its action is not accompanied by a transformation of mechan- 
ical energy into heat) while the force of sliding friction always performs some 
work connected with energy transformation from the mechanical form into 
heat. 

When a cylinder rolls on a plane without sliding there are always energy 
losses, that is some amount of mechanical energy goes into heat. The velocity 
of such a cylinder rolling on a smooth horizontal plane without sliding gradually 
decreases and finally the cylinder stops. Since the forces of air resistance, which 
are always present, are very small we conclude that there must be some other 
force decelerating the cylinder. This is the force of rolling friction whose magni- 
tude depends on the properties of the materials of the cylinder and of the 


plane. 
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FIG. 209 


When the cylinder rolls the plane undergoes a deformation (see Fig. 209a) 
produced by the action of the force pressing the cylinder to the plane. If these 
deformations are perfectly elastic the interaction forces between the cylinder 
and the plane must be symmetric with respect to the vertical plane ab passing 
through the axis of the cylinder. To each such force f there corresponds a force 
f’ of the same magnitude which is symmetric to f and whose point of applica- 
tion is symmetric to that of the force f. (Here we neglect the forces of sliding 
friction appearing because of the relative motion of the cylinder and the plane.*) 
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Because of the symmetry, the resultant of all the forces of the elastic defor- 
mation of the supporting surface must be vertical and the sum of the moments 
of the deformation forces with respect to the axis of the cylinder is equal to 
zero. Therefore, the forces of elastic deformations of the cylinder and the plane 
‘cannot affect the velocity of the rolling motion, that is the motion is such as 
if there were no deformations at all. This means that no forces of rolling fric- 
tion arise in such a Case. 

Thus to explain the appearance of the forces of rolling friction we should assume 
that the deformation of the cylinder and of the plane is non-elastic, which in 
fact is always the case. 

* Generally speaking, the contacting areas of the cylinder and of the plane always move 


slightly relative to each other so that the force of sliding friction, however small, 
inevitably appears. 
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For the sake of simplicity we assume that the cylinder is non-deformable 
while the surface of the plane undergoes non-elastic deformation and has some 
residual deformation. (For the ultimate result of our investigation it is unim- 
portant which of the bodies is in fact deformed, that is the cylinder or the 
plane or both.) For the model we have chosen it is quite clear that the forces 
of the action of the plane upon the cylinder are no longer symmetric with respect 
to the plane ab (see Fig. 2095): the force f must be of greater magnitude than 
the force f’ applied to the symmetric area lying behind the plane abd (relative 
to the direction of the motion). The resultant force of these deformation forces 
must therefore have a non-zero horizontal component directed backwards and 
the sum of the moments of these forces with respect to the axis of the cylinder 
is also different from zero. The direction of the resultant moment is opposite 
to that of the direction of the rotation of the cylinder. 

An exhaustive theory of rolling friction has not yet been elaborated because 
the laws describing the forces resulting from variable complex non-elastic 
deformations have not been investigated thoroughly. That is why we cannot 
present the exact calculation of forces of rolling friction. 

However, taking into account that a cylinder rolling on a horizontal plane 
without sliding is gradually decelerated, we can draw some qualitative and 
quantitative conclusions concerning the direction and the magnitude of the 
friction force exerted on the rolling cylinder by the horizontal plane under the 
assumption that the area of contact is very small in comparison with the radius 
of the cylinder. 

Let us suppose that the air resistance is negligibly small and can be neglected 
so that the deceleration of the cylinder can be thought of as being due only to 
the forces of rolling friction. The cylinder has a negative linear acceleration a 
and a negative angular acceleration B. These quantities are connected by the 
condition a = BR expressing the absence of sliding. First of all we note that 
the resultant of all forces acting on the cylinder departs from the vertical in 
the backward direction (relative to the direction of motion) since the linear 
acceleration of the cylinder is negative. Now let us determine the position of 
that resultant force relative to the centre of the cylinder. 

The point of application of the resultant force can neither be in the vertical 
plane ab passing through the centre nor behind it, that is the configurations 
shown in Fig. 210a and 6b are impossible. For, if otherwise, the resultant force 
would give the cylinder a positive acceleration. Consequently, the only possibili- 
ty is the one shown in Fig. 210c: the point of application of the resultant force 
N must be before the cylinder and the line of action of the force N must inter- 
sect the vertical passing through the centre at a point lying above the centre 
of the cylinder. Indeed, if otherwise, this force would produce a positive accele- 
ration of the cylinder. Thus, the force with which the plane acts upon the cylin- 
der rolling on it without sliding with a deceleration produced by the forces of 
rolling friction must be directed and applied as shown in Fig. 210c. 

The horizontal component of the force N is nothing but the force of rolling 
friction f,. Since the distance s between the point of application of the force NV 
and the point of contact b is practically very small in comparison with the 
radius R of the cylinder (this means that the angle of inclination a is very small) 
the magnitude N of the force N is approximately equal to that of the force 
pressing the cylinder to the plane, that is to the force of weight of the cylinder P 
in the case under consideration. 

The relationship between the force of rolling fricticn and other parameters 
is found experimentally. In principle, this can be performed as follows. 
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To the axis of the cylinder rolling along the horizontal plane (Fig. 210c) 
a constant force F is applied in the direction of motion and the magnitude F 
of this horizontal force is chosen so that the motion becomes uniform. Then 
the magnitude of the force F is obviously equal to that of the force of rolling 
friction f; (the air resistance is neglected). The rotation of the cylinder being 
uniform and its angular acceleration being equal to zero, the force N must 
pass through the axis of the cylinder. The other two forces, that is the force of 
weight P and the external force F pass through the axis of the cylinder accord- 
ing to the conditions of the experi- 

ment. Consequently, 


P = Ncosa and 
F=WNsina =f, 


The angle a is practically very 
small and relations (75.1) can there- 
fore be rewritten approximately as 


~ N and f, = Na = P— (75.2) 


(75.4) 


There are tables in which the exper- 
imental values of the quantity s are 
compiled. Instead of the expression 


fr & P— (75.3) 


FIG. 214 of the force of rolling friction it is more 
convenient to write the formula for 
the moment of the friction force with respect to the axis of the rolling body: 


{Rx Ps (75.4) 


Thus, the moment of the force of rolling friction is equal to the product of the 
force of normal pressure P by the quantity s, which is referred to as the coef- 
ficient of rolling friction. 

Experiments show that, within some limits, for steel, other metals and hard 
wood the values of s are practically independent of the velocity of the rolling 
motion and of the radius of the cylinder although, in principle, it is clear that 
such a dependence, however slight, must exist. Thus, practically the coefficient 
s depends solely on the materials of the cylinder and of the plane. 

The coefficient s can also be determined in experiments with a cylinder roll- 
ing down inclined plane. Suppose that the angle of inclination a of the plane 
(see Fig. 211) is chosen so that the cylinder rolls down the plane uniformly 
without sliding. In this case the force with which the plane acts upon the cylin- 
der must have the vertical direction and pass through the axis of the cylinder 
because the cylinder rolls uniformly. Consequently, the force of rolling friction 
is given by the relation 


fr=Psin a= Pa = — P (75.5) 


In these experiments it is necessary to check whether the resistance force 
produced by the viscosity of the air is in fact much smaller than the force of 
rolling friction. 

When a cart is rolled on the ground the forces of rolling friction acting on 
its wheels obviously depend on the velocity; the experimental data concerning 
such a dependence are still rather poor. The problem of the computation of the 
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force of rolling friction for the wheel of an automobile is much more complex. 
In the first approximation it can be assumed that the moment of this friction 
force is also constant and that the value of the coefficient s needed for the com- 
putation can be taken from the corresponding tables and can be considered 
dependent solely on the parameters characterizing the tyres of the automobile 
and the road surface. 

The force of rolling friction of a cylinder is much smaller than the force of 
sliding friction and therefore in modern machines ball and roller bearings are 


FIG. 212 


widely used. As can be seen from Fig. 212, in the case of a plane surface of 
contact (Fig. 2125) the rollers are in a pure rolling motion while in an ordinary 
ball or roller bearing (Fig. 212a) the rollers cannot be in a pure rolling motion 
and there must appear sliding. However, the smaller the ratio of the radius of 
the balls (rollers) to the radius R of the inner race of the bearing, the weaker 
is the sliding. On the other hand, the balls (rollers) cannot have a very small 
radius because they press in the surface of the races of the bearing. 

If the material of a cylinder and of an inclined plane down which the cylinder 
rolls is sufficiently hard the force of rolling friction is very small. This makes 
it possible to study the laws of a uniformly accelerated motion in experiments 
with a ball rolling down an inclined trough or with a cylinder rolling down 
an inclined plane by analogy with experiments with bodies falling in vacuum. 
This was very important for Galileo’s experiments in which he studied the laws 
of free fall by observing a ball rolling down an inclined trough. 

Let y be the angle of inclination of the plane to the horizontal direction and 
let y be greater than a (see (75.5)). Then the accelerating force is equal to 
mg sin y. The force of rolling friction is equal to mg sin a. If the air resistance 


is negligibly small then, by formulas (58.10) and (59.12), the acceleration of 
the ball is constant and is equal to 


i= as g (sin y— Sin a) (75.6) 


Choosing y in an appropriate manner we can make the acceleration sufficiently 
small, which makes it possible to observe an accelerated motion with a small 
velocity; as was shown in Sec. 40, in such a case it is in fact legitimate to neglect 
air friction. * 

* However, in Sec. 40 we dealt with a translatory motion while here we speak of a com- 
pound motion of a ball which is a combination of a translatory and a rotational 
motion. But when the angular velocity and the linear velocity of the ball are small the 
air resistance is of the same order as in the case of a pure translatory motion. 


CHAPTER 9 


Gravitational Attraction of Bodies 


76. Law of Universal Gravitation 


All physical bodies are subject to the action of the forces of mutual gravitation- 
al attraction. The basic law describing the gravitational forces was stated by 
I. Newton. It is called Newton’s law of universal gravitation. 

This law reads: between any two particles of masses m, and m, at separation R 
from each other there exist attractive forces F,, and F,, (see Fig. 213) directed from 
one body to the other and equal in their magnitude which is directly proportional 
to the product of the masses of the bodies and inversely proportional to the square 
of the distance between them. Thus, 


mm 
Fig = Fas = a : (76.1) 


where y is a coefficient called the gravitational constant. 

The law of gravitation thus stated applies to the case when the dimensions 
of the bodies are small relative to the distance between them, that is when the 
bodies can be treated as material points (particles). 

The forces of mutual gravitational attraction of two bodies which cannot be 
regarded as material points can be found as follows. The bodies are (mentally) 
split into small parts which can be considered material points, the forces of 
attraction exerted on a particle of one body by all particles of the other body 
are found and added together; this results in the force of gravitational attraction 
with which the latter body acts on the given particle of the former body. Finally, 
these resultant forces are summed over all particles of the first body. This sum 
is the force of attraction exerted by the second body on the first one. By the 
third law of dynamics, the force with which the first body attracts the second 
body has the same magnitude and opposite direction. 

Given two homogeneous balls, the computations of the above type show that 
the resultant gravitational forces are applied at the centres of the balls and 


have a magnitude equal to 


mym 
yo (76.2) 


where m, and m, are the masses of the balls, R is the distance between their cen- 
tres, and y is the same gravitational constant as in formula (76.1). Hence, 
formula (76.1) applies both to two particles and to two homogeneous balls 
(that is to two balls with uniform mass distribution). 

In ordinary laboratory experiments the attractive force between the bodies 
is very small in comparison with their weights and therefore it cannot be obser- 
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ved. However, special more precise experiments allow scientists to demonstrate 
the presence of the force of gravitation and to measure it. 

The first direct measurement of the force of gravitation was carried out by 
H. Cavendish in 1798 with the aid of a torsion balance. The same method was. 
used in further more precise check experiments for the measurement of the 
gravitational attractive force. 

The scheme of Cavendish’s experiment is shown in Fig. 214. Two equal mas- 
ses of magnitude m are placed at the ends of a comparatively light rocker arm A, 
the middle of the rocker being sus- 
pended from a sufficiently long and 
thin string. At the midpoint O of the EF. 
rocker arm a mirror is fixed. The a 
change in the direction of the light ray 
reflected from the mirror as the rocker 
arm turns can be directly observed 


ml 4 


and measured. The deflection of the | ae 
ray makes it possible to determine the 
angle of twist of the string from which M> 


the rocker arm is suspended and to 

compute the corresponding forces pro- 

ducing the twist. Two big lead balls FIG. 213 

of a greater mass M (approximately, 

M = 158 kg) are brought up to the rocker arm from different sides. The 
forces of attraction exerted by the big balls on the small ones form a couple 
which rotates the rocker arm A until the moment of the couple of the gravi- 
tational forces is balanced by the torsion moment of the thread. The latter 
moment is computed from the known parameters of the system and from the 
angle of turn of the reflected light ray. Varying the distances between the 
masses m and M Cavendish determined the dependence of the force of gravita- 
tional attraction on that distance. The results of the experiments confirmed. 
the validity of Newton’s law of gravitation. 

As was mentioned Cavendish’s results were checked many times by other 
scientists using various modifications of the experiment. At present the results of 
precise measurements give us the following value of the gravitational constant: 

y = 6.65 x 10714m3/(kg - s?) (76.3). 
in the SI system and 

y = 6.65 x 1078cm?/(g-s?) 
in the cgs system. 

The constant y is measured in derived units. 

It is possible to construct a system of units in which y is a dimensionless. 
quantity but this leads to the change of the dimensions of the other ‘physical 
quantities; such a system is not used in practice. 

Knowing the value of the gravitational constant we can determine the mass 
me of the Earth proceeding from the known value of the acceleration of gravi- 
ty g. Indeed, by Newton’s law of gravitation, a body of mass m is attracted by 
the Earth (near the Earth’s surface) with the force (of weight) of magnitude 


P=y 


m-Me 
2 
ro 


where ry is the radius of the Earth. On the other hand, 
P=mg 
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These equalities result in 
2 
Me= (76.4) 
On substituting the value ry) ~ 6.4 x 10° cm in this expression we find 
981 x 6.42x 1018 Bs “4 


Newton himself verified his law by analysing the motion of the Moon round 
the Earth. Assuming that the Moon is in a circular orbit under the action of 


(4) 


Side view 


(b) 


Plan view 


FIG. 214 


the Earth’s attraction solely and knowing the period of the Moon’s rotation 
round the Earth (the lunar month) 7 = 27.3 days and the (average) distance 
r = 3.844 X 10'° cm between the Earth and the Moon he found the centripetal 
acceleration w of the Moon: 

ves (2mr)? ss 4n?r 403.844 X 101° /g2 


WS = pa pe Bg xo 


because T = 27.3 days = 2.358 < 10° s. On performing the calculation we 
obtain 


w =~ 0.27 cm/s? (76.6) 


This centripetal acceleration is given to the Moon by the Earth’s gravitational 
attraction and therefore, by the second law of dynamics, 


MpW =P amo (76.7) 
where m,, is the mass of the Moon. It follows that 
m 
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where Ir, is the radius of the Earth. On finding m, from this relation and substi- 
tuting this value into formula (76.8) we obtain 


r2 
w= g—> (76.9) 
and thus find the centripetal acceleration of the Moon: 
w= 981 (=o4)". Te ~ 0.273 om/s? (76.40) 
3.844 4020 “~ *" : 


This value of the acceleration coincides with the one found earlier purely 
kinematically (see (76.6)). 

This comparison showed Newton that the law of gravitation he stated was 
correct. Astronomical observations and calculations also confirm the validity 
of the law of gravitation. Note that in the verification of the law of gravitation 
performed by Newton there is no need to know the value of the gravitational 
constant yy. 

The discovery of the universal law of gravitation extended considerably the 
field of application of the laws of mechanics established originally in experi- 
ments with bodies on the Earth. It also made it possible to generalize these laws 
to all the physical bodies in the Universe. 


77. Inertial,;Mass and Gravitational Mass 


The statement of the law of gravitation expressed by formula (76.1) tacitly 
implies that the masses of the bodies entering into this formula coincide with 
the masses as measure of the inertia of the bodies. However, to justify this 
assumption some additional investigation is needed. 

The results of experiments show that every body possesses a gravitational 
mass measuring its gravitational property and, as is known, every body has an 
inertial mass measuring its inertia property. These two quantities are of quite 
a different nature. It turns out however that these masses are in fact directly 
proportional to each other. It is therefore possible to construct the systems of 
units so that they become equal numerically. Such systems are used in physics. 

The conclusion concerning the proportionality of the inertial mass and the 
gravitational mass can be drawn on the basis of experiments showing that the 
acceleration of gravity in the free fall of all bodies with different masses has the 
same value for a given place on the Earth’s surface. A falling body has the 
inertia property measured by its inertial mass m,, and the gravitational prop- 
erty measured by its gravitational mass m,,. The force of gravity can therefore 
be expressed as 


P=kmg, (77.1) 


where k is a dimensional constant factor. Thus, the attractive force created by 
the Earth is proportional to the gravitational mass of the body. On the other 
hand, a free fall of a body is nothing but its motion under the action of the 
attractive force of gravitation. Therefore, by the second law of dynamics, we 
can write for the body in question the formula 


P = Min (77.2) 
where g is the acceleration of gravity. On equating (77.1) to (77.2) we arrive 
at the relation 


Min 


g=k 


(77.3) 
18—0776 
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The acceleration g being the same for all the bodies irrespective of their materials 
and their dimensions, the inertial mass m,, is proportional to the gravitational 
mass m,r. If we choose as the unit of the inertial mass one kilogram (1 kg), 
the unit of the gravitational mass can be taken so that the factor k is equal to 
9.81 m/s*. Forsuch a choice of the units the magnitude of the gravitational mass. 
exactly coincides with the magnitude of the inertial mass for the same body. 

To verify the proportionality between the inertial and gravitational masses 
I. Newton carried out experiments with pendulums of different masses having 
the same lengths. The theory of oscil- 
lations (see Sec. 124) shows that the 
period of a simple pendulum depends 
solely on its length J, the constant 
k entering into formula (77.1), and 


the ratio —", namely 
Mer 
- = t min 
J T=2n ane (77.4) 


By asimple pendulum is meant a body 
with dimensions considerably smaller 
than the length of the thread it is sus- 
pended from, the mass of the thread 
being negligibly small in comparison 
; with the mass of the suspended body 
FIG. 215 (Fig. 215). Experiments show that for 
any simple pendulum the period of 


oscillation is proportional to Yl. Consequently, the ratio Mip/Mg, remains. 
invariable that is ™m,,/mg, = const. For the indicated choice of the units we 
have k = g and the ratio m,,/mzgy becomes equal to 1. Therefore, formula 
(77.4) for the period of a simple pendulum can be written in the form 


T= 2a t (77.5) 


Newton’s experiments were checked with high accuracy by F. W. Bessel. 
At the beginning of the twentieth century they were again verified with a still 
greater accuracy by Academician Krylov who used more precise methods and 
more sophisticated apparatuses. 

It is evident that on the basis of the results of the measurement of the oscil- 
lation period of a pendulum of a definite length it is also possible to determine 
the magnitude of the acceleration of gravity in the free fall, that is the magni- 
tude of the force of gravity at the given place on the Earth’s surface. This 
period admits of a very precise measurement, which makes it possible to deter- 
mine the acceleration of gravity at the given place with high accuracy. 

Measuring the period of oscillation of the same pendulum for various places 
on the Earth’s surface we can investigate the variation of the gravity force 
from place to place. It turns out that because of the inhomogeneity of the 
Earth’s crust the gravitational force varies from place to place even at one 
latitude. This variation enables geologists to draw certain conclusions concern- 
ing natural deposits (gravitational prospecting). 

The physical significance of the proportionality law for the gravitational and 
inertial masses turns out to be of primary importance in the relativity theory. 
In this theory the proportionality law is referred to as the equivalence law for 
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the gravitational and inertial masses of a body. This equivalence principle makes 
it possible to draw the conclusion that for any sifficiently small spatial region 
it is possible to choose such an accelerated reference system in which there is 
no gravitation field. 


78. Potential Energy of Gravitation 


Since the forces of gravitational attraction between physical bodies or bettween 
the particles constituting a body depend on their mutual positions in space 
every collection of bodies forming a definite configuration possesses an amount 
of potential energy of gravitation. When the mutual positions of the bodies 
change the gravitational forces perform some work and therefore the poten- 
tial energy of the system of the bodies also changes. 

It should be noted that a variation of the potential energy of gravitation 
taken with opposite sign is equal to the corresponding work performed by the 
gravitational forces as the configuration of the system of bodies changes. Accord- 
ing to the general definition, we say that a system of bodies possesses an amount 
of potential energy if the work performed by the interaction forces as the system 
passes from one configuration to another does not depend on the way in which 
this passage is carried out and depends solely on the initial and the terminal 
configuration of the system. 

The potential energy of gravitation can easily be computed for a system of 
two particles of masses m, and m, (or two balls with the same masses). To this 
end we use formula (36.8) and substitute in it the expression 


f(r)=—yo (78.1) 


where r is the distance between the particles and y is the gravitational constant. 
It follows that the difference in the potential energy for two arbitrary states 
of the system of the two material points is characterized completely by the 


corresponding values r = r, and r = r, of the vector r joining the points and 
is equal to 


Ts 


m,m 4 |r 4 
Ve Urmy | BE drm —ymme Lf ymin L— Ly Rie 
a 2 
T1 
(78.2) 


Since the potential energy is determined to within an arbitrary constant it is 
only possible to find the difference between the values of the potential energy 
corresponding to two given states of the system in question. For the sake of 
convenience, the potential energy corresponding to an infinite distancé (r —> oo) 


is usually assumed to be zero: U (oo) = 0. Under this assumption formula 
(78.2) can be written in the form 


Uy =U (ry) = — pe (78.3) 


For such a choice of the value of U (co) the potential energy of gravitation of 
a system of two particles or balls is always negative (Fig. 216). The energy 
increases with the distance. For, the gravitational interaction between the 
bodies produces attractive forces and, consequently, to remove the bodies from 
one another some work must be expended. In other words, the potential energy 
must increase. The potential energy attains its maximum value for an infinite 
18* 
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separation of the particles and has a minimum value for the smallest possible 
distance between them. If the system in question consists of two balls of radii 
Tyo and reo the minimum value of the potential energy of their gravitational 
interaction is 


MM, 
Tig +T a0 


Un — Vy (78.4) 


FIG. 216 


The potential energy of gravitation of non-homogeneous bodies or of systems 
consisting of many material bodies is computed in a more complex manner but 
the principal idea of the computation remains the same. When the distance 
between the bodies increases the potential energy of gravitation also increases. 


79. Basic Laws of Celestia’ Mechanics 


The laws of motion of celestial bodies and, in particular, the laws govern- 
ing the motion of the planets in the solar system are a simple consequence of the 
general laws of mechanics (often called Newton’s laws by which are meant the 
three laws of dynamics and the law of universal gravitation). 

Newton's studies of the laws of mechanics were preceded by the discoveries 
of the German astronomer J. Kepler who deduced, on the basis of the observa- 
tion data found by the Danish astronomer Tycho Brahe, the laws of planetary 
motion round the Sun. These are known as Kepler’s laws. They read: 

1. The orbits of all the planets are ellipses, the Sun being at one of their focuses. 

2. The motion of each planet is such that the radius vector of the planet drawn 
from the Sun sweeps over equal areas during equal time intervals (Fig. 217). 

3. The squares of the periods of revolution of the planets are in the ratio of the 
cubes of the semimajor azes of their elliptical orbits. 

Kepler’s first law follows from the solution of the problem of the determina- 
tion of the orbit of a planet and from the law of motion of a planet in the orbit. 
To solve this problem one must find the trajectory of motion of a material point 
under the action of a central force* whose magnitude is inversely proportional 
to the square of the distance from the centre. The solution of the problem indi- 


* By a central force is meant a force which is always directed to one point called the 
centre. | 
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cates that the trajectories of all the celestial bodies are plane curves which are 
ellipses, or parabolas or hyperbolas. 

In the special case when the orbit of a planet is a circle it can easily be proved 
using elementary methods that such a motion under the action of the central 
force of this kind is in fact possible. For, a planet can be in a circular motion 
only when it is attracted by the Sun with a force equal to the centripetal force. 


FIG. 217 FIG. 218 


If a planet starts moving in a circle from a given place it is necessary that it 
should have a definite velocity directed perpendicularly to the radius vector 


and equal to 
yf 
Vy = Vy (79.4) 


where M is the mass of the Sun and jy is the gravitational constant*. Thus, 
the velocity of motion in a circular orbit and the radius of the orbit are connected 
with each other, the velocity being independent of the mass of the planet. 

More complicated calculations show (and observations confirm the result) 
that the shape and the type of the orbit are connected with the initial velocity. 
For example, when the velocity of motion v, at the (“initial”) point A (see 
Fig. 218) is less than the value vy given by formula (79.1) the planet is in an 
elliptic orbit so that the Sun is at the farther focus of the ellipse (see the orbit 
AA, in Fig. 218). If the velocity v, exceeds the circular velocity v, the planet 
also moves in an elliptic orbit but in this case the Sun is at the nearest focus 
(see the orbit A A, in Fig. 218). The motion of a planet in an elliptic orbit is only 
possible when the velocity at the point A is less than the value 


2yM 
Yosef HE (79.2) 


When the velocity at the point A is equal vo v,,, the planet moves along a pa- 
rabola. When the velocity of motion at the point A exceeds the parabolic ,selo- 


. ee (79.1) follows from the equality mv3/R = yMm/R*® where m is the mass of the 
planet. 
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city given by formula (79.2) the celestial body (in this case it can no longer be 
called a planet) moves in a hyperbola and never returns to the initial point. 

In a motion of a planet along an orbit the sum of the kinetic and the potential 
energies remains constant. For instance, when a planet moves in an ellipse 
the potential energy increases as the distance from the Sun grows while the 
kinetic energy decreases accordingly. Thus, the velocity is smaller for the points 
lying far from the Sun and greater for the points nearer to the Sun. When the 
initial velocity at the point A increases and becomes greater than the circular 
velocity (79.1) the ellipse in which the planet moves elongates. The point A, 
of the orbit opposite to the point A moves away from the Sun as the initial 
velocity increases. If the distance from the Sun to the point A, is known the 
energy conservation law makes it possible to determine the velocity at the 
point A, as function of the initial velocity at the point A. Indeed, for the point 
A the total energy can be written as 


mv? mM 
It is equal to the same value for any other point of the trajectory, that is 
mv mM 
E=—--¥ (79.4) 


where v and R are respectively the velocity of the planet and its distance from 
the Sun at an arbitrary point of the orbit. The comparison of formulas (79.3) 
and (79.4) enables us to establish the relationship between the velocity and the 
distance provided that the value of the energy E£ at the initial point A is known. 
For the elliptical orbits we have EK < 0, that is the absolute value of the poten- 
tial energy exceeds that of the kinetic energy. 

For a parabolic orbit the velocity at the point at infinity is equal to zero, 
which corresponds to the zero value of the total energy, that is EK = 0. From 
formula (79.3) it follows that the parabolic velocity vpar at the point A satis- 
fies the equation 


mv2 
2 ie —0 (79.5) 

On solving the equation we arrive at the expression of vpa; given by formu- 
la (79.2). 

For the hyperbolic orbits passing through the point A we have FE > 0, that 
is the kinetic energy exceeds the absolute value of the potential energy. 

Thus, the shapes of all possible trajectories passing through a given point A 
are in a one-to-one correspondence with the values of the energy of the moving 
body. 

Kepler’s second law follows from the conservation of the angular momentum. 
Indeed, a planet rotating round the Sun is acted upon by the gravitational at- 


tractive force = which is always directed towards the Sun; therefore, the 


angular momentum with respect to the centre. of the Sun must be constant, 
that is 


(r-mv] = const 
whence 


(rv) = const (79.6) 


Here (see Fig. 219) r is the radius vector and v is the velocity of the planet. The 
area swept over by the radius vector during time dt is equal to 


dS = 1/2 rv sina at 
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where @ is the angle between r and v. Taking into account expression (79.6), 
we can write 
2 & =rv sina=const, that is a const (79.7) 
As it follows from this law, the velocity of the planet in its orbital motion 
achieves its greatest value when the planet is in its nearest position relative 
to the Sun (such is the position at the point A in Fig. 217). 


FIG. 219 


Kepler’s third law can be proved quite easily in the case when the orbit of 
a planet is assumed to be a circle. Such an assumption can serve as a good ap- 
proximation to reality because, as is known, the eccentricities of the elliptical 
orbits of the planets in the Solar system are not very large. For instance, the 
eccentricity of the Earth’s orbit is about 0.017 and for the orbit of the Mercury 
it is about 0.205. It should also be mentioned that in the case of real elliptical 
orbits a more intricate calculation gives the same result. 

Let one planet have mass m, and move in a circular orbit of radius r, with 
period of revolution 7, and let the same parameters for another planet be mag, 
r, and T,, respectively. The square of the linear velocity of the former planet is 


ry 


where JM is the mass of the Sun. The orbital velocity of this planet is 


_ 2nry 
1 T; 
On substituting this expression in the foregoing formula we find 
40?r? pM - re  yM 
TF ry ’ that 1S TT? A52 (79.8) 
The same relation can be derived for the other planet: 
r3 yM 
Ti ae (79.9) 
The comparison of (79.8) and (79.9) now shows that 
Mt 7 
tT, Ore 


which expresses what is asserted in Kepler’s third law. 
Thus, the Newtonian mechanics gives a complete explanation of the laws 
of motion of celestial bodies. At present these laws are still applied by scien- 
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tists in theoretical investigations of the motions of celestial bodies. The results 
of the investigations are confirmed by experimental measurements of the motions 
of the spaceships and artificial satellites. 


80. Motion of Earth’s Satellites and Spaceships 


Cosmic flights have been rapidly developing since the historical launch of the 
first artificial Earth’s satellite in the USSR in 1957 and after the round-Earth 


FIG. 220 


flight of Yu. A. Gagarin on April 12, 1961. At present there are nany artificial 
satellites rotating round the Earth and a number of spaceships launched from 
the Earth have become satellites of the Sun. 

The laws governing the flight of satellites and spaceships are similar to those 
describing the rotation of the planets round the Sun. If we think of a satellite 
or a spaceship as a body thrown with an initial velocity v at a height h all the 
possible trajectories are obviously similar to those orbits in which the planets 
move provided that the influence of the atmosphere is absent (see Fig. 220). 

For a small initial velocity v less than the critical velocity 


__ 80 
Ver =p V roth 


the trajectories are arcs of ellipses whose focuses coincide with the centre of the 
Earth. For very small velocities these arcs can be regarded approximately 
as arcs of parabolas. 

When the initial velocity is equal to vg, ~ 7.93 km/s the trajectory is a circle 
and the body becomes a satellite of the Earth. The velocity of motion of a satellite 
in a circular orbit can readily be found using the condition that the centripetal 
acceleration v%, /(r, + h) of the satellite must be equal to the acceleration of 
gravity g. Indeed, the acceleration of gravity at a height of h is given by the 
relation 


2 


B= bo EE oe 


CH. 9 GRAVITATIONAL ATTRACTION OF BODIES 281 


where g, is the acceleration of gravity on the surface of the Earth at a distance 
of r, (equal to the Earth’s radius) from its centre. Then 


cr gg _ 8070 
Toth (To +h)? 
whence 
Vor © To V ee 7 (80.2) 
If h < ro then — 
Ver © V 18) © 7.93 km/s (80.3) 


is the velocity of motion of the satellite in a circular orbit of radius equal to 
that of the Earth. This velocity is referred to as the first cosmic velocity. 
When the initial velocity exceeds vz, but is less than 


28 
aaa ae EY 


the trajectory of the satellite is an ellipse, the centre of the Earth being at the 
focus of the ellipse which is nearer to the initial point. For v = upg, the trajecto- 
ry takes the form of a parabola and the spacecraft moving along it will never 
return to the Earth. The parabolic velocity (relative to the Earth) is specified 
by formula (79.5) in which only yM should be replaced by yM, where M, is the 
mass of the Earth. Taking into account formula (80.1) for the magnitude of the 
acceleration of gravity we can write 


yMe as BG 
(roth)? = (To-+4A)? 


By substituting this expression in (79.5) we find the parabolic velocity (for 


the Earth): 
2 
Vpar =o V r9 say a, 


When h < ry, that is when the spacecraft is launched along the tangent line to 
the Earth’s surface, we have 


Vpar © V 2g,r, & 11.2 km/s (80.6) 


whence yM.=g,75 (80.4) 


This magnitude is referred to as the second cosmic velocity (the escape velocity). 
Consequently, when the spacecraft is sent horizontally at the altitude h with 


a velocity exceeding Upar = roV fs ; it moves along a hyperbolic trajectory 
0 


and leaves forever the spatial region where the Earth’s gravitational attrac- 
tion acts; it then becomes a satellite of the Sun, that is a small artificial planet. 

All the calculations we have performed do not take into account the influence 
of the Sun and of the planets on the motion of the spacecraft. In other words, 
we have assumed that the reference system connected with the Earth is inertial 
and that the satellite moves relative to it; in reality the whole system “the 
Earth and the satellite” isin permanent accelerated motion relative to the Sun. 

The mass of the spacecraft being negligibly small in comparison with that 
of the Earth, the centre of mass of the system “the Earth and the spacecraft” 
practically coincides with that of the Earth. Besides, when the distance be- 
tween the spacecraft and the centre of the Earth is very small relative to the 
distance from the Earth to the Sun the influence of the Sun’s attraction on the 
orbit of the spacecraft can be neglected. However, when the spacecraft is far 
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from the Earth we should take into account the forces of gravitational attrac- 
tion exerted on the spacecraft by the Sun, by the Moon and by the other planets 
of the Solar system. Furthermore, even when an artificial satellite of the Earth 
moves in a circular orbit near the Earth the character of the motion depends 
on the non-homogeneity of the gravitational field of the Earth due to both the 
detlection of the shape of the Earth from a perfect sphere and the variation of 
the density of mass distribution over the Earth (particularly in its upper layers). 

More complicated calculations show that the third cosmic velocity, that is 
the velocity that should be given to a spacecraft launched from the Earth for 
it to leave the Solar system (it is also called the solar escape velocity), is 


Vs. ce. y & 16.7 km/s (80.7) 


This velocity can be calculated approximately as follows. First of all we 
note that Vpar = Ver V 2, which follows from the comparison of (80.2) and 
(80.5). This means that the parabolic velocity is V 2 times the circular velocity. 
The same obviously applies to the Earth or to a body moving in the Earth’s 
orbit round the Sun (the orbit is considered circular). If the spacecraft were 
launched along an orbit round the Sun coinciding with the Earth’s orbit 
it would move in this orbit with the velocity equal to the Earth’s velocity 
relative to the Sun, that is with a velocity v, equal (approximately) to 30 km/s 
(more precisely, to 29.76 km/s). The spacecraft should therefore be given a ve- 
locity increase of magnitude _ 

Vo (V2 — 1) (60.8) 


for it to leave the Solar system. In other words, the spacecraft must be given 
an amount of kinetic energy equal to 


mye (V3 — 1)? (80.9) 


(in a reference system moving in the orbit round the Sun like the Earth) where 
m is the mass of the spacecraft. Hence, for the spacecraft to leave the Earth’s 
gravitational field it should be given the velocity 


Vpar=V 2g,%y © 11.2 km/s 


or, which is the same, it should receive an amount of kinetic energy equal to 
MV iar 
+ (80.10) 
which must be expended on the work necessary to overcome the Earth’s gravita- 
tional forces. Consequently, when the spacecraft is given the velocity vg.¢.y 


relative to the Earth to which there corresponds an amount of kinetic energy 
equal to 


mv? . 2 es mv? 
SS St (V2 174+ (80.11) 
then the spacecraft leaves the Solar system. As follows from (80.11), 
V2 ey =V3(V 2—1)? + Rar (80.12) 


On substituting in the last expression the corresponding numerical data 
we find UV,.e.y 16.75 km/s. 

Our considerations show that the laws of the planetary motion and, general- 
ly, of the motion of celestial bodies are the same as those governing the free 
fall of a body on the Earth. All these types of motion are produced by the 
action of the forces of gravitation solely. 


PART TWO 
Mechanics 
of Deformable Bodies 


CHAPTER 10 


Mechanies of Deformable Solids 


81. The Concept of an Elastic Body. 
Forces and Deformations in Tension 


Any change of the forces acting on a real body leads to a change of its shape or, 
as we say, to a deformation of the body. In the foregoing chapters, when study- 
ing the laws of mechanics of rigid bodies, we supposed that the deformations 
were sufficiently small and did not affect the motion of the bodies; therefore, 
we neglected them. However, there are many problems in which it is necessary 
to know the laws connecting the action of the forces applied to a body with 
the deformations produced by these forces; the study of these laws is the subject 
matter of the present chapter. 

A body always undergoes deformations when it is acted upon by forces ir- 
respective of whether the body is at rest (statics) or in a non-uniform motion 
(dynamics); (see Sec. 92). For instance, when two forces of equal magnitudes 
and opposite directions are applied to the ends of a (thin) homogeneous rod 
the latter elongates, the distances between its parts increase and the rod under- 
goes a deformation (tension). As the tensile force grows the distances between 
all the particles of the rod increase. 

Now imagine that the same rod is acted upon by a single force applied to one 
of its ends. Under the action of the force the rod starts moving with an acceler- 
ation and the force produces the deformation of the rod. But the character of 
the deformation differs from that in tlhe former case when the deformations of 
all parts of the homogeneous rod are the same while in the latter case different 
parts of the rod undergo different deformations: those parts which are closer 
to the end of the rod where the force is applied have a greater elongation than 
the parts lying farther from that end. 

A schematic model of the deformation of the rod is shown in Fig. 221. The 
small blocks in the figure represent the particles of the rod and the springs be- 
tween them schematize the internal forces acting between the particles. When 
the external force F is applied to the rightmost particle the whole chain starts 
moving with an acceleration. The forces acting on the springs decrease to the 
left from spring to spring. The force extending any of these springs gives an 
acceleration to all particles lying to the left of it. The mass of the remaining 
particles lying on the left of that spring depends on the position of the spring 
in the chain. That is why the deformations of different springs are different. 
The same explanation applies to the case of a real homogeneous rod subject to 
tension by a force applied to one of its ends. The interaction forces arising 
between the various parts of a deformed body are called internal forces in con- 
trast to the external forces producing the deformation of the body. 
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FIG. 221 


Our discussion shows that when 
investigating deformations we are not 
allowed to transfer a force along its 
line of action as it was done for a rigid 
body. In the above example the 
character of the deformation is quite 
different when the force F is applied 
to the first particle, to the second 
particle, etc. (see Fig. 221). 

The deformation varies depending 
on the variation of the external forces 
applied to the body; when the forces 
remain constant then, generally speak- 
ing, the deformations are also invar- 
iable. 

Displacement In the general case the laws connect- 
indicator ing the acting forces and the defor- 
mations produced by them are very 
complex. This is due to the fact that 
both the deformations and the internal 
forces are distributed over a deformed 
body in a complex way and also 
because usually the connection be- 
tween the forces and the deformations 
is not one-to-one and depends on the 
magnitude and the character of varia- 
tion of the forces applied to the body 
and on some other circumstances. 

A one-to-one correspondence between 

FIG. 222 the magnitudes of the forces (both 

external and internal) is characteristic 

only of elastic bodies within certain ranges of the variations of the forces. When 
this is the case the forces uniquely determine the deformations and vice versa. 

To investigate the laws connecting the acting force and the deformation pro- 
duced by it we begin with the simplest case of the deformation of a homogeneous 
rod (cylinder) subjected to tension (or compression) along its axis. 

Let us discuss the results of an experiment in which a long steel rod is sub- 
ject to tension; the scheme of the experiment is shown in Fig. 222. If the mate- 
rial of the rod is homogeneous all identical parts of the rod are extended simi- 
larly under the action of a given external force produced by the weight of the 
load. Thus, the deformation of tension is the same along the rod and it is natu- 
ral to characterize it quantitatively by the unit elongation (or longitudinal 
strain): 


(81.4) 
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where Al, is the elongation of a part of the rod whose original length is /,. The 
magnitude of ¢ is the same for all the segments of the rod and depends solely 
on the magnitude of the tensile force #. Under the action of the force F there 
appear internal forces with which various parts of the rod act uponeach other. 
Let us (mentally) separate a part of the rod (Fig. 223) and consider its equilib- 
rium conditions. When this part is in equilibrium the forces exerted on its 


FIG. [224 


ends by the adjoining parts of the rod are equal in magnitudes and opposite 
in directions. Since this applies to any segment of the rod, it follows that in 
every cross section of the rod there arises an internal force of magnitude F. 

This force F can be thought of as a force applied to the given (plane) cross 
section of the rod. When the material of the rod is homogeneous we can assume 
that the force is uniformly distributed over the area of the cross section. The 
magnitude of the force acting on unit area of the cross section is called the stress. 
and is denoted o. The stress o appearing in the extended rod is given by the. 


formula 
[= Ss ( . ) 
where S is the cross-section area of the rod. Experiments show that the longi- 


tudinal strain (unit elongation) & is specified by the stress o. 
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In the experiment (Fig. 223) the tensile force F (together with the stress a) 
is gradually increased and the corresponding elongation (longitudinal strain) 
e is measured. The results of the experiment can be represented by the stress- 
strain curve showing the dependence between o and e; this curve is of the shape 
as in Fig. 224. When the tensile force is not large the stress o and the strain 
€ are, approximately, directly proportional to each other. This region of propor- 
tionality occupies the part of the curve up to the point P. To the right of the 
point P the deformation increases faster and the curve bends towards the e-axis. 
There is a region on the right of the point Y where the curve is almost parallel 
to the e-axis and where stress does not practically increase as the deforma- 
tions grow. This part of the curve and the corresponding intervals on the e- and 
o-axes are referred to as the yield region (or the region of plastic deformations). 
As the deformation e is given a further increase the curve goes slightly upwards 
and the stress attains its maximum at a point U after which the curve goes 
downwards. The right end point of the curve corresponds to the rupture of the 
rod which takes place after the tensile force achieves the value F = o,,S corres- 
ponding to the maximum stress o,. 

On plotting the stress-strain curve for the given rod o (2) we take another 
specimen made of the same material and carry out another series of experiments 
in the following order: the rod is first extended gradually until the stress achieves 
a definite maximum value o. Then the rod is gradually unloaded with simul- 
taneous measurements of the values of the stress and of the strain. The results 
of the experiments indicate a one-to-one dependence between the force and the 
deformation produced by it as the force is decreased. If the curve o (2) obtained 
when the specimen is loaded coincides with that resulting from the measure- 
ments when the specimen is unloaded we conclude that the deformation unique- 
ly specifies the stress and vice versa. Let us carry out such experiments 
repeatedly varying the value of the maximum stress o. It turns out that after 
a definite maximum value o, has been exceeded (see Fig. 224) the curves ob- 
tained in the experiments with the increase and decrease of the load no longer 
coincide. Namely, the unloading experiments give greater values of the defor- 
mation for the same values of the stress. Moreover, after the load is removed 
completely the deformation of the specimen does not return to the zero value: 
as we say, there appears a residual strain in the rod. 

The part of the stress-strain curve from 0 to o, corresponds to the elastic region 
for the given material (for instance, steel). A steel rod behaves as an elastic 
body only for the strains not exceeding o, as the rod is subject to extension. 
Between op, and o, there is a point corresponding to the elastic limit for the 
extension of the specimen or, more precisely, for the material subject to the test 
(this is the point £ (o,, e,) on the diagram in Fig. 224). 

Thus, a given body can only be considered elastic when the deformation it is 
subjected to does not exceed the elastic limit for the given material. Only 
in the elastic region are the stress and the strain in a one-to-one correspond- 
ence. 

It should be noted that in the above method of the determination of the 
values of o, and e, corresponding to elastic limit the accuracy achieved essen- 
tially depends on the precision with which the forces and the deformations are 
measured in the experiments. When the precision is not very high greater va- 
lues of o, and e, are obtained for the same material. That is why in the material 
testing laboratories for the elastic limit is taken the stress after whose removal 
the residual strain is of a certain percentage, for instance 0.1 per cent of the 
original strain. 
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The initial part of the curve o (e) in Fig. 224 is a straight line. On this interval 
(extending approximately up to the point P) the dependence between the stress 
and the strain can be represented by a simple law of direct proportionality: 


o=E-e (81.3) 


Formula (81.3) expresses Hooke’s law. The constant coefficient entering into 
it is called Young’s modulus (the modulus of elongation). Its dimension is N/m? 
or N/mm?. It is one of the most important characteristics of a given material 
(in many technical reference books Young’s modulus is given in kgf/mm?). The 
region within which Hooke’s law applies is termed the proportional region; 
the values o, and &, of the stress and of the strain up to which Hooke’s law 
is valid are called the proportional limit. For steel the proportional limit is very 
close to the elastic limit although, generally, they not necessarily coincide. 

The part of the stress-strain curve lying on the right of the elastic limit corre- 
sponds to the region of plastic deformations. For such deformations the given 
body is inelastic. 

If the specimen is extended up to a value e, lying in the region of plastic de- 
formations and then unloaded the magnitude of the strain decreases (approxi- 
mately, as is shown in Fig. 224). When the specimen is completely unloaded the 
residual strain & is of a magnitude almost close to e,. In the region of plastic 
deformations residual strains are almost equal to the initial strains. In this 
region we usually indicate two characteristic points: the yield (or flow) limit 
(the point Y on the diagram to which there corresponds o,) and the ultimate 
strength (the point U on the diagram to which there corresponds Ou). On reach- 
ing the yield limit the material starts “flowing”: the load does not increase while 
the deformation continues to grow. The ultimate strength o, is the stress under 
which the specimen does not yet rupture; it ruptures as this stress is exceeded. 

The phenomenon of deformation in tension or compression is rather simple. 
Let us isolate (mentally) a cube from a rod subject to such a deformation. Under 
the deformation the cube goes into a parallelepiped and the cross section of the 
cube (together with the cross section of the whole rod) changes: the cross sections 
decrease under tension and increase under compression; this follows from the 
results of the experiments. 

The decrease of the diameter can easily be observed if we stretch a rubber 
tube on which a metal ring is tightly fixed before the test. When the tube is 
placed vertically and stretched the ring falls down as the tension achieves 
a certain value (Fig. 225). The same experiment can be carried out with a metal 
rod using a direct stress testing machine (see Fig. 228 below). 

Experiments show that the decrease of the cross section of a rod is proportion- 
alto the unit elongation e. Denoting by e,, the relative contraction of the edge 
of the transversal face* of the cube (see Fig. 226) we can write 


Sty = pe "  gt.4) 


where pw is a constant factor called Poisson’s ratio. The coefficient pw, like 
Young’s modulus £, is one of the basic characteristics of the elastic properties of 
a material. 

Simple considerations show that Poisson’s ratio w cannot exceed 1/2 for 
a homogeneous isotropic material. 

Suppose that a cube with side a and volume a? is (mentally) separated out 
from the rod (before the latter is subjected to tension; see Fig. 226). If the 
* This is the face to which the stresses appearing in tension are normal. 
19-0776 
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FIG. 225 FIG. 226 


edges of the cube are parallel to the axis of the rod the volume of the cube after 
the deformation of the rod becomes equal to 


a3 (1+ 2) (1 —&t,)* = a? (1 + €) (1 — pe)? = 


= a3 (1+ e—2Que 4+ pre? — Que? + pe*) (81.5) 
Since the volume cannot decrease under the tension we must have 
e (4 — 2u) + very small quantities > 0 (81.6) 


whence, taking into account that « > 0 and neglecting the very small quanti- 


ties, we obtain 
u < 1/2 (81.7) 


82. Physical Phenomena in a Deformable Body. 
Properties of Materials 


Physical processes taking place as a body is subjected to a deformation are 
extremely complex and the explanation of the relationships between the forces 
and the deformations produced by them is rather intricate. There still remain 
many important aspects of this problem which have not yet been investigated 
thoroughly. 

The phenomena described in Sec. 81 are characteristic of metals. As is known 
from the X-ray diffraction study, metals in the ordinary state are collections 
of small crystals distributed chaotically. It is known that the atoms in crystals 
form a certain configuration (a crystal lattice). For instance, the crystal lattice 
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of aluminium consists of a collection of similar cells adjoining each other. Every 
cell is a cube at whose vertices atoms are placed, the centre of each face of the 
lateral cubes containing one more atom. Such a structure of a crystal cell is 
called a body-centred (cubic) lattice. 

It is evident that if the whole specimen consisted of one crystal (monocrystal) 
then, generally, its elastic properties are different for different directions. 
Bodies of that kind are said to be anisotropic. In reality, small crystals forming 
a piece of metal are distributed chaotically over the piece and are oriented 
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FIG. 227 


in all possible ways relative to each other. Such a situation is shown schematical- 
ly in Fig. 227. Therefore, the elastic properties of metals are the same in various 
directions and a piece of metal is an isotropic body. A plastic deformation of a 
monocrystal is accompanied by gliding along certain planes. Some parts of the 
crystal move easily relative to each other along these gliding planes and, after 
the load has been removed, they remain in the positions achieved during the 
deformation. It is likely that the same phenomena are involved in deformations 
of small crystals constituting a body subject to plastic deformations. 

A rough scheme of a deformation in a piece of metal can be represented as 
follows. In the elastic (proportional) region the crystals change their shape 
without shifting and rupturing. After the load has been removed they return 
to the original positions. In the region of plastic deformations, besides changes 
of the shapes of the crystals, there take place gliding and displacements of the 
crystals relative to each other and partial rupture. These changes do not disap- 
pear completely after the load has been removed and the body remains in a state 
of deformation, that is residual strains appear in it. 

Plastic deformations play an essential role in technology: such processes as 
stamping, bending and hammering metal work-pieces are only possible because 
of the presence of plastic deformations. It is evident that if metals could only 
be in a state of elastic deformation these technological processes would be im- 
possible. 

Mechanical properties of a metal or of some other material are determined 
experimentally by extending a specimen shaped as a rod of definite form hav- 
ing definite dimensions and processed in a definite way. The specimen is sub- 
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jected to tension in special direct stress (testing) machines (Fig. 228) based on 
the principle of a hydraulic press. The measurement of the pressure in the 
cylinder with the piston (see Fig. 228) makes it possible to determine the tensile 
force; the displacement of the piston measured with a high precision enables us 
to find the elongation of the rod. 


CH. 10 MECHANICS OF DEFORMABLE SOLIDS 293 


The connection between strains and stresses in a compression of rods is found, 
in principle, in the same manner. In compression tests shorter and wider rods 
are taken in order to avoid the bending of the rods as they are compressed. 
Metals have the same value of Young’s modulus both for tension and for com- 
pression. In Fig. 229a a typical stress-strain curve for ordinary steel is shown. 
As is seen, the proportional limit has another value in the case of compression 
and the character of the shape of the curve in the region of plastic deformations 
is also slightly different. 

For some other materials the stress-strain curves are of essentially different 
type. For example, for cast iron such a curve is shown in Fig. 2296. Practically, 
in the tension of a specimen of cast iron there is no region of plastic deforma- 
tion. After the elastic limit in tension has been attained a very small flow region 
follows and then the specimen immediately starts rupturing. The materials 
whose stress-strain curve o (€) is similar to that of cast iron are said to be brittle 
in contrast to the ductile materials having a comparatively wide region of plas- 
tic deformations. This distinction between the properties of brittle and ductile 
materials plays an important role in the choice of the material for practical 
applications. A component of a machine made of a ductile material subject to 
stresses which may sometimes slightly exceed the elastic limit is not ruptured 
while a component made of a brittle material can be ruptured in the same 
circumstances. 

It should be noted that, practically cast iron has no proportional region; as is 
seen from the stress-strain curve, in Fig. 229b, the dependence of the stress on 
the strain is non-linear even for small values of ¢. For comparison, in Fig. 229c 
and d the stress-strain curves for some other materials (for marble and concrete) 
are shown. The brittle materials, for instance such as marble and concrete, 
have greater ultimate strengths for compression than for tension. 

Only a thorough knowledge of the elastic properties of the materials makes 
it possible to construct durable, reliable and not too cumbersome machines, 
buildings, etc. 


83. Internal Forces and Stresses 


Stresses appearing ina solid acted upon by external forces can easily be 
investigated by separating (mentally) a certain part from such a_ body. 
This separated part is acted upon by forces exerted on it by the other parts ‘of 
the body, or, as we say, there are stresses on the surface bounding the separated 
part. The stresses always satisfy certain conditions implied by the fact that 
in the case of equilibrium (i.e. in the case of a state of rest or uniform motion) 
the resultant of the forces applied to the separated part is equal to zero and 
that in the case of a non-uniform motion the resultant is equal to the product 
of the mass of that part by its acceleration. Besides, quite analogous conditions 
must hold for the moments of the forces. Thus, if we take the projections of the 
forces and of the moments on three coordinate axes we obtain siz equations 
which should be satisfied by the forces acting on the given part: three equations 
for the projections of the forces and three equations for the moments of the 
forces with respect to the three axes. These conditions do not obviously depend 
on the character of the deformations and have the same form for both the elastic 
region and the region of plastic deformations. 

Let us consider the stresses appearing in the simplest case of a homogeneous 
rod subjected to tension. Imagine that a small prism is (mentally) cut from the 
rod as it is shown in Fig. 230a where the right base of the prism is shaded. Then, 
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obviously, the stresses on the four lateral faces“of the prism are equal to zero and 
only the stresses on its two bases having magnitudes o, and o and opposite 
directions normal to the axis of the rod are different from zero. The stress 0, 
is given by the formula 


F 
Oo =— “S_ (83.1) 


where F is the force applied to the corresponding cross section of the rod normal 


FIG. 230 


to its axis and S is the cross-section area. If the rod is homogeneous the stresses 
are the same across the whole section and have the same value for all the cross 
sections provided that the rod is at rest;(or in a uniform motion). 

The stress o in the oblique section of’the rod in which the other base of the 
prism lies (the normal to the section forms an angle a with the axis of the rod) 
is at an angle of 90° — a@ to the plane of that section. The magnitude of the 
stress o can be found from the equilibrium condition for the prism we have 
separated. It is evident that the resultants of the forces applied to the faces of 
the prism must be horizontal and their magnitudes are equal and the directions 
are opposite. It follows that 


OS = go. 
cos &@ 
that is 
Oo = 0, cos a (83.2) 


where S is the area of the normal section of the prism. 

The stress o can be resolved into a (normal) component o,, perpendicular to 
the plane of the section and a (tangential) component t tangent to the section 
(Fig. 230c). The normal component is given by the formula 


O, = 0 COS a = GO, Cos* a@ (83.3) 
and the tangential component is determined by the formula 


t= Osina = o,cosasina (83.4) 
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Both components depend on the angle a between the normal to the plane of the 
section and the axis of the rod. Changing the angle a between the normal to the 
section and the axis of the rod we obtain, according to formulas (83.2), (83.3), 
and (83.4), different values of the stress o, and t. The tangential component 
attains its maximum magnitude equal to o,/2 when the normal to the section 
forms an angle of 45° with the axis of the rod, in this case the magnitude 
of the normal component obviously coincides with that of the tangential 
component (see Fig. 231). 

Our analysis of a very simple state 
of strain of a solid (arising in tension) 
clearly indicates that in the general 
case the distribution of stresses in a Sy 
solid can be very complex. 


84. Shearing Stresses and Strains So 
2 


(Pure) shearing takes place when, t 
for instance, a homogeneous rod of 
circular cross section undergoes torsion 
as one of its bases is turned about the 0 
axis of the rod through an angle 9. 

A deformation of this kind can be 
visualized if we take a rubber rod (or 

tube) with a set of orthogonal lines on FIG. 231 

its lateral surface (see Fig. 232a) and 

twist it (Fig. 2326). The circular lines perpendicular to the axis of the rod 
do not change under the deformation while the straight lines parallel to the 
axis go into spirals. 

The rod can be mentally divided into sufficiently thin disks such that the 
corresponding parts of the screw lines can be thought of as straight line segments 
within the given disk when the rod is under the torsion. Next, let us cut a ring 
from the disk and then a small cube from that ring (as shown in Fig. 235) be- 
low). The disk being very thin, the upper face of the cube receives a small dis- 
placement relative to the lower face under that deformation (the lateral faces 
become oblique) and the angle between the lateral faces and the lower face 
differs from the right angle. The cube is in a state of a (pure) non-dilatational 
strain. It is characteristic of this kind of deformation that a parallelepiped 
cut from the body (subject to this deformation) in a corresponding manner 
undergoes a change of its angles solely. Shearing strain only appears when 
there are tangential stresses on the faces of the cube. Imagine that we have 
a body of the form of a cube with edge of 1 cm to whose four faces tangential 
forces are applied (see Fig. 233a) and that these forces are uniformly distributed 
over the faces. It is evident that for the cube to be in equilibrium it is neces- 
sary that all the tangential stresses should be equal: 


x 
4 


Nm]A 


Ty =H Tg HT, - eH TT 


Under the action of the tangential forces the right angles between the corres- 
ponding faces of the cube will decrease by a small angle y (Fig. 233b). The mag- 
nitude of the deformation of the cube can be characterized by the angle y which 
is in a definite relationship with the magnitude of the tangential stresses t on 
the corresponding faces of the cube. 
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rae a 
i 


Experiments show that for a given material the relationship between y and 
t is approximately of the same type as the connection between e and o for the 
same material (Fig. 234). Namely, in the elastic region there also exists a linear 
part for which 


FIG. 233 


t = Gy (84.1) 


The coefficient G whose dimension is N/m? is called the modulus of rigidity (or 
the modulus of elasticity in shear). 

Now let us determine the strains and the stresses appearing in a homogeneous 
rod of circular cross section subject to torsion (this deformation has already 
been discussed above). Let a rod of diameter D and length 1, be made of a mate- 
rial whose modulus of elasticity in shear is equal to G and let a twisting moment 
Mw produce a torsion through an angle of q, (that is let the bases of the rod 
turn relative to each other through the angle q,). 

First of all we note that in any cross section of the rod (perpendicular to its 
axis) the moment of the internal forces with respect to the axis is equal to 
Mi, that is to the twisting moment producing the torsion of the rod. For, if we 
(mentally) separate a part B (see Fig. 235a) from the twisted rod then, since 
this part B is in equilibrium, the sum of the moments of all the forces acting 
on it must be equal to zero. One of the ends of this part is acted upon by the 
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moment Af;y of the external forces producing the torsion while on the other end 
there are tangential internal forces whose resultant moment is M,,;. It follows 
that the magnitude of M,,; is equal to that of M,y, the directions of the mo- 
ments being opposite. 

Next we determine the distribution of the tangent stresses in a cross section 
of the rod and their connection with the strain. To this end we cut out of the 
rod a disk (Fig. 235b) of sufficiently small altitude di at a distance of / from 
the fixed base of the rod and assume that in the torsion the lower base of the 
disk turns through an angle @ and the 
upper base through an angle-g + dg. 
Further, from this disk we separate a 
ring with internal radius r and external 
radius r + dr. All the small cubes cut 
out from that ring are in the same 
state of shearing strain characterized 
by the angle da common for all the 
cubes. The upper base of the disk being 
turned relative to the lower one by 
a small angle dg, it is obvious that 
the angle da must be proportional to 
the radius r of the ring. The (linear) 
displacement of the surface of the 
upper ring relative to the surface of 
the lower ring is FIG. 234 


da = dlda = r dq (84.2) 


Therefore the angle da characterizing the shearing strain is given by the relation 


_ » 
da=r =a (84.3) 
Thus, this angle is equal to the radius of the ring times the derivative a of 


the angle of torsion of the rod with respect to its length. We can now determine 
the tangential force acting on the surface of the ring whose area is 2nr dr. By 
formulas (84.1) and (84.3), the stress t is expressed as 


t=G da = Gr (84.4) 
We thus find the tangential force on the surface of the ring: it is equal to 
t-20r dr = 2r’G = dr (84.5) 
The moment of this force with respect to!the axis of the rod is 


dM = 2ur°G < dr (84.6) 


On adding together the moments of all forces over the whole surface of the 
disk (to this end we integrate (84.6) with respect to r) we find 


D/2 
_ dp 3,7, _. ©D* pp dP 
M =20G 2 \ rdr=A Gt 


0 


(84.7) 
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This moment must be equal to the twisting moment M;,y because the moments 
applied to any two adjoining disks are equal to each other. 


Equation (84.7) shows that for a homogeneous rod the derivative & of the 


angle of twist with respect to the length is constant along the whole rod. The 
angle of torsion of the ends of the rod which are at a distance of J, from each 
other is equal to 


Qy =I 2% whence 22 — (84.8) 
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FIG. 235 


The substitution of expression (84.8) into formula (84.7) results in the formula 
for dependence of the angle of twist mg, on the moment M,y: 


D4 
M tw =. Mo a 95 
4 
The coefficient i ¢ is called the torsional rigidity (stiffness) of the rod. 
0 
This formula should be taken into account in the construction of a shaft 
transmitting a given rotational moment in order to avoid the undesirable twist 
of the shaft. 


G — (84.9) 
0 


85. Stresses in an Elastic Body. General Case 


The examples we considered in the foregoing sections show that on different 
plane areas passing through a definite point of a loaded deformable body there 
are different stresses which however are in a certain relation determined by 
definite laws. It turns out that in the most general case all the stresses in the 
vicinity of an arbitrary point (on all the plane sections passing through that 
point and for any state of strain of a deformable body) are determined by six 
quantities (numbers) which are the components of a symmetric tensor of the 
second rank. Tensors prove convenient for describing stresses and some other 
physical quantities. 

To find the relationship between the stresses on various areas near a given 
point it is convenient to consider the equilibrium conditions for a small tetra- 
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hedron cut out of the body in the vicinity of this point. Suppose that we have 
chosen a coordinate system with origin at that point whose axes are numbered 
as 1, 2, and 3 (see Fig. 236). The projections of vectors on these coordinate 
axes will be supplied with the corresponding indices. The plane area with unit 
normal vector v passes near the point O; the faces of the tetrahedron ABCO lie 
in this plane and in the coordinate planes. 

The faces of the tetrahedron are acted upon by certain forces exerted by other 
parts of the body. Let us write down the equilibrium conditions for the tetra- 
hedron ABCO under the action of these 
forces. We shall use the relations 
between the area dS of the face ABC 
and the areas dS,, dS,, and dS, of the 
faces perpendicular to the axes 7, 2, 
and 3 respectively: dS, =v, dS, dS,= 
=v,dS, and dS; = v,dS where ,, 
Vo, and vz are the direction cosines of 
the unit vector v (these direction 
cosines are equal to the projections of 
the vector v on the corresponding 
coordinate axes). 

Let us denote by o, dS the force 
acting on the area dS where o, is the 
stress on that area (the stress is a 
vector). For each area we can consider 
two opposite forces, namely a force 
exerted by the particle lying on one 
side of that area and a force exerted FIG. 236 
by the particles on the other side of 
the area. An example of such forces are the force odS and the reaction 
force —o dS shown in Fig. 237a. We shall consider the “positive” side and the 
“negative” side of each area between which we shall distinguish according to 
a certain rule stated below. 

The equilibrium conditions written below involve forces of the type of o dS 
acting in the direction from the positive side to the negative side of the corres- 
ponding area. It should also be noted that among the forces and stresses under 
consideration there can be “tensile” and “compressive” ones. When using these 
terms we mean of course the components of the forces normal to the area in 
question (the corresponding cases are shown in Fig. 237a and b, respectively). 

A tensile stress is usually considered positive while a compressive one is 
considered negative. The positive side of the area dS is the one seen from the 
outside of the tetrahedron. The positive side of an area lying in a plane perpen- 
dicular to the axis i (i = J, 2, 3) is the one which is seen from the terminus of 
the unit vector of that axis issued from the origin (see Fig. 238 where the section 
of the tetrahedron by a plane abc normal to the axis J is shown). 

Taking into account our convention concerning the signs of the stresses, we 
can write the condition that the resultant of the forces applied to the tetrahedron 
is equal to zero (the equilibrium condition): 


Oy ads . 0; ds, a= O05 dS. —— O3 dS = 0 (85.1) 
For the sake of visuality, the vectors representing the acting forces are shown 


in Fig. 239 for a simpler “plane” case when all the forces are parallel to the 
coordinate plane (7, 2). In this case, instead of the tetrahedron, it is sufficient 
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FIG. 237 


to consider a small prism (whose section is shown in the figure), and all the 
vectors lie in one plane. It is evident that for this case the general equation 
(85.1) degenerates into 


0, dS — 0, dS, — o, dS, = 0 


The mass forces acting on the particles lying within the tetrahedron can be 
neglected because the volume of the tetrahedron is an infinitesimal of the third 


FIG. 238 FIG. 239 


order of smallness relative to its linear dimensions (while the areas of the faces 
are of the second order of smallness). 
On dividing (85.1) by dS we arrive at the equation 


Oy = V0, + V0, + V303 (85.2) 
where ¥,, V,, and vs are the direction cosines of the normal v to area dS. 
Expression (85.2) is analogous to the formula 
Ay = VQ + Vode + Vsd3 = va 


expressing the projection a, of a vector a on an arbitrary direction specified 
by a unit vector v in terms of the projections a,, a,, and as of the vector and 
the direction cosines of v. 

Formula (85.2) determines the vector 0, (the stress on an arbitrary area 
with normal v) in terms of the three vectors 0,, 02, and o3. Given these three 
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vectors (they are the stresses on the three areas normal to the coordinate axes), 
the stress o, on any plane area with an arbitrary normal v can readily be found. 
Each vector is representable by a triple of numbers (which are its projections 
on the coordinate axes) and therefore three vectors are specified by nine num- 
bers. Let us express the vectors 6,, 6,, and o; in terms of their projections: 


O71 = 04461 + On1€g + O34€3 
Oo = 04004 + On0€ 5 + O30€ 3 (85.3) 
G3 = 01304 + On3€2 +- O33€3 


Here e,, e,, and es are unit vectors in the directions of the coordinate axes 
1, 2, and 3 respectively and o;, (i, k = 1, 2, 3) is the projection of the kth 
vector o, (k = 1, 2, 3) (this vector is the stress on the area dS; perpendicular 
to the kth coordinate axis) on the ith coordinate axis. The nine numbers 0;,; 
are the components of a second-rank tensor. The components 6,;, Oo9, and 033 
with equal indices are the normal stresses on the areas dS,, dS,, and dS3, respec- 
tively. The components with different indices (0,,, 03,, etc.) are the projections 
on the coordinate axes of the tangential stresses acting on the corresponding 
areas. The quantities 0;, with is4 x are referred to as shearing tangential 
stresses. 

Let us substitute the expressions of the vectors o,, 6,, and og given by (85.3) 
into equality (85.2) and then successively multiply scalarly the equality thus 
obtained by e,, e,, and es. This results in the expressions of the projections of 
the vector gy on the axes 7, 2, and 3: 


O4y = 0414 TF Oy2Vo + 0433 
Ooy = 021Vi + Oo0Vo + O03V3 (85.4) 
Ogy = 034V4 + Og2Vo + O33V3 


because the axes are mutually orthogonal and therefore e;e, = 1 for i = k and 
e,;e, = 0 fori ~ k. System of relations (85.4) can be written (symbolically) as 


Oy= FV "(85.5) 


where .7 is a tensor of rank two called the stress tensor. The tensor .7 is repre- 
sented by the matrix 


O14, O12 O43 
FT =] 024 O22 O23 (89.6) 
\031 O32 033 


Its components are the projections of the vectors o,, o,, and o; on the coordinate 
axes. Thus, the vector representing the stress on an area with normal v is equal 
to the product of the tensor Y% by the normal vector v. 

It can be shown that when the coordinate system is rotated the components 
O;, of the tensor are transformed like the products x;z, of the corresponding 
coordinates of the point. This property agrees with the general mathematical 
definition of a second-rank tensor and indicates that the collection of the num- 
bers o;, is in fact a tensor. 

Condition (85.1) is necessary for the equilibrium of the tetrahedron ABCO 
but it is not sufficient. Besides this condition, it should be required that the 
sums of the moments of all forces applied to the surface of the tetrahedron with 
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respect to any axis should be equal to zero*. The moment of a force can be 
represented by a vector and it is therefore sufficient that the sums of the moments 
of the forces acting on the tetrahedron with respect to any three axes parallel 
to the three coordinate axes should be zero. For the sake of simplicity, let us 
consider the condition that the sum of the moments with respect to the axis 
parallel to the axis 3 and passing through the centre of gravity of the area dS 
is equal to zero. The area dS being considered infinitesimal, the stress in that 
area can be regarded as being constant over the area. Under this assumption 
the resultant of all the forces acting on 

each area dS is applied at its centre 

2 of gravity. In Fig. 240 we see the top 

view of the tetrahedron from the 
direction of the axis 3. The axis paral- 
lel to axis 8 and passing through the 
centre of gravity of the area dS, is 
seen as the point c in Fig. 240. It is 
evident that the forces o, dS and 
0, dS, , o;, aS, intersect that axis. Hence, the 
moments of these forces are equal to 
zero. Now it only remains to consider 

the moments of the forces o, dS, and 


a, 


0 a, 7 o, dS,. The equilibrium condition for 
0,45, these moments reduces to 
004 dS ,h, = Oy aS oho —— 
FIG. 240 where h, and h, are the distances from 


the axis c to the areas dS, and dS, 
respectively. Denoting the edges of the tetrahedron directed along the corres- 
ponding coordinate axes as dQ, dy, and a; (Fig. 240) we can write: dS, = 1/2a,a, 
and dS, = 1/2 a,a,;. Taking into account these expressions and the fact that 
a, = dh, and a, = 3h,, we obtain 


O19 = O94 (85.7) 


We see that the tangential stresses on the areas dS, and dS, are normal to the 
axis 3, are directed towards the edge of the tetrahedron lying on that axis or 
from it and are equal to each other. 

It can similarly be shown that 


034 = 043 and O39 = 0093 (89.8) 


Thus, to determine the stresses in the vicinity of a point it is in fact necessary 
to know not nine but only six numbers. The stress tensor .7 is symmetric: its 
components with different indices are pairwise equal (see (85.7) and (85.8)). 
This property is known as the law of equal shearing stresses. 

The indicated equality of shearing stresses is a very important fact. Since 
the coordinate system with origin at a given point can be chosen quite arbitrar- 
ily, it follows that on any two small plane areas intersecting at a right angle 


* By condition (85.4), the resultant force acting on the tetrahedron is equal to zero and 
therefore the system of the external forces applied to the tetrahedron reduces to a couple 
of forces. The moment of a couple being the same about any point, the moments of 
the couple with respect to any parallel axes coincide. 
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at a point the components of the shearing stresses normal to the intersection 
line of these planes are always equal in their magnitudes and are simultaneously 
directed towards that line or from it. This means that the shearing stresses on 
the faces of any sufficiently small cube cut out from a deformable body are 
connected with each other by a definite relationship. For instance, the compo- 
nents of the shearing stresses parallel to the plane (7, 2) applied to the faces 
normal to that plane are equal and are directed as shown in Fig. 241. In the case 
represented in Fig. 241a the tangential stresses are considered positive and in 


FIG. 241 FIG. 242 


the case shown in Fig. 241b they are considered negative because in the former 
case the stresses on the positive sides of the areas are in the directions of the 
coordinate axes and in the latter case they are in opposite directions. The same 
applies to the tangential components of the stresses parallel to the plane (2, 3) 
and to the plane (8, J). 

The properties of the stresses we have established thus imply that the sum 
of the shearing forces acting on any small cube is equal to zero. Therefore, the 
normal forces acting on the faces of a small cube must mutually balance irre- 
spective of the tangential forces. For example, in Fig. 242 the normal stresses 
on the faces parallel to the axis 3 are shown. Here the stresses o,, are positive 
(tensile) while the stresses o,, are negative (compressive). 

An important consequence of this analysis is that for any point of a body 
in a state of strain among all the possible directions of unit vector v issued 
from the point there are always at least three mutually perpendicular direc- 
tions for which the vectors representing the stresses (on the planes with these 
three vectors v as normals) coincide with the normals v in their directions. 
Or, equivalently, the shearing stresses on these plane areas are equal to zero. 
Such three directions specify the so-called principal azes of stress. The correspond- 
ing normal stresses are referred to as principal stresses. When the axes of prin- 
cipal stress are taken as coordinate axes the stress tensor is represented by only 
three numbers (by the numerical values of the principal stresses). 

The axes of principal stress can be found in the same way as the principal axes 
of inertia which were determined for the inertia tensor in Sec. 64. The only 
distinction between these cases is that for the inertia tensor the moments of 
inertia with respect to the principal axes are always positive quantities while 
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the principal stresses can be positive (tensile) or negative (compressive). There- 
fore, in the general case, if the surface analogous to the ellipsoid of inertia con- 
structed for the stress tensor is a central surface of the second order it can 
be either an ellipsoid or a hyperboloid. 


86. Small Deformations of a Body 


The particles of an elastic body change their mutual positions under the 
action of external forces, that is the body or its parts change their form. This 


FIG. 243 FIG. 244 


is the phenomenon which we call a deformation of the body. In this section we 
shall study small deformations. 

Under the action of the forces every particle receives a displacement repre- 
sented by a vector s. Ifall the particles have the same displacement s the body 
undergoes no deformation; in this case it simply gains, as a whole, the displace- 
ment s. A defcrmation only appears when some (or all) particles of the body have 
different displacement vectors s, thatis when the vector s is a function of the 
position vector r of the particle characterizing the location of the particle before 
the deformation. A particle located originally at a point with radius vector r 
gains a displacement s while another particle with radius vector r + dr has 
a displacement s + ds (Fig. 243). The deformation is characterized by the 
quantity ds or, more precisely, by the relationship between ds and dr. When 
ds depends linearly on dr (which is the case for small deformations) the rela- 
tionship between ds and dr is determined by a tensor . Our immediate task 
is to determine the components of the tensor &/. 

The fact that the relations between ds and dr are linear implies that the par- 
ticles which are on the line of the vector dr before the deformation occupy a new 
position on the line of the vector dr’ + ds where dr’ = dr as is shown in 
Fig. 244. Since we deal with small deformations there must be ds < dr. This 
means that the line segment dr undergoes an extension or a contraction by 


d 
a small quantity ds; and turns through a small angle 69 = —+ < 1. The ratio 
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ds 
= — is termed wnit elongation (it may of course be negative and then it 


can be called “unit shortening”). 
Let us consider the positions of the particles of the body characterized by their 
radius vectors r relative to a Cartesian coordinate system Oz,27,2%3, directions of 


the coordinate axes being specified by unit vectors e,, e,, and es respectively. 
Then 


SB = S10, + S2€2 + S3€3 
ds = ds,e,+ ds,e,-+ ds3e, (86.1) 
dr = dx,e, + Axe» + AxX3€3 


where each of the quantities s,, s,, and s; depends on 2, 2, and Zz (21, X_, and X53 
are the projections of the vector r). Therefore, we can write 


__ Osy ds, Os, . 

ds, = az, dz,+ ar5 di. + Oz dz3 
_ O85 OS, OS, 

ds, = ae dx, + an, di, + ir dx, (86.2) 
__ O83 OSs OSs | 

ds, = az, dz,-+ Oz» dz, + Oz dz, J 


These equalities express the linear dependence between ds and dr in a small 
neighbourhood of the point r. The magnitudes of the derivatives cad 


On, yee 
remain constant within that small region*. 


Equalities (86.2) indicate that the relationship between ds and dr is speci- 
fied by the tensor 


Os; Os, OS, 


OX, OL, 0X3 
__ | OS OS, OS» 
Cis Ox, OX» 0X5 (60-9) 
OS OSs OSs 
Ox OX, 0X3 
With the aid of the tensor # equalities (86.2) can be written as 
ds = f dr (86.4) 


As will be shown, the tensor # determines not only the state of strain of an 
elementary volume separated (mentally) from a deformable body ‘near an 
arbitrary point r but also a rotation of that volume as a whole without deforma- 
tion. Let us represent / as a sum of two tensors /, and &,, the former being 
symmetric and the latter antisymmetric: 


S=Sfet La (86.5) 


* The partial derivative oe is the ratio of the increment ds, of the kth component (pro- 
t 
jection) of the vector s (k = 1, 2, 3) received only due to the increment dz; of the 
ith (¢ = 1, 2, 3) component of the vector r. 


20—0776 
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where 
Os, = ( Os, OS. 1 (43 , OS 
az, 2\ ar, ' dz, 2\ dr, ' dz, 
1 /{ OS, Os, OS, 1 / Os, OSs . 
Ss = om ( Ox, O25 O25 a ( 0X5 = 0X» (86.6) 
4 ( Os, Os, 41 ( OS OS. OSs 
2 \ Or, OXs 2 \ 025 OL OXs 
0 + ($3 2 = (ft) 
2 \ 02,5 OX, 2 \ 023 OX, 
1 ( As, Os, 1 ( 08, Oss 
a= sao a ) 0 ola on) 
= (2-4) ee 0 
2 \ oz, OLs 2 \ 02, 0X5 


It can easily be verified that &, dr = [5g dr] where the vector dg” represents 
a very small angular aiapianeioent with very smal] components 


= O83 —s—OSn 1 ( 0s; _—OSs 
61 = 2 5 ( Oz, OL ), OG: = 2 \ dz, Ox, ’ 


and ed = | 


OL, OX» 


These components are equal to the small angles of rotation about the axes /, 
2, and 8, respectively. 
Indeed, we have 


0 —8qp, Sq dx, 
f,dr = dq3 0 — 59, AX» 
\ — $92 594 0 axs 


whence (f, dr), = —5q;3 dx, + 5q9.dz, = [d@ dr];, etc. 

It can readily be shown that the vectors [Sq dr] represent the displacements 
of the points of a rigid body undergoing a revolution by an angle of 5@ about 
an axis coinciding with the direction of the vector dq. That is why the deforma- 
tion in a small region adjoining a point r is determined solely by the symmetric 
part &, of the tensor &f. 

Let us discuss the physical meaning of the components of the tensor &;. 


0s3 
The diagonal components =~ ed i and m are unit elongations (or shortenings) 
2 


for the distances between Ae particles lying on line segments parallel to the 
unit vectors e,, @,, and e, of the coordinate axes J, 2, and 3, respectively. The 
non-diagonal components specify the rotations of the line segments which are 
parallel to the coordinate axes before the deformation. These lines turn through 
some small angles; the projections of the lines corresponding to the axes / and 2 
onto the plane (7, 2) are shown in Fig. 245. As is seen from the figure, the sum 


is equal to the increments (gained under the deformation) by the right angles 

in the plane normal to the axis 3. These angular increments are denoted as 

Vie = Ye. Similarly, the sum 
Os, 
Os 


0 
+ $2 = yis= Ya (86.7) 
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is equal to analogous increments of the right angles in the plane normal to 
axis 2. Further, for the plane normal to axis 7 an analogous role is played by 


Os Os 
in, ae = Yes = Vs2 (86.8) 


All that has been said applies to a small neighbourhood of the point r. The unit 
elongations are denoted 


Os, a OS, a OSs 
&4 = Gr? E> = iz: and €,= re (86.9) 
: 2 
as, 
Os} 
ax, 
dx» ° 
as 5 
dx, 1 2 1 
xy 
FIG. 245 FIG. 246 


A positive value of e,; (i = 1, 2, 3) corresponds to a real elongation while its 
negative value corresponds to unit shortening. However, we usually speak of 
unit elongation in both cases bearing in mind that a negative value of e; (i = 
= 1, 2, 3) means that in reality a shortening takes place. 

Using this notation we can write the symmetric part &, of the tensor & in 
the form 


—_ 


E14 > Vi2 


1 
Ss= | > Vas Ee Y23 (86.10) 


4 1 
> ¥31 «=> Y32 E3 


The symmetric tensor (86.10) is called a strain tensor. 

Let us consider a sufficiently small part of a body having the shape of a cube 
before the deformation. Then after the deformation the edges of the cube increase 
or decrease while the right angles of its faces undergo distortions by the quanti- 
ties y;,. In Fig. 246 we see the section of such a cube by a plane normal to axis 3. 
One pair of the right angles decreased by angles of magnitude y,,. and the other 
pair increased by the same angle y,. = Ya. 

Every symmetric tensor (such is the tensor f,) has at least three mutually 
orthogonal principal directions. A small cube whose faces are perpendicular to 
the principal directions undergoes only elongations (or shortenings) along its 
edges while the angles of the faces of such a cube do not vary. There can also 
be a special case when the edges of the cube retain their lengths and only the 
angles between the edges change. Such a deformation is called a non-dilata- 
tional strain (this type of deformation was mentioned in Sec. 84). 


20* 
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87. Relationship Between Stresses and Strains 


In the elastic (proportional) region the dependence between the strain and 
stress tensors is linear. This is the general form of Hooke’s law whose special 
case we used in the simplest situation of a longitudinal stress. General theoret- 
ical considerations indicate that for an anisotropic (crystalline) body whose 
elastic properties are different in different directions there is a dependence of 
each component of the strain tensor on all the components of the stress tensor. 
The corresponding calculations show that, since the tensors are symmetric, 
the number of independent coefficients specifying these linear relations is equal 
to 21. Thus, the elastic properties of an anisotropic material are characterized 
by twenty one parameters. 

In the simpler case of an isotropic body it turns out that only two independent 
coefficients are needed for establishing the relationship between the strain and 
stress tensors. This relationship can be demonstrated in the simplest way if 
the principal axes of the stress tensor are taken as coordinate axes. The same 
axes are obviously the principal axes of the strain tensor. For a sufficiently 
small cube with faces perpendicular to the principal directions of the stress 
tensor only the normal stresses can be different from zero and the deformation 
of the cube is such that its faces receive displacements along the normals without 
distortion of the right angles between them. 

If o,, + 0 while o,, = 033; = 0 then the stresses o,, on the faces normal to 
axis J produce unit elongation e, along that axis. By Hooke’s law, o,, = Fe, 
where F is Young’s modulus. Such a simple relation holds only in the simple 
case when there are no stresses on the faces normal to axes 2 and 3. In the general 
case the normal stresses appear on all the faces and therefore the unit elongation 
along axis J is not equal to e, = o,,/E because the stresses 0,, and 033, when 
different from zero, produce contractions (in the direction of axis 7) proportio- 
nal to the elongations under the stresses 0,, and 033. 

The corresponding proportionality factor is equal to Poisson’s ratio u 
(Sec. 81). Therefore, the unit elongation along axis J is less than o,,/E by the 
magnitude of the resultant contraction due to the positive (tensile) stresses on 
the other two pairs of the faces. The contraction produced by the stress o,, 
is equal to 


22 


0 
WE, = Ue 


and the contraction due to the stress 03, is equal to 


033 


Wes = E 


Assuming that the results of the actions of the forces are mutually independent 
and adding together the deformation inputs of the forces on all pairs of the 
faces we obtain the following expression for unit elongation along axis 7: 


1 
&1 =u ( “2 + <2) = Fr (O11 — (G22 + G33)} (87.1) 


The proportionality of one component e, of the strain tensor to the components of 
the stress tensor is thus determined only by the two coefficients 1/E and u/E, 
that is by the two parameters E and pcharacterizing the elastic properties of the 
isotropic material. As we know, the quantities # and wp are found in simple 
experiments; the corresponding data are compiled into tables that can be found 
in reference books. 
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It can similarly be proved that 


&2 = — {Soo — pt (O33 + 044)} 
(87.2) 


&3 = = {033 —p (O14 Si O22)} 


In the derivation of formulas (87.1) and (87.2) we assume that, due to the 
proportionality law, the deformations produced by different forces can simply 
be added together. Namely, if a force a produces a deformation 6 and a force 
c a deformation d then, by the linearity, the simultaneous action of both forces 
a and c determined by the force a + c generates a deformation of magnitude 
b + d. 


Denoting 
O11 + O22 + O33 = 30 (87.3) 


we can rewrite the formulas obtained above in the form 


ey == (1 + p) O41 — Spo} 
= {((1 + 2) G22— Spo} } (87.4) 
€3 = (1 + 1) 033 — 3po} | 


Equalities (87.4) have been derived for the case when the coordinate axes 
coincide with the principal directions. If the coordinate axes (and the corre- 
sponding directions of the edges of a small cube) are chosen in a diffferent way 
the cube can undergo shearing strains as well. However, the linear character of 
the dependence between components of the strain and stress tensors makes it 
possible to use the same formulas in the most general case. To prove what has 
been said, let us represent the stress tensor as a sum of two tensors one of which 
involves only the normal stresses and the other only the shearing (tangential) 
stresses: 


Oy, O O O O42 O43 
F=IJyatIr=] 0 Ge IO lt]ou OO oes (87.5) 
0 O 033 O34 O32 O 


Then the deformations produced by the stresses entering into the tensor 7, 
can be found by formulas (87.4) because in this case only the normal stresses are 
taken into account. To these deformations we must then add those produced by 
the shearing stresses entering into the tensor .7 ,. 

Experiments show that the shearing stresses on the faces of the cube produce 
distortions of the corresponding right angles and that the increments of the 
angles are proportional to the stresses. The corresponding proportionality 
coefficient G (called the rigidity modulus or the modulus of elasticity in shear; 
see Sec. 81) is constant for a given isotropic material in proportional region. 
For instance, the stresses 0,, (Fig. 247a) generate distortions by angles y,, of 
the right angles in the plane normal to axis 3 (Fig. 247b) and 


Ov = Gyi2 (87.6) 


310 MECHANICS OF DEFORMABLE BODIES 


Similarly, for the tangential stresses on the faces parallel to axes J and 2 we 
have 


S2xg=Gryo3 and 03 =Gys (87.7) 


The distortion of the right angles in a given coordinate plane by a quantity ” 
depends solely on the tangential stresses (equal in their magnitudes) on the 
four faces normal to that plane and are completely independent of the other 
tangential components of the stresses. There is therefore a very simple connec- 


FIG. 247 


tion between the tensor .7, and the tensor , whose components are the shear- 
ing strains ,,. The tensor ¥% is a part of the strain tensor £, which can be 
represented as the sum 


&, 0 0 O V2. Yas 
rin(o Eo | and Fim (ts 0 vs (87.8) 


0 0 Bg Ys1 Ys2 2S (OO 


where 


Taking into account (87.6) and (87.7) we find that the sought-for connection 
is ofthe form | 


O O12 013 0 V12 Viz 
Tt aa (>: 0 vs =G ( 0 4 =z 2GP5 (87.9) 
O31 O32 0 Y3i = Ye 0 


As to‘the tensor 7 », according to (87.4) it can be written as 


O14 0 0 &; 0 0 1 0 O 
0 0O 


0 0 033 &3 0 0 1 
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The quantity 30 can be expressed in terms of the quantity 3e = ©, + &, + 83. 
Indeed, on adding together all the three equalities (87.4) we obtain 


1 


3 
Oe = &4 + &o + &3 = at 30— EB c= (4 +p — 3p) 


whence 
o-= _F & 
— 4—2Qp 


The substitution of this expression in (87.10) results in 


(87.44) 


I= (f3+ 4 é) (87.12) 


where 


1 0 O 
€=10 1 0 
0 0 1 


is the unit tensor. 


Formula (87.12) expresses the con- 
nection between 7 , consisting of the 
normal stresses o;; (j = 1, 2, 3), the 
tensor £, whose components are the 
longitudinal strains e; (i = 1, 2, 3), 
and the quantity e (or o). Later we 
will show that e© and o are scalars, FIG. 248 
that is they do not depend on the 
choice of the coordinate system although each of the quantities e,, e., ... 
and 0,;, Oo9, . . . depends on that choice. 

We now establish a relation between the rigidity modulus G, Young’s modu- 
lus £ and Poisson’s ratio p. To this end we consider a simple case when the 
deformation is only due to the action of normal stresses (for properly chosen 
coordinates) and then show that for some other coordinates the same deforma- 
tion is non-dilatational. Let us suppose that 6,, = 0; then the state of strain 
is only due to the action of the stresses 0,, and 6,5. Let 04; = 09, S93 = —%o 
(03, = 0) and let there be no shearing stresses (see Fig. 248). Under the action 
of such stresses there appears tension along the axis / and compression (of the 
same magnitude) along the axis 2. For, by (87.1) and (87.2), we have 


Ee, = 044 — p02 = (1+ pt) do 


_ (87.43) 
Hee = O22 — W011 = —(1+p)) Oo 
whence 
sor 
&4 == — Eo = Fg = Md op 


Next we will prove that this deformation s (pure) non-dilatational when con- 
sidered relative to coordinates with axes forming an angle of x/4 with the 
former axes. 

Let us cut out of the small cube in question a prism with a square base as 
shown in Fig. 249a. If the edge of the original cube is a then the small prism 
with the shaded triangle (Fig. 249b) as base is acted upon by the forces indica- 
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(2) 


FIG. 249 
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FIG. 250 


ted in the figure. For the resultant of these forces to be zero there must be ful- 
filled the condition 0, = o, for the tangential stress 0,. The same applies to 
the other three small prisms. Therefore, the inner prism (with the square base) 
is only under the action of tangential stresses and its angles receive increments 
(positive and negative) of magnitude 


0, 
imam 


The corresponding unit elongation of the diagonal of the normal section of the 
inner prism is equal to 


The relationship between the parameters p, #, and G can now be found purely 
geometrically. The sections of the prism before and after the deformation are 
shown in Fig. 250. The angular increment y is very small and therefore, taking 
into account that the triangle ABC is right and isosceles we receive the rela- 
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tion 


7 =V2ea, that is y=2e, 


The substitution of the two foregoing expressions in the last relation results 
in the sought-for connection between p, £, and G 


E 
a 2(4-+p) 


Furmula (87.14) enables us to establish the general relation between the stress 
and strain tensors using (87.9) and es 


(87.14) 


_¢ fete ” 
Now, by virtue of (87.8), we oo 
__ Spe | 
Gea oe: war (¥. +a 6) (87.15) 


Given the components of the strain tensor #;, we can use (87.15) to find the com- 
ponents of the stress tensor 7 for the given isotropic material provided that the 
parameters EF and yp are known. 

It is also possible to establish the inverse dependence of #; on 7. Indeed, 
from (87.15) we get 


“th 7 a3) ep a g 


Now, taking into account (87.11), we arrive at the sought-for dependence: 
fe= hes — Hg (87.16) 


Now it only remains to show that e and Oo are scalars, that is quantities whose 
numerical values are independent of the choice of the coordinate system. For 
any tensor it is possible to find its eigenvalues A,, A, and A, corresponding to 
the principal directions. For the tensors 7% and fs the eigenvalues correspond 
to the principal stresses along the principal axes of these tensors. The determi- 
nation of the eigenvalues of a tensor was discussed in detail in Sec. 64 in con- 
nection with the inertia tensor. The eigenvalues A,, A, and A, do not depend 
on the choice of the coordinate system. In the case of the tensor 7 the eigen- 
values are found from the equation 


Oy —A O12 O13 
O21 Onn — A 023 = 0 
034 O32 O33 —A 


(see (64.11)). This equation can be rewritten as 
Ae 4+ aA? + aA + az = 0 


The roots of this equation are scalars and therefore, obviously, the coefficients 
a, 4,, and a, are also scalars, that is they are independent of the choice of the 
coordinate axes. As can easily be shown, we have 


— Ay = 044 + O29 + 033 = 30 (87.17) 
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whence it follows that ofis a scalar quantity. The fact that ¢ is also a scalar is 
proved in like manner. 
The quantity 0 can be interpreted as the average normal stress: 


0 


= pean Cea Sop (87.18) 


In case © is negative it is analogous to fluid pressure. The quantity « = coo Oo 


can be interpreted as the measure of the omnidirectional extension under the 
action of the stress 0, or —e can be thought of as the measure of the omnidirec- 
tional compression under the action of the pressure —0o. The tensor 7, can 
be written as the following sum of two tensors: 


O14 08 0 /O 0 0 04,9 0 {0} \: 
GF -( 0 oo O}=10 o OF+ 0 Ooo — 0 ‘0 (87.19) 
.0 OO  Oge 0060 0 0 033 -—O 


The first of the tensors on the right-hand side of (87.19) is equal to oé and 
represents an omnidirectional stress 0 or pressure —0O; the other tensor serves 
as a measure of the deviation from the average stress. It is evident that the 
tensor o€ is invariable with respect to any transformation of coordinates. 


88. Strain Energy 


Let us find the work that should be expended on a deformation of a volume 
dv = dz, dz, dx, of an elastic material. This work is equal to the potential 
energy of strain which is briefly called the strain energy. 

The normal stresses are not connected with the shearing strains and are 
only dependent on the tensile (or compressive) strains. The normal stress along 
a given axis is dependent on the'strains along all the three axes. Therefore, 
the work performed by the normal forces arising in a state of strain can be 
calculated independently of the work of the forces connected with the shearing 
strains. 

a = 2G we can find the 


elementary amounts of work performed by the normal forces: 


Taking into account (87.12) and the relation 


O14 dap dts dey dry = 2G (#4 + ar 3e) dey dv 
O02 diz dz, dé» dx = 2G (e2 + io 3e | dé» dv t (88.1) 
033 dz, dx. dé, dzs = 2G (es + 1 =m Je ) dé, du | 


Adding together these three equations we obtain 


2G {e1 dé, ++ E> de, + &3 dé +- = 3 ed (3e) } dv 


since Je = &, + & + e, and de, + de, + de, = a (38). 
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The whole work expended on bringing the corresponding strains from zero 
to the magnitudes ¢,, e,, and e, is equal to 


e141 &2 €3 3e& 
seid © luieaded oheies "alee = lala! dv = 


=G (ef +eite} + + (3e)*) av 


The density of the potential energy appearing because of the work of the normal 
stresses is expressed in terms of the 
Strains €,, &,, and @€3 aS 


2/\ lee 


uy = G4 —G(etpettelt 4 (3e)*) 


(88.2) 
Yy2 
The work performed by the shearing 
stresses is found in a still simpler 
manner because the components of the 
tangential stresses normal to a given 
axis depend solely on the shearing 
strains in the plane perpendicular to 
that axis, for instance 0,, = Gyo, etc. FIG. 251 
The elementary work of the compo- 
nents of the tangential forces on the faces parallel to axis 3 (Fig. 251) 
can be written as 


O12 Ax, dX3 AY 42 AX2 = O42 AY 42 dv 


The forces on the other three faces belonging to this group (see Fig. 251) perform 
no work: the tangential forces on the two faces of areas dx, dx, are normal to the 
displacement of this area and the displacement of the lower face dz,dx, is equal 
to zero. Therefore, the whole work performed by the tangential stresses acting 
on the volume under consideration is 


Y1i2 ¥13 


dA, = ( \ O12 AY 42+ \ Oigdyis-+ \ O28 dy23) dv = 
0 0 


Vi2 V13 


=G | xdz+ 


< 


x dz) dv = - G (Vie + Vist Yas) av (88.3) 


Consequently, the total density of the strain energy is given by the formula 


A 
u=Wy+-S2 =6 (fteltelt+s vht zs vty vat qty (3e)*) (684) 


expressing the density in terms of the magnitudes of the strains. 
The density of the potential energy of strain can also be written in terms of 
the stresses in the form 
1 


usa (0%, + 0h +03 + 204+ 203,+ 2033; — ear (30)?) (88.5) 
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As an exercise, let the reader derive this formula (Hint: the differential de, 
entering into the product 0,, de, should be replaced by the expression 


1 U ‘ 
oral (dor, ieee (30) ) according to formula (87.16), etc.). 


2G 
It can easily be shown that the stresses and the strains can be expressed as 
Ou Ou 
OM je, P= roar ma (88.6) 
and 
Ou Ou 
“iF Go hl tn a gga he (88.7) 


89. Forces and Deformations in the Bending of Beams 


Bending of a beam is an important example of a deformation of an elastic 
body*. Such a deformation is produced by external forces normal to the axis 
of the beam. The bending phenomenon can be visualized if we bend a rubber 
beam with a network of parallel lines marked on its surface (Fig. 252). As 
shown in the figure, the upper layers of the beam are stretched, the lower layers 
are compressed and the length of the layer adjoining the axis OO’ is almost 
invariable. 

An exhaustive analysis of the strains and stresses in an elastic beam subject 
to bending is a rather intricate problem. However, there is an approximate 
approach to the problem based on Bernoulli’s hypothesis of plane sections sug- 
gesting that under bending the cross sections of the beam remain plane. This 
approximate approach to the solution of the problem is much simpler and here 
we present some basic results of this kind. 

Let us consider a horizontal beam (Fig. 252) whose one end has a rigid fixing 
and whose other end is acted upon by a vertical force P. The force P bends the 
beam. Every cross section of the beam perpendicular to its axis before the appli- 
cation of the load turns under the bending but remains plane when the deforma- 
tions are small. 

In the study of the bending phenomenon the basic questions to answer are 
whether the beam can endure a given load, what strains appear in the beam, 
what stresses arise in the material of the beam, and how the deflection of the 
end of the beam produced by the load can be found. The answers to these ques- 
tions can be obtained by using the methods developed in the engineering 
science called strength of materials. Here we discuss some fundamental ideas 
and results related to these questions. 

For simplicity, let us begin with the deformation of a beam with a rigid** 
fixing of one of its ends and a couple of forces applied to the other end (see 
Fig. 253). In practice such a case is ecountered more rarely than the one shown 
in Fig. 253 but its theoretical study is simpler. 


* By a beam is meant a bar (a rod) subjected to a lateral load. A bar 3 rod) of a constant 
cross section is a cylindrical body whose length is much greater than the dimensions 
of the cross section. 

** We say that there is a rigid fixing of an end of a beam when that end is supported 
in such a way that the corresponding terminal cross section of the beam does not change 
its position in space. In reality the terminal section does not remain plane and always 
undergoes a deformation but the comparison of the experimental data with the results 
of the theoretical analysis shows that the assumption that the terminal section is non- 
deformable is practically quite admissible. 
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FIG. 252 
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FIG. 253 


In order to determine the magnitudes and the directions of the internal forces 
arising in the beam we will use the method based on a (mental) cutting out of 
a part of the body. The part of the body isolated in this way is considered in 
conditions corresponding to the deformation of the beam after the equilibrium 
of state sets in. For this part we write down the equilibrium conditions both 
for the external forces applied to that part and for the internal forces acting 
on the interface separating the part in question from the remaining part of the 
body. The internal forces are usually unknown but the equilibrium conditions 
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for the isolated part make it possible to obtain the necessary information about 
the internal forces provided that the external forces are known. 

In the case under consideration (see Fig. 253) we isolate the part of the beam 
lying on the right from an arbitrary plane section OO’ normal to the axis of the 
beam (this part is marked by the letter A in the figure). The equilibrium condi- 
tion for the part A implies that the tangential internal force in the section 
OO" is zero. Indeed, if a non-zero force acting along the line OO’ were applied 
to the part A this part could not be in equilibrium because the couple of forces 


FIG. 254 FIG. 255 


(F’) with moment M can only be balanced by another couple or by a system of 
couples whose resultant moment is —M.It follows that the internal forces in 
the section OO’ reduce to a couple of forces or to a system of couples with the 
resultant bending moment M, = —M. 

The length of the part A being taken quite arbitrarily, we conclude that in 
any cross section of the beam the internal forces reduce to a system of couples of 
forces whose resultant moment has a magnitude equal to that of the moment 
of the couple of external forces applied to the beam and whose direction is oppo- 
site to that of the external couple. By the third law of dynamics, the moment 
of forces applied to the remaining part B of the beam (see Fig. 253) is 


M,=—M, 


whence 


M,=M 


Thus, this moment is equal to the moment of the couple applied to the right 
end of the beam. 
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It should be noted that although the resultant internal force in any cross 
section, for instance, in the section OO’, isequal to zero this does not mean that 
the normal and the tangential (shearing) stresses in the section are equal to zero 
when the beam is in the state of strain under consideration. The bending moment 
M, of the internal forces in the section can only be produced by a certain distri- 
bution of the normal stresses because the tangential stresses cannot form a couple 
with a non-zero moment (because the corresponding arms are equal to zero). 
In the approximate theory the influence of the tangential stresses in the case 
under consideration is neglected since these stresses turn out to be very small. 
The comparison of experimental data with the results of the theoretical inves- 
tigation confirms the validity of such an approximation. 

Using the indicated approximation we can find the relationship between 
the strains and the stresses in the following way. Let us cut from the beam a 
part of a sufficiently small length dl (Fig. 254). Under the bending of the beam 
this part assumes (approximately) the shape shown in the figure. Both cross 
sections of the isolated part turn to form an angle dg between them. Let us also 
divide (mentally) the beam into sufficiently thin horizontal layers parallel 
to the middle line of the beam. It is evident that the layer adjoining the middle 
line OO’ (Fig. 254) does not change its length; that is why it is referred to as the 
neutral layer of the beam and the line OO’ is called the neutral axis of the beam. 
The layers lying above the neutral layer are stretched (for instance, this is 
the case for the layer MN in Fig. 254) while the layers lying below the neutral 
layer are compressed (for instance, the layer PQ). Since the cross sections are 
assumed to remain plane under the deformation it is obvious that the elonga- 
tions and the shortenings of the layers are proportional to their distances from 
the neutral layer. 

If the deformations are sufficiently small so that the state of strain of the 
beam corresponds to the elastic (proportional) region the magnitude of the 
normal stress in each layer is proportional to its elongation or shortening. Then 
the distribution of the normal stresses in the face planes of the part of length dl 
we have cut out from the beam (that is in the cross section of the beam) is as 
shown in Fig. 255. Denoting by z the distance from a given layer to the neutral 
layer we can write the expression 


Oo = Oo > (89.1) 
for the stress in that layer where 0, is the stress in the layer lying at the greatest 
distance b from the neutral layer. 

For the sake of simplicity, we suppose that all the cross sections of the beam 
are identical and are of the shape of a rectangular parallelepiped. Therefore, 
the neutral layer of the beam under consideration adjoins the middle line of 
the beam (we have already tacitly implied this fact) and b = h/2 where h is 
the altitude of the cross section of the beam. Consequently, denoting by a the 
horizontal dimension of the cross section we obtain the following expression 
for the internal force acting on the layer of width dz lying at a distance of x 
from the neutral layer: 


dF =0a dr = 2 2adx=" x dx (89.2) 
The layers symmetric with respect to the neutral layer are acted upon by forces 
of equal magnitudes and opposite directions and therefore the resultant of the 
internal forces in any section is equal to zero while the magnitude of the sum 
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of the moments of the internal forces must be equal to that of the moment M 
of the forces forming the external couple applied to the beam. 

We can now find the bending moment in the cross section. To this end we 
integrate expression (89.2) over the whole cross section to obtain 


h/2 h/2 
M= \ rd FP = \ ax? dx = 00 J (89.3) 
—h/2 —h/2 
The quantity 
h/2 
i= \ ax? dx (89.4) 
-h/2 


whose numerical value is 
IT = ah3/12 


in the case under consideration is called the moment of inertia of the cross section 
of the beam with respect to the axis passing through the neutral layer. The 
application of the term “moment of inertia” in this case is accounted for by the 
fact that formula (89.4) resembles the formula for the moment of inertia of a 
plane (thin) body with unit areal mass density: here the areaa dz is multiplied by 
zx? which is the square of the distance from the neutral axis and the product is 
integrated over the whole area of the cross section. However, this is only a for- 
mal analogy and expression (89.4) has nothing in common with the moment of 
inertia of a body. The dimension of J is (length)* and therefore this quantity 
has only a geometrical sense. 

If a beam has a cross section S different from a rectangular parallelepiped and 
the beam is bent in the plane perpendicular to the moment M of the couple ap- 
plied to it (i.e. in the plane of the load) the neutral axis may no longer coincide 
with the middle line. However, it always passes through the centre of gravity O 
of the section perpendicularly to the plane of the load (Fig. 256). In this more 
general case the bending moment in the cross section of the beam is expressed 
by the formula 


M = < ax? dz =—* I (89.5) 
s 
where [ = | ax” dx,b is the greatest distance from a point of the section to the 


neutral layer (as is seen from Fig. 256,6 is the greatest of the distances 6, and 
b, and o, is the maximum normal stress). The derivation of formula (89.5) 
is also based on the assumption that the cross sections of the beam remain plane 
under bending. 

The magnitude of the bending moment M in the cross section and the maximum 


stress 6, in the section are connected by a simple relation implied by formu- 
la (89.5): 


M=05 = =0,w where w= (89.6) 
The maximum stress arises in the layer which is at the greatest distance from 
the neutral layer. The quantity w is determined by the shape of the cross sec- 
tion solely. For a given section it is always possible to find the quantity w called 
the section modulus which is equal to the ratio of the moment of inertia of the 
section to the maximum distance of a layer from the neutral layer. In technical 
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problems it is often sufficient to determine the value of the maximum stress 
0,, which makes it possible to judge upon the strength of the given beam by 
comparing 6, with the ultimate strength 0, (the body ruptures when the stress 
achieves the value 0,,). 

In the case we have considered when the end of a beam is acted upon by a 
couple with moment M (see Fig. 253) the bending moment is the same (equal 
to M) for all the cross sections. However, for some other types of a load this may 
not be the case. It nevertheless turns out that in many problems it is possible 
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FIG. 256 


to determine the bending moments M in all the cross sections from a given 
load. On dividing M by the section modulus w we find the maximum stress in 
every section for the given load. That is why the primary problem in testing 
a given beam for strength is to find (by calculations) from a given load, the 
critical (dangerous) section in which the stress has a maximum value. 


90 Determination of Deflection of a Beam 


Bending of a beam is characterized by the shape of the deflection line by which 
is usually meant a curve passing through the centres of gravity of the cross 
sections of the beam. We will confine ourselves to the case when the deflection 
line is in the plane of action of the external forces or, which is the same, when 
the plane of the bending and the plane of the action of the external forces coin- 
cide. 

Let us determine the deflection line for a beam with a rigid fixing of one of 
its ends and with the other end loaded by a couple of forces (see Fig. 253). 
We denote by dg the angle formed by the two cross sections of the beam (subject 
to bending) bounding its part of length dl (see Sec. 89). 

Let y = f (l) be the equation of the sought-for deflection line where y is the 
deflection of the point with the coordinate / from the axis on which the particles 


of this line lay before the deformation sets in. The quantity « = arctan a is 


the angle between the tangent to the deflection line with the l-axis at the point 
with coordinate / (Fig. 257). The angle a being very small, we can write a ~ 


=~ a . Therefore, the variation of the angle of inclination of the tangent of the 
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deflection line to the l-axis corresponding to the passage from a point with the 
coordinate J to another point with the coordinate / + dl is 
da ~ £4 di 
~ dl? 
Since the cross sections of the beam are always perpendicular to the deflection 


line we have da = 2dq (see Figs. 254 and 257). Consequently, 
d*y 2d 


rie ~~ (90.1) 


dl, that is 7 


d*y 


By formula (89.5), the moment of the internal forces in any cross section Is 
M= = I. The maximum stress 6, (which arises in the layer lying at the greatest 


distance from the neutral layer) is in a relation with the strain of that layer 
specified by Hooke’s law. As it follows from Figs. 254 and 2097, the unit elonga- 
tion of this layer lying at a distance of b from the neutral layer is expressed by 
the formula 


_ d% 5 FP 
e=— b=2—77-b (90.2) 


Accordingly, the stress in this layer is 


o)= Ee=2Eb 


Taking into account (90.1) we obtain 
Oy ~~ Eb HL 


a5 (90.3) 
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On substituting the expression of 0, given by formula (90.3) in equation (89.5) 
we arrive at the following differential equation specifying the deflection line: 


M=EI oe (90.4) 

In the case under investigation the bending moment & is the same for all 
the cross sections and is equal to the moment M = M,,, of the couple of the 
external forces applied to the beam. The two-fold integration of equation (90.4) 
results in the sought-for equation of the deflection line. The first integration 
from the point / = O (the fixing) to an arbitrary point / = y gives us the first 
derivative of the function y = f (l) at the point n: 


nN n 
($1), (B= | SE atm fp armen 


oO 


Taking into account that the direction of the tangent to the deflection line at 


the point of the rigid fixing is horizontal, that is a = 0, wesee that the second 


integration (the integration of equation (90.5)) from / = 0 to an arbitrary value 
of J yields 


1 
dy =: Mext _ Mext 
( a=) ET V=—a- (20-0) 


l 
y (1)—y (0) = | 
0 


The deflection is equal to zero at the rigid fixing, that is y (0) = 0, whence 
it follows that the deflection line is a parabola described by the equation 


M 
y (1) =P (90.7) 


Let the length of the beam be L. Then the maximum deflection of the beam 
(at its end point / = L) is equal to 


Mext 
tL? (90.8) 

We now investigate the deformation of the same beam of length LZ when its 
end / = 0 is rigidly fixed while the other end is loaded by a vertical force P 
(see Fig. 252). To this end we again cut the beam at a distance / from the fixing 
and determine the internal forces in the cross section of the beam bounding the 
part of the beam lying on the right of the section (Fig. 258). In this case the 
internal forces differ from those in the case treated in Sec. 89 because the stres- 
ses must have a non-zero tangential (shearing) component since for the part cut 
from the beam to be in equilibrium the resultant of the internal forces in the 
section / must have a component Q’ of the same magnitude as the force P and 
of opposite direction. The component Q’ is called the transverse (shearing) force. 
It is obvious that the transverse force has the same magnitude equal to P for 
all the sections. The transverse force Q acting on the remaining part of the 
beam (lying on the left from the section /) has the same magnitude (P) and the 
opposite (with respect to Q’) direction. 

We see that the part of the beam of length L — IJ is acted upon by the forces 
P and Q’ forming a couple with a moment M, whose magnitude is 


21* 
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Consequently, for the part cut from the beam to be in equilibrium it is neces- 
sary that this part should be acted upon by one more couple whose moment M’ 
is equal to M, in its magnitude and opposite in the direction. The forces form- 
ing such a couple can only act in the cross section bounding the part in question. 
Hence, the deformation of the beam must be such that the normal stresses in 
the cross section result in the bending moment M’ (Fig. 258). 

As has been said, the magnitude M’ of the moment M’ is equal to that of 
the moment M,, its sense being opposite. Thus, the bending moment M in the 


FIG. 258 


section of the remaining part of the beam is equal to M/,. We see that in the 
case under investigation the bending moment MM in the cross sections is different 
for different sections and is no longer constant as it was in the example consid- 
ered in Sec. 89. Indeed, the magnitude M, of the moment depends on the coor- 
dinate 1: 

M=M,=P(L—l) (90.10) 


Thus, the internal forces in the cross section result from the normal stresses 
producing elongation and compression of the layers and from the tangential 
(shearing) stresses creating the transverse force Q. Therefore, in contrast to 
the previous case, the shearing stresses play a certain role in the deformation 
of the beam. But the comparison of the experimental data with the results of 
the theoretical calculations shows that the influence of the tangential stresses is 
not very strong and therefore, practically, when testing the beam for strength, 
we can neglect the shearing stresses just as it was done in Sec. 89. 

It follows that the determination of the deflection line of the beam again 
reduces to the solution of the same differential equation (90.4): 

d’y 

M = EI —~ (90.11) 
But in the case we are dealing with the bending moment depends on the coordi- 
nate | and is no longer constant (see formula (90.10)). The bending moment 
diagram is shown for this case in Fig. 259. 
If the cross section of the beam does not vary along its length the dangerous 
section in which the normal stress attains the maximum value is at the fixing, 
that is at the end 1 = 0 of the beam. The maximum normal stress is 


Mmax _ PL 
eae 2 


b (90.12) 


Oo max > 
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FIG. 


where } is the maximum distance from 
a layer to the neutral layer and / is 
the moment of inertia of the cross 
section of the beam. If the stresses in 
the section / = 0 are sufficiently small 
so that the beam can endure the load, 
the stresses in the other sections are 
still smaller. If the beam ruptures 
when the load exceeds the admissible 
value the rupture takes place at the 
rigid fixing. 

As another example, let us consider 
a beam which is freely supported at 
its ends as shown in Fig. 260a. The 
beam is loaded by a force P applied 
at a distance of a from the right-hand 
support A. Our immediate task is to 
determine the reactions F, and F, of 
the supports, that is the forces exerted 
on the beam by the supports. (For our 
further aims it is sufficient to find 
the reaction force F, alone.) The 
reaction F, is readily found from 
the equilibrium conditions for the 
whole beam. In the equilibrium the 
sum of the moments of all the acting 
forces about any point, say about the 
point B, must be equal to zero. This 
condition gives us the relation 


F,L=Pb whence Fa=—” (90.13) 


299 


(a) 


FIG. 260 


As in the foregoing example, from the equilibrium condition for the part of 
the beam of length Z — I! we find that the bending moment in a cross section 
with coordinate 1 < 0 is equal to the sum of the moments of the forces applied 


to the part cut from the beam: 


la 


M,=P(b—)l) —F,4(L—) = —P+ (90.14) 


L 
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Similarly, for the sections with 1 > b we obtain the expression 


M,= —F4(L—1) = — Pb ( “= (90.15) 


The bending moment diagram (i.e. the graph of the function M, = ™ (l)) 
is shown in Fig. 2606. The shearing (transverse) force diagram is shown in 
Fig. 260c. At the point of application of the load P the shearing force Q’ has 
a jump of magnitude P. 

If the section modulus w is known for every cross section of the beam the 
bending moment diagram makes it possible to find the critical (dangerous) 
section. 

To determine the deflection line of the beam it is necessary to integrate twice 
the right-hand side of the equation 


d*y 1 
where MM (Ll) is the known function of /, and the parameters F and J are Young’s 
modulus and the moment of inertia of the cross section respectively (these 
parameters are supposed to be known). 

In the examples we have considered the bending moment diagrams are found 
from given loads and are independent of the elastic properties of the supports. 
In more intricate cases it may be necessary to have some information about the 
deformation of the supports. Some examples of this kind are discussed in the 
following section. 


91. On Deformation of Supports 


When studying the deformation of a freely supported beam in Sec. 90 we 
first determined the reactions of the supports and then proceeded to the deter- 
mination of the deformation of the beam under the action of the external forces 
including the known load and the reactions of the supports. However, such an 
approach is only possible when the reactions of the supports do not depend on 
the deformation of the beam and the deformation of the beam itself is completely 
independent of the deformation of supports. 

In some more complex situations involving a certain connection between the 
deformations of the beam and the deformations of the supports this simple method 
is inapplicable and the solution of the problem requires a more intricate tech- 
nique making it possible to determine simultaneously the reactions of the sup- 
ports and the deformation of the beam. To demonstrate characteristic features 
of problems of this kind we begin with the discussion of two simple examples 
below in which the reactions of supports can simply be measured. 

Let us consider an (easily deformable) wooden beam suspended from two dyna- 
mometers with the aid of two springs A and B as is shown in Fig. 261. When a 
load P is applied to the beam the dynamometers measure the magnitudes of the 
reactions of the supports of the beam. When the stiffness of the spring A is 
changed, say increased, it turns out that, practically, the reactions of the 
supports remain invariable. The same occurs when the flexural rigidity of the 
beam is varied. 

This can be accounted for purely theoretically. Indeed, in the case under con- 
sideration the equilibrium conditions for the beam imply that the tensile forces 
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of the springs A and B are given by the formulas 


F,=——P 
oy (91.4) 
Fz= Ee pal 


The lengths a and b being almost invariable, the data shown by the dynamome- 
ters do. not practically depend on the deformations of the supports and on the 


FIG. 262 


deformation of the beam itself. Relations (91.1) are a consequence of the equi- 
librium conditions for the beam and are independent of the deformations of 
the supporting springs A and B and of the deformation of the beam. We dealt 
with a situation of this kind in Sec. 90 where the analysis of the deformation of 
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the beam did not involve the deterniination of the magnitude of the deforma- 
tions of the supports. 

The situation becomes quite different when the same wooden beam is suspend- 
ed from three springs as shown in Fig. 262. It turns out that in this case the 
data shown by the dynamometers are dependent on both the stiffness of the 
springs and the flexural rigidity of the beam. To gain a better understanding of 
the phenomenon let us suppose that the stiffness factor of the spring C is much 
greater than the stiffness factors of the springs A and B. Then the dynamome- 


7; 


FIG. 263 


ter C measures the reaction force which is almost equal to the load P (the forces 
measured by the dynamometers A and B are very small). On the contrary, if 
the stiffness of the spring C is very small in comparison with the springs A and B 
the reaction forces applied to the ends of the beam are of almost the same mag- 
nitudes as those given by formulas (91.1). If the flexural rigidity of the beam is 
increased, the magnitude of the force /'~ measured by the middle dynamometer 
also increases. 

It follows that the deformation of a beam freely supported at three points 
cannot be determined without calculating the deformations of the beam and of 
the supports. For, we have two conditions specifying the equilibrium of the 
beam, namely the resultant of all the external forces (including the reactions of 
the supports) must be equal to zero and the sum of the moments of all these 
forces must be equal to zero, while there are three unknowns, that is the three 
reaction forces 4, F;, and Fe. The three unknowns cannot be found from the 
two equations. That is why we say that in problems of this kind we deal with 
statically indeterminate structures. For such structures the reactions of supports 
cannot be found without the determination of the deformation of the bodies invol- 
ved (including the supports). Thus, in these cases we deal with a more complex 
problem of a simultaneous determination of the reaction forces and of the de- 
formations. What has been said is demonstrated by two typical examples below. 
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(1) Let a beam be rigidly fixed at one end and supported by a spring at the other 
end. This structure is shown schematically in Fig. 263. The right-hand end of 
the beam is acted upon by a force of tension Ry, (the support reaction) of the 
spring A while at the rigid fixing on the left-hand end of the beam there is a 
complex system of reaction forces acting in the cross section B; this system re- 
duces to a force F, and a moment M, (since the section B can neither gain a 
linear displacement nor turn through an angle). 

In order to determine the bending moment and the shearing force in every 
section of the beam we must know the quantities P and R,. The former is given 
while the latter cannot be found without knowing F, and M,. Thus, we have 
the three unknown quantities R,, M,, and F,; they cannot be found from two 
equilibrium equations of statics. The magnitudes of the forces R, and F, and 
the moment M, are essentially dependent on the flexural rigidity of the beam 
and on the stiffness of the supporting spring A. 

The problem is solved by taking into account the deformations of the supports 
in the following way. Let us first imagine that there is no spring and that, be- 
sides the given force P, the beam is acted upon by an arbitrary force R applied at 
the point A and having the direction opposite to that of the force P. Then we 
can compute the deformation of the beam at the point A as function of the mag- 
nitude R of the force R, that is the function y, = f (R) where y, is the deflec- 
tion of the end A of the beam. The deflection y, can simply be found from the 
basic equation for the deflection line of a beam (see equation (90.4)). Let the 
beam under consideration have a constant cross section and let its moment of 
inertia be J. Then 

dy M(x 

qe BT (91.2) 
where M (z) is the bending moment in the cross section of the beam at a distance 
of z from the rigid fixing and £ is Young’s modulus of the material of the beam. 
We obviously have 


M (2) = P(b—2x)—R(l—2x) for 0<ar<b 


and 
M(t) = —R(l—2z) for b<z<l 
On performing two successive integrations of the expression M (z)/ElI for 0< 
<2z<b we find the quantities 4 and y as functions of z’on the interval 0< 
dz v — 


<z<b. This makes it possible to find ms (b) and y (0). For the interval 6< 
<x</ the function y (x) is constructed in like manner. The calculations result 
in 
Pb? 3 RI 
y (1) =ya= gaz (0+ 52] ——3er Where a=l—b - (94.3) 


We have thus determined the deformation of the beam under the action of 
the forces P and R. Next we find the deformation of the supporting spring A 
under the (imaginable) action of the force R. It is given by the expression 


Y= = R (91.4) 
where & is the stiffness factor of the spring. Now, equating the deflection of the 


beam at its end A and the elongation of the spring we obtain the value R = R, 
of the (reaction) force with which the spring acts on the beam. 
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The equality of expressions (91.3) and (941.4) gives 


pb (b+3/2.a) 
si aaa pL) 


Since the force R, with which the spring acts on the beam at the point of sup- 
port A has already been found we can determine in an ordinary way the defor- 
mation of the beam under the action of the forces P and R,. For instance, the 
deflection at the point J is readily 
found by substituting the value R=R, 
found above in (91.3). 

It should be noted that if the spring 
is perfectly rigid, that is k — oo, the 
magnitude of the reaction force Ry 
is independent of the elastic properties 
of the beam and is equal to 


R,= (+)° (1+54) P (94.5) 
As is seen, in this case 


b 
Ra<Pt 


The quantity P is equal to the 


reaction force of the support A for a 
FIG. 264 beam freely supported at two points 
A and B (see Fig. 260a). Since 


Rya<P 2 , the bending moment in the rigid fixing cross section of the beam 


shown in Fig. 263 is equal to Pb — R,l and thus is greater than zero. 

For k — O when the stiffness of the spring is very small its reaction force R, 
also tends to zero. In the limiting case (k = 0) the moment M (0) balances com- 
pletely the moment Pb of the external force, that is M (0) = Pb (this is also 
quite clear from equilibrium conditions of statics which apply to this case). 

Many more complex problems can also be solved in an analogous manner. 
The general scheme of the method can be characterized as follows. At the ini- 
tial stage all the unknown support reactions are replaced by arbitrary forces 
and the deformation of the structure in question under the action of all the 
forces (including the arbitrary forces substituting for the unknown reactions) is 
determined. Then the deformation of the supports under the action of the same 
forces is found. Finally, equating to each other the expressions of the correspond- 
ing deformations obtained in these two ways we arrive at a system of equa- 
tions from which the unknown reactions are found. After the magnitudes of the 
reaction forces have been determined, the deformation of the structure is found 
in the ordinary way. 

One more example below involves a statically indeterminate structure (not 
involving beams) whose investigation is carried out in a different way although 
the general idea remains in fact the same. 

(2) A load suspended from three ropes. 

Let a load be suspended from three ropes lying in one plane as shown in 
Fig. 264. If only two ropes supported the load the tensile force in each of the 
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ropes would be independent of the elastic properties of the ropes and would be 
specified only by the angles the ropes form with the vertical. Indeed, the force 
of weight P of the load can always be uniquely resolved into two components 
along two given directions (along the directions of the two ropes in this case). 

For a load supported by three ropes such a simple method proves inapplicable 
even when the angles which the ropes form with the vertical are known. For, 
a given force cannot be resolved uniquely into components along three given 
directions (see Fig. 265). The dotted lines in the figure are parallel to the ropes 
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FIG. 265 FIG. 266 


and form the angles a,, a,, and a, (see Fig. 264) with the horizontal line. It is 
quite clear that any (closed) vectorial quadrangle consisting of three vectors 
parallel to the indicated dotted lines and of a vector equal to P gives a formal 
resolution of that type which is not unique. 

To find the tensile forces in the ropes we must know their elastic properties. 
For the sake of simplicity, let us assume that the lateral ropes are identical and 
that the middle rope occupies a vertical position. Then a, = 1/2 anda, +a, =. 
Let l,, E, and S, denote, respectively, the length, Young’s modulus, and the 
cross-section area of the middle rope. Let £, and S, denote Young’s modulus and 
the cross-section area of the lateral ropes. The elongation Al, of the middle rope 
is connected with the elongations Al, of the lateral ropes by the equality (see 
Fig. 266): 


Al, = Al, sin a, ~ (94.6) 
The tensile forces in the middle rope and in the lateral ropes are 
P,= = Aly (91.7) 
and 
Ppa Peay, 


Le 
respectively. Taking into account (91.6) we obtain 


E ; 
Px a Al, sin a, (91.8) 
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Since the resultant force of the tensile forces in the ropes must balance the force 
of weight P of the load we have 


P= P,+ 2P, sina, (91.9: 

The substitution of expressions of the forces given by formulas (94.7) ani 
(91.8) in equality (91.9) yields 

P= (= Liye ee sin? a) Al, (91.10) 


whence we find the elongation of the middle rope: 


ae 


Al, = 
a = 


(94.41) 
sin? ay 


Finally, on substituting the expression we have found in formulas (91.7) an: 
(91.8) we arrive at the sought-for solution: 


P, = and eS (91.12) 
1-2 ES oly sin? a, 2 sin? a7, +}—+2 
Wil, EB oS oly 


It should be noted that in the examples we have considered and in all analo- 
gous problems it is supposed that the deformations are small in comparison 
with the dimensions of the bodies involved. That is why in the first example it 
was legitimate to assume that the length of the beam was invariable and that 
the curvature of the deflection line was very small. By similar reason we sup- 
posed that in the second example the angles between the ropes remained invariable 
while the ropes elongated under the action of the load. For very large deforma- 
tions these assumptions do not agree with reality; in such cases the computations 
become much more complex. 

Thus, for small deformations there are two different cases: a simple one when 
the elastic deformations of the bodies involved do not depend on the rigidity 
of the supports and when all the forces acting on the system are uniquely deter- 
mined by the given external forces and by the geometrical configuration and a 
more complicated case when the elastic defcrmations in the system depend on 
the rigidity of the supports. In the former case we speak of statically determi- 
nate structures and in the latter case of statically indeterminate ones. For a stat- 
ically indeterminate structure the deformations of the supports play a very 
important role since they specify the magnitudes of the reactions of the supports 
and therefore specify the elastic deformations of the whole system. This group 
of problems admits of an essentially wider class of physical conditions for the 
systems in question. In conclusion we once again stress that the methods we 
have considered are only applicable when the deformations are very small. 


92. Stresses in Overload and Weightlessness 


In a physical body there appear stresses under the action of its own gravity. 
When a body lies on a horizontal plane (Fig. 267) the forces of gravitation act 
on its every particle while the reaction force Q’ of the supporting plane balancing 
the resultant gravity force P is applied only to the surface of contact between 
the body and the support. Such a body is acted upon by the following forces: 
its every particle of mass Am, is under the action of the gravity force AP; and 
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FIG. 267 FIG. 268 
a part of the surface of each particle adjoining the plane of contact is acted upon 
by a force AQ,. It is evident that 
= SAP; and Q’= AQ: 


The action of these forces produces a state of strain and there arise stresses in 
the body. The distribution of the stresses over the volume of the body is rather 
complex and is specified by the structure of the body and by its elastic proper- 
ties. It is obvious that the stresses in the lower part of the body are greater than 
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FIG. 269 


in the upper part, the maximum stresses being near the plane of support. The 
force of weight Q (see Fig. 267) which can be written as 


Q = 2AQ, 


where AQ, = —AQ,. The force Q is of different physical nature (in compari- 
son with the gravity force P which is equal to Q) and is applied not to the body 
but to the support. If the same body is suspended from a thread attached to it 
(Fig. 268) then the force Q stretching the thread is again equal to P but the dis- 
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tribution of the stresses within the body is quite different. Namely, in the first 
place, in the latter case the stresses are of opposite sign and, in the second place, 
oe Sie as stresses appear near the point at which the thread is attached to 
the body. 

A deformation under the action of gravity forces can be demonstrated by the 
example of a spring with small stiffness factor (see Fig. 269). In the case shown 
in Fig. 269a the spring is in the vertical position on the table, in Fig. 2698 it is 
suspended from its upper end and in the third case (Fig. 269c) it lies on the table 


FIG. 270 


in a horizontal position. Asis seen, the shape of the spring and the stresses aris- 
ing in it are quite different in these three cases. 

Fig. 269d and e demonstrates the normal stresses o in a homogeneous cylinder 
of altitude / and cross-section area S for two different cases when the cylinder is 
supported from below and from above, respectively. In the former case (Fig. 269d) 
the normal stress in the cross section at a distance z from the upper end of the 
cylinder is compressive and is equal to o = az where a = O,/l (0) = Q/S) is 
the stress in the lowermost section adjoining the support (Q is the force of weight 
of the cylinder). For the cylinder suspended from its upper end (Fig. 269e) 
the normal stress in the same cross section z is tensile and is equal too = oy, — 
— az. Accordingly, in the former case the magnitude of the stress increases in the 
downward directions while in the latter case the stress decreases in this direc- 
tion. In both cases the deformations result in an increase of the cross-section 
area of the cylinder in the downward direction; this change of the cross section 
area can be calculated by formula (84.1). 

The situation is similar for any other body although in some cases the deforma- 
tions produced by the gravity forces may be negligibly small (for instance, this 
is the case for a standard weight of 1 kg). 

In the case of the state of weightlessness all these stresses become equal to 
zero in all sections, that is for the weightlessness we have o (x) = 0 for any z. 

The stresses appearing under the action of the gravity forces play an especially 
important role and have a significant magnitude when the weight of the body 
increases (e.g. in a spaceship) owing to the phenomenon of overload. The over- 
load of a body is characterized by the ratio of the magnitude of the mass force 
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acting on the body in an accelerated reference system to the force of gravitation. 
If the given body is at rest relative to a reference system which is in an accel- 
erated translatory motion then each particle of mass Am is under the action of 
two mass forces: the force of gravitation AP and the inertia force — Ama where a 
is the acceleration of the reference system (see Fig. 270). In such a reference sys- 
tem the force of weight of the body is equal to 


Q = P—ma (92.4) 


This force is applied to the support making the body to be at rest relative to the 
accelerated system of reference. Formula (92.1) expresses the most general 
definition of the force of weight which is applicable to any reference system. 
We can also consider the force of weight for a particle Am of the body: 


AQ = AP — Ama (92.2) 


In connection with formula (92.2) the following remark should be made: the 
mass forces AP and —Ama are applied to the particle while the force AQ is 
applied to a part of the surface bounding that particle. 

As has been mentioned, the overload of a body can be characterized by a pa- 
rameter (overload factor) equal to the ratio* 

_ |AP—Ama| 
ei (92.3) 

The definition of the overload factor n expressed by (92.3) indicates that the 
absolute value of the force of weight is n times that of gravitational force in the 
given reference system. The gravity forces depend solely on the mutual position 
of the bodies. A person feels overload in a car of a train, in an automobile, in 
an airplane, etc. when the motion is accelerated. The overload becomes par- 
ticularly noticeable when the acceleration a of the motion varies or when its 
magnitude is sufficiently large (for instance, when it is several times the magni- 
tude of the acceleration of gravity g). Very large accelerations (of the order of 
10 g) are painful since the weight of all the organs of the man increases about 
10 times. Such an overload can only be endured by a well trained person. 

For the state of weightlessness we obviously have AQ = 0, that is the force 
of gravitation is balanced by the inertia force. In this situation there is no 
overload, no stresses arise in the body due to the force of weight and any par- 
ticle of the body exerts no action on the other particles. In such a state no phys- 
ical body has any ordinary stresses (of course there may appear stresses result- 
ing from a temperature gradient, stresses arising due to the structure of the body 
and the like but here we mean only the stresses produced by the action of the 
forces of weight). As to the bodies on the Earth, all of them, except those in a 
free fall, both resting and moving, are acted upon by forces arising due to the 
weight and all of them have the corresponding stresses. When the parameter 
characterizing the overload assumes a value of nm all such stresses increase n 
times. 

Let us also discuss the change of the force of weight in an accelerated reference 
system which is in a compound motion involving a translatory motion and a 
rotation. Apparently, the notion of a force of weight of a body in a reference sys- 
tem only makes sense when the body is at rest or in a uniform rectilinear motion 
relative to that system. Therefore, the changes of the force of weight correspond- 


* In engineering the quantity » — 1 is sometimes taken as a parameter characterizing 
the overload. 
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ing to the rotational part of the motion of the reference system can only appear 
under the action of the centrifugal inertia forces. 

Besides the gravitational force AP and the inertia force —Ama, appearing 
because of the acceleration of the translatory part of the motion of the reference 
system, every particle of a body in the reference system in question is acted upon 
by the centrifugal inertia force —Amw?’p where 0 is the radius vector drawn from 
the axis of rotation (perpendicularly to it) to the particle. Generally speaking, 
the latter force is different for different particles. When p is much larger than the 
dimensions of the body in question (for instance, this is the case for an ordinary 
body on the Earth’s surface) the resultant centrifugal force can be regarded as 
applied to the centre of mass of the body and is equal to mw’p, where 9, is the 
radius vector of the centre of mass. 

Hence 


Q@ = P —ma-+ mw’, 


Consequently, the weight of a body on the surface of the rotating Earth differs 
from P only by the centrifugal inertia force since in this case a = 0. 

We distinguish between the notions of a force of weight and of a gravitational 
force because, for instance, in the state of weightlessness the body is acted upon 
only by the gravitational forces (when its motion is considered relative to the 
corresponding inertial reference system) while the force of weight is equal to 
zero and produces no stresses. 


CHAPTER 11 


Equilibrium of Fluids and Gases 


93. Solids, Fluids, and Gases 


All physical bodies consist of molecules which are in permanent motion. In 
solids the molecules oscillate about certain equilibrium positions and the dis- 
placements of the molecules are so small that they do not affect the character of 
motion of solid bodies or its parts studied in mechanics. The equilibrium posi- 
tions of the molecules of a solid, that is their average positions, are quite defi- 
nite and fixed. In mechanics by a particle of a solid is meant its small part * 
containing a very large number of molecules; the particles themselves are con- 
sidered continuous and non-deformable in the mechanical motion or in the de- 
formation of the body. 

Every solid has a definite shape. To change this shape, that is to produce a 
deformation of the body, some forces must be applied to the body or to some 
of its parts. Solid bodies, in contrast to fluids and gases, retain a definite geo- 
metrical form. Fluids and gases are physical bodies that have no definite shape 
and assume the shape of the vessel they fill. 

However, it should be noted that the indicated distinction between solids 
and fluids (or gases) is to a certain extent conditional and makes sense only 
within the limits of mechanics. The matter is that every body may behave as a 
solid or a fluid depending on the physical conditions and on the phenomenon in 
which it takes part. For instance a rotating top made of asphalt behaves as a 
rigid body while the same top, when subject to heating, behaves as a fluid. 
A more definite approach making it possible to distinguish between a solid 
and a fluid (or a gas) is elaborated in solid-state physics. For the aims of me- 
chanics the distinction we have mentioned is quite sufficient. 

In a gas the molecules are in a chaotic motion and collide with each other 
like small balls. The molecules are not connected with one another when they 
move; because of permanent collisions they tend to move in all the possible 
directions so that the gas fills uniformly the volume of the vessel in which it is 
placed. That is why an amount of a gas is a physical body which does not pos- 
sess its own definite shape and volume. Its volume is determined by the volume 
of the vessel which it fills. In the analysis of mechanical phenomena in a gas the 
latter can be thought of as a continuous body which tends to expand and to fill 
the entire volume in which it is placed. Such an understanding is correct only 
in case the small particles of the gas consist of a very large number of mole- 
cules. For instance, when the air is in ordinary conditions the number of its 
molecules in a volume of 1 mm’ is of the order of 10#6, 


* More precisely, a particle of a body is a sufficiently small part separated out of the 


roe such that its dimensions are very small in comparison with the dimensions of the 
ody. 
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In a fluid or gas the molecules are not invariably connected with each other 
and the molecules can move quite arbitrarily relative to each other in their 
chaotic motion. In a fluid, in contrast to a gas, the average distance between 
the molecules remains almost invariable. This means that an amount of a fluid 
is a physical body which, like a gas, has no definite shape but, unlike a gas, pos- 
sesses an almost invariable volume. The volume of a fluid changes only when 
it is acted upon by very large external forces. 

A given amount of a fluid is always separated by an interface from other 
solids or gases; in the case of a gas medium adjoining a fluid we speak of a free 
surface of the fluid. 

An amount of gas is usually bounded either by a fluid surface or by a surface 
of some solids; there can also be such circumstances when there are no bounding 
surfaces, for instance, this is the case for the upper atmosphere. 

In mechanics solids, fluids, and gases are considered, to a sufficiently accurate 
approximation, as continuous bodies. A solid possesses a definite shape and a 
definite volume under given invariable conditions. An amount of fluid only 
possesses a definite volume and has no definite shape and an amount of gas has 
neither a definite shape nor volume. 


94. The Concept of Pressure 


A fluid or a gas placed in a closed volume can be subject to a constant externa] 
action. For example, let a fluid (or a gas) be in a cylinder with a piston (Fig. 271). 
Suppose that a constant force F is applied to the piston and that the piston and 
the fluid are in equilibrium. Then, obviously, the fluid (gas) acts on the piston 
with a force F’ of the same magnitude and opposite direction. Considering the 
equilibrium condition for a volume of the fluid adjoining the piston (see Fig. 271) 
we readily conclude that this volume is acted upon by some forces exerted on it 
by the remaining part of the fluid; this means that, as in the case of a solid, 
there are some internal forces within the fluid. 

When in a fluid (or in a gas) there arise invariable internal (static) forces their 
character essentially differs from that of the stresses in a solid because in fluids 
and gases these forces have no tangential components. Thus, static (time invar- 
iable) internal forces in a fluid or in a gas are always normal to the bounding 
surface of a (mentally) separated volume. In a state of equilibrium a fluid or a 
gas cannot transmit tangential forces from one part to another. We have already 
mentioned this ptoperty when we studied friction in Sec. 38 where it was said 
that there was no friction of rest in a fluid or gas. This can be confirmed by a num- 
ber of experiments. As a simple example, let us consider a body floating on the 
surface of a fluid (Fig. 95); in this case any force f applied in the horizontal direc- 
tion produces a motion of the body. 

This property is also common for the gases. For instance, a balloon freely 
flying in the air can be given a displacement by any force, however small. 
The air thus does not prevent the balloon from being displaced. 

These and other simple experiments indicate that in fluids and gases in the 
state of equilibrium there can only appear normal internal forces; besides, these 
forces always compress the given volume of a fluid or gas. That is why when consid- 
ering for the internal forces in fluids or gases we speak about pressure. It fol- 
lows that a pressure in a gas or a fluid is a scalar quantity measured by the mag- 
nitude of the compressive force acting on unit area of the surface of a (mentally) 
isolated volume and that this force is always normal to the surface. 
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The dimension of the pressure is equal to the ratio of the dimensions of the 
force and of the area. In the SI system as the unit of pressure is taken 1 pascal 
(4 Pa): 

1 N 
1 Pa= ee 

In the cgs system the unit of pressure is 1 bar: 1 bar = 1 dyn/cm’. 

In engineering pressure is usually measured in the units equal to 1 kgf/cm? 
or 1 kgf/m?. The former unit is called the technical atmosphere (denoted 1 at). 
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FIG. 271 


Besides, in physics pressure is often measured in millimetres of mercury column 
in a mercury pressure gauge. This unit of pressure (1 mm Hg) is connected with 
another unit called a physical (or standard) atmosphere (denoted 1 atm): 


1 atm = 760 mm Hg = 1.033 at = 1.013 x 105 N/m? 


In the state of equilibrium the pressure in fluids and gases obeys Pascal's 
law which reads: in a state of equilibrium the pressure is the same at all the points 
inside a fluid or gas; it is the same for all directions and is transmitted throughout 
the volume occupied by the fluid or gas. 

Pascal’s law can easily be deduced from the equilibrium conditions for a vol- 
ume of an arbitrary size and shape separated (mentally) within the fluid (or gas). 

The first part of this law can be proved theoretically using the method by 
means of which the stresses in a deformable body were analysed (see Sec. 85). 

This law can also be confirmed experimentally. Let us consider the system 
shown in Fig. 272a. It involves three pipes soldered together whose openings 
adjoin one point from different directions. Each of the pipes is connected with 
a pressure gauge. These pipes are submerged into the fluid (Fig. 2726) subject 
to pressure. It turns out that irrespective of the orientation of the openings of 
the pipes and for any force acting on the piston all the three pressure gauges show 
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the same data. When the force applied to the piston is varied the pressure in 
the fluid also varies and all the three pressure gauges simultaneously indicate 
the same pressure variation. 

Since for a sufficiently small volume isolated from the fluid the force of weight 
is negligibly small in comparison with the forces applied to the surface of the 
volume, the forces of gravity do not affect the pressure inside the fluid and the 
pressure is the same for any small area passing through a given point within 
the fluid. 


FIG. 273 


The second part of Pascal’s law follows from similar considerations. 

Let us show that in a fluid or gas in the state of equilibrium the pressure is 
the same‘at all the points lying in one horizontal plane. To this end let us consid- 
er a volume of the fluid of the shape of a thin prism with the ends at two points 
A and B lying in one horizontal (see Fig. 273) and compare the pressures at these 
points. The equilibrium condition for the prism implies that the pressure at 
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one of its ends must be equal to that at the other end; we have thus proved that. 
the pressure is equal at all the points lying in one horizontal plane. 

We now find the connection between the values of the pressure at two points C 
and D lying in one veitica! inside the fluid (or gas). Let us consider a thin prism 
with the ends at the points C and D (see Fig. 273). The equilibrium condition 
for the volume of the fluid within the latter prism can be written in the form 


SoPc + P = Sopp (94.1) 


where P is the force of gravity acting on the volume of the fluid under consi- 
deration and Sj, is the cross-section area of the prism. It follows that 


P 
Pet+ >. =Pp 
0 
whence ; 
P 
Po— Pc>=Pg>= Se (94.2) 


The quantity pg = P/S, is the additional pressure appearing because of the 
weight of the fluid column between the points C and D. When this force of weight 
is negligibly small we can approximately write pc = pp. 


95. Relationship Between the Density of a Gas and the Pressure 


The density of a fluid is only slightly dependent on the pressure. For example, 
when the pressure in a volume of water is increased by 1000 atm the variation of 
the volume is only about 5 per cent. In ordinary hydrostatical experiments the 
pressure variations are of the order of 10 atm and therefore we can always neglect 
the variations of the volume in the calculations and consider the fluid to be 
incompressible. 

The density p is measured in various units whose dimension formula is m/V 
where m is the mass and V is the volume. In the SI system the unit of density is 
1 kg/m’, in the cgs system it is 1 g/cm? and in the technical system 1 kgf-s?/m‘. 
Instead of the density, in experiments and calculations is often used the spe- 
cific weight which is the weight of unit volume of the substance in question. 
The specific weight is usually measured in N/m?, gf/em® and kgf/m%. In ordi- 
nary conditions the specific weight of water is 9800 N/m? in the SI system, 1 gf/cm* 
in the cgs system, and about 1000 kgf/m? in the technical system. 

The density of a gas is essentially dependent on the pressure it is subject to. 
For constant temperature the density of a gas (or its specific weight) is proportional 
to the pressure (this follows from the well-known Boyle-Mariotte law). 

Let pin and y,, denote, respectively, some initial pressure and specific weight 
of a gas and let p and y denote the same quantities for some other state of the gas. 
The Boyle-Mariotte law is written in the form 


Yin _ Pin. - 
—=<5 (95.1) 
This law is derived from the results of some simple experiments known to the 
reader from the elementary course of physics. Given the volume and the weight 
of an amount of gas, it is easy to determine its density or the specific weight. 
As is also known, when the temperature is variable for the perfect (ideal) 
gases the following relation holds: 


R 
perce 95.2 
B mn yr ( ) 
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Here 7 is the temperature of the gas (in the absolute, i.e. Kelvin scale), Risa 
quantity constant for all perfect gases (R is called the universal gas constant) 
and uw is the molecular weight of the gas. The Kelvin scale is connected with 
the Celsius scale by the relation 7 = ¢ + 278. 

For ordinary temperatures most gases satisfy equation (95.2) known as the 
Clapeyron equation. 


96. Distribution of Pressure in a Fluid in Equilibrium State 


When formulating and deriving Pascal’s law we did not take into account the 
weight of the fluid (or gas). Now let us estimate the influence of the weight on 
the distribution of pressure within an incompressible fluid in the state of rest. 

It is obvious that the distribution of the pressure is uniform in the horizontal 
direction because, if otherwise, there can be no equilibrium. It follows that 
the free surface of an immovable fluid is always horizontal except near the walls 
of the vessel where the surface tension may curve it. It should be noted that 
this conclusion also applies to a non-homogeneous fluid. As is seen from (94.2), 
the pressure varies along the vertical. It increases together with the depth as we 
pass from the point C to the point D (see Fig. 273); this increase is due to the 
force of gravity acting on the fluid column (the prism) with vertical lateral 
surface and horizontal bases at the points C and D. 

If the fluid is incompressible or, more precisely, if its compressibility is negli- 
gibly small, the specific weight y does not depend on the pressure. Then the 
weight of the fluid column is equal to 


P = ySol (96.1) 


where 5, is the cross-section area of the prism and J is its altitude. Consequently, 
the pressure on the upper base exceeds that on the lower base by 


P 
ye (96.2) 


that is the pressure is a linear function of altitude. 

The increase of the pressure with the depth causes the buoyancy forces acting 
on the bodies immersed into the fluid or floating on its surface (see Sec. 98). 

The distribution law for pressure we have established gives an explanation of 
the hydrostatic paradox. Consider the two vessels filled with the same fluid 
shown in Fig. 274. It turns out that the forces of pressure acting on the bottoms 
of the vessels are not equal to the weights of the amounts of fluid filling the ves- 
sel. The force of pressure can exceed that weight (Fig. 274a) or be less than the 
weight (Fig. 274) since the pressure at the bottom depends solely on the altitude 
of the fluid column and on the specific weight and therefore in both cases the 
force of pressure exerted on the bottom is equal to the product of the pressure by 
the bottom area S:; 


P=hSy 


The pressure difference in communicating vessels is used in the construction 
of manometers (Fig. 275a). It is evident that the fluid is in equilibrium only 
when the difference in fluid levels in the vessels produces a counterpressure yh 
balancing the pressure difference p, — p, above the free surfaces of the fluid 
in the communicating vessels. The equilibrium condition implies 


Ps — Py = ph 
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where h is the level difference of the fluid in the communicating vessels. (If the 
cross sections of the pipes are equal the forces of surface tension can be neglect- 
ed.) In pressure gauges of this type the pressure is measured by the altitude 
difference of the columns of the fluid filling the vessels. Therefore, we speak of 
pressure differences measured in mm of water (H,O) orinmm Hgand the like. 

For the sake of convenience in real manometers are used communicating 
vessels of different diameters (Fig. 275) because in this case the variation of 
the fluid level in the vessel whose cross section is much greater than that of 
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FIG. 275 


the other vessel can be neglected and therefore it suffices to measure the altitude 
of the fluid column in the narrower pipe.* For instance, it can readily be 
checked that when the ratio of the diameters is equal to 50 the error arising in 
connection with the neglect of the variation of the fluid level in the wider pipe 
is less than 0.05 per cent. 

* It is clear that in such a case the forces of surface tension can no longer be neglected. 
But if we measure only the variatious of the pressure and not the pressure itself then 
the additional constant pressure difference caused by the surface tension does not affect 
the results of the measurements. 
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97. Distribution of Pressure in a Gas 


When an amount of gas is in equilibrium the pressure increases only in the 
downward direction because of the variation of the weight of the gas column 
lying above the level at which the pressure is measured. It is apparent that in 
any horizontal plane the pressure is the same at all the points. In order to de- 
termine the variation of pressure in the vertical direction it is necessary to take 
into account the change of the density 
(or of the specific weight) caused by 
the variation of the pressure. 

Let us write down the equilibrium 
condition for a gas column of the 
shape of a cylinder with cross-section 
area of 1 cm? (Fig. 276) and a very 
small altitude dh: 


+ p+dp+ ydh—p=0 
that is 
yah 


w/a i dp = —vy dh (97.4) 


where dp is the pressure difference 
between the upper and the lower 
bases of the cylinder. Consequently, 
the variation of the pressure corres- 


Dy ponding to the variation of the 
altitude by h is equal to 
h h 
FIG. 276 pr—Po= \dp=—\ yah 
0 0 
h 
that is Po— Pra= \ y dh (97.2) 


When a gas has a constant temperature its specific weight y and pressure p 
obey the Boyle-Mariotte law (95.1): 


p=y-— (97.3) 


In this case the dependence of the pressure on the altitude is found as follows. 
The substitution of (97.1) in (97.3) yields 


dp=—p Yo gn whence 22=- —‘dh 
Po Pp Po 
On integrating the last relation from 0 to h we find 
Pp h 
} P=—h \ dh, or, equivalently, In Ph __ Yor 
Pp : “ 0 Po Po 


The relation we have obtained is finally transformed to the formula 
Yoh 


Pa=Poe (97.4) 
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This is the barometric (height) formula showing that, as h grows, the pressure 
decreases according to an exponential law. Using formula (97.4) we can calculate 
the air pressure in the static atmosphere on condition that the temperature of 
the air remains constant at every altitude. 

For the sake of visuality, let us draw the dotted line which represents the 
dependence between p and hf corresponding to the formula 


P = Po — Yor (97.5) 
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(see Fig. 277) where y, is the specific weight of the air near the Earth’s surface 
at the level h = 0. This dotted line represents the dependence of the air pres- 
sure on the altitude for the imaginable atmosphere consisting of an incompres- 
sible gas with constant specific weight y,. In this case the altitude h, for which 
the pressure is equal to zero is referred to as the height of the “homogeneous atmos- 
phere”. By (97.5), the height h, is given by the formula 


hy = 2 (97.6) 
Ve 
For the temperature of 15 °C and for the normal atmospheric pressure at the 
sea level we have p, = 1.013 x 105 N/m? and the specific weight of the air is 
Yo ~ 12 N/m*. Hence, approximately, 


hy ~ 8400 m = 8.4 km 


If the air had the same specific weight in higher levels as near the Earth’s 
surface then the Earth would be surrounded by an air layer of the width of about 
8.4 km and this layer would produce the same pressure near the Earth’s surface 
as the real atmosphere. Using formula (97.6) we can rewrite formula (97.4) in 
the form 


Pr= poe he (97.7) 


The continuous line in Fig. 277 represents the pressure reduction with altitude 
corresponding to the law expressed by formula (97.7). 
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In a thin layer of air near the surface of the Earth the pressure variation is 
approximately the same as in the homogeneous atmosphere: as is seen the con- 
tinuous line and the dotted line in Fig. 277 are close to each other in the vicin- 
ity of h = 0. Therefore, in approximate calculations for a not very large height 
(in comparison with 8.4 km) formula (97.5) can be used. 

Formula (97.5) makes it possible to estimate the error arising in experiments 
with a gas when the pressure is assumed to be constant throughout the volume 
occupied by the gas. Suppose that this gas is the air. In ordinary laboratory ex- 
periments we deal with air columns of height not exceeding, approximately, 
40 m and the corresponding error is therefore less than 


10 14 
uo ~ 3” 

In reality the air temperature does not remain constant with the altitude 
variation. For technical calculations not requiring high accuracy some con- 
ditional mean value of the temperature corresponding to the given altitude can 
be taken. This mean value is found from the data obtained in a large number 
of experiments (see Fig. 278). It can be assumed, approximately, that the tem- 
perature decreases with the altitude according to a linear law up to the height 
of 14 km and remains constant (approximately —55 °C) above this level. Re- 
cent measurements made with the aid of rockets have shown that from the alti- 
tude of 25 km up to ~45 km there is a temperature rise and the temperature 
at the latter level is about 0 °C. Beginning with 55 km the temperature again 
reduces and reaches almost —90 °C at the altitudes of 80-95 km. Then again 
there is an increase of temperature which reaches almost 1000 °C for the altitude 
of about 230 km. 


98. Equilibrium of Bodies Floating on the Surface of a Fluid 


A body immersed partly or wholly in a fluid or gas is acted upon by an expul- 
sive (buoyancy) force produced by the surrounding medium. As early as the 
3rd century B.C. the great Greek scientist Archimedes stated the fundamental 
law for this phenomenon: every body immersed in a fluid (or gas) is acted upon by 
a supporting force exerted by the surrounding medium whose magnitude is equal 
to the weight of the amount of the fluid (or gas) displaced by the body; this force is 
directed vertically upwards and its line of action passes through the centre of mass 
of the displaced amount of the fluid (or gas). 

The existence of such a force and its magnitude can easily be explained on 
the basis of the pressure distribution in fluid which is under the action of the 
gravity forces. To derive Archimedes’ law we can divide (mentally) the body 
immersed in the fluid into cylinders of small cross-section area having vertical 
generatrices, determine the magnitude of the force acting on each of the cylin- 
ders and then find the resultant of all the forces applied to these cylinders. 

In the case when a body is only partly immersed in a fluid the argument is 
the same with the distinction that only the part of the body immersed in the 
fluid should be divided into small cylinders. 

The weight of a body floating on the surface of a fluid is equal to the weight 
of the volume of,the fluid displaced by the body. When the centre of gravity 
of the floating body lies below the centre of gravity of the volume of the fluid 
displaced by the body the equilibrium of the body is obviously stable. 

The equilibriumjcan also be stable when the centre of gravity of the body lies 
above the centre of gravity of the displaced fluid; for instance, this is the case 
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forjships. In this connection, let us consider a wooden bar shaped as a rectan- 
gular parallelepiped floating on the water surface as shown in Fig. 279. The 
density of wood is approximately 0.5 that of the water and therefore the centre 
of mass A of the bar lies above the centre of mass B of the volume of water dis- 
placed by the bar independently of the position it occupies when floating. How- 
ever, experiments show that in case the longest edge of the parallelepiped is hori- 
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zontal the floating bar is in the state of a stable equilibrium (see Fig. 279a). 
When placed in the position shown in Fig. 279b, the bar immediately turns over 
and, after several swings, occupies the stable position. 


99. Equilibrium Conditions for a Body Immersed 
in a Fluid or Gas 


A solid (whose volume, within certain limits, is independent of the pressure) 
when put in a vessel with fluid, either floats on the surface of the fluid or lies on 
the bottom of the vessel. If the weight of the body is exactly equal to that of the 
volume of the fluid displaced by the body the latter is in a state of neutral equi- 
librium in any part of the vessel. 

What has been said can be demonstrated in simple experiments. For instance, 
we can put an egg in a glass vessel with water and make it float at any depth 
(Fig. 280) by gradually dissolving salt in the water. The egg always occupies 
such a position in which its centre of gravity lies in one vertical line with the 
centre of gravity of the volume of water displaced by the egg and whose centre 
of gravity is lower than the centre of gravity of that volume of water. On being 
shifted from such a stable position the egg turns over and returns to the state 
of the stable equilibrium. 

The volume of a real physical body usually decreases as the pressure grows. 
If such a change of the volume is considerably large the body is always in a 
state of unstable equilibrium when immersed in a fluid of constant density. 
Indeed, suppose that the weight of such a body is equal to that of the volume 
of the fluid it displaces when the body is at a certain depth where the pressure 
has a definite value. If the body is given a small downward shift from this equi- 
librium position the pressure acting on it increases while its volume decreases. 
Consequently, the supporting (buoyancy) force also decreases and the body 
continues to move downwards. A similar instability takes place when the body 
is moved upwards from its equilibrium position. In the latter case all the quan- 
tities involved undergo reverse variations: the pressure reduces, the volume 
increases, the buoyancy force increases, and the body continues to move upwards. 
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The phenomenon we have described can be demonstrated by using as a body 
whose volume decreases when the pressure grows a floating test tube with a 
load attached to its open end which makes it float with that end down. The test 
tube is placed in a high glass vessel filled with water whose opening is covered 
with an elastic membrane (see Fig. 281). The test tube is partly filled with water 
and its remaining part contains some air. 

When the elastic membrane is pressed the air pressure above the water in 
the vessel and, together with it, the pressure in the water itself increase. The 


: 


, 


il 


= aaa fe eS 
=) ote aE 
A {__—ilL¥ \— a eee 
es ap es = 
a AP 6g J ++ — 
i Ta eee =a 
ase Sees 
ieee ae Jae 
eel —— 
ame ie 
fee al 
Pa 
FIG. 280 FIG. 281 


air in the test tube is compressed, the volume of the water displaced by the 
float decreases and the test tube moves downwards to the bottom. When the 
pressure on the membrane is decreased the test tube moves backwards. The 
pressure on the membrane can be regulated so that the test tube is made to move 
in any (upward or downward) direction or to occupy any intermediate position 
between the bottom and the membrane. 

The equilibrium conditions for a body floating in a gas are the same as in the 
case of a fluid. If the volume of a body in a gas does not depend on the pressure 
the equilibrium is always stable because the specific weight of the gas increases 
as the altitude decreases. In the case when a body floating in a gas changes its 
volume under the pressure variations the investigation of its equilibrium is 
more complex. In such a case both the variation of the volume of the body and 
the variation of the volume of the gas should be taken into account. 


CHAPTER 12 


Motion of Fluids and Gases 


100. Stationary Fluid Flow 


When a fluid or a gas is in motion there arise forces of internal (viscous) fric- 
tion between its particles. The viscosity coefficient of some substances (for 
instance, of air or water) is comparatively small. Therefore, under some condi- 
tions (these conditions will be discussed in more detail later) the motion of such 
substances can be approximately regarded as a flow of an ideal (perfect) fluid 
having no viscosity. In reality there are of course no perfect fluids; however, 
the motion of a fluid or a gas can often be approximately treated as a flow of a 
perfect fluid. 

After the laws of motion of a perfect fluid have been established we can intro- 
duce the necessary corrections into these laws taking into account the influ- 
ence of the viscosity. In this way it is possible to elucidate the complex laws 
governing the motion of a viscous fluid or gas. 

In order to investigate the motion of a flowing fluid (or gas) it is convenient 
to describe it with the aid of the velocity field for the particles of the medium un- 
der consideration. By a velocity field we mean a region in space at whose each 
point r for any time ¢ a vector v (r, t) is defined which is the velocity of a par- 
ticle passing at instant ¢ through that point r. The vector function v (r, 2) 
depends on the position vector r of the point and on time t. 

A fluid (or gas) flow is said to be stationary when all the quantities involved, 
that is the velocity, the pressure, the density, the temperature, and so on re- 
main constant all the time at every point in the spatial region occupied by the 
moving fluid (or gas). If otherwise, we speak of a non-stationary motion; in the 
latter case the laws of motion are more intricate. 

Even the kinematical description of a stationary flow of a gas in a pipe or of 
a stationary motion of water in pipes, rivers, and channels is rather complex. 
In the general case the velocities of the particles of a moving fluid differ in 
their magnitude and direction for different points of the region in space occupied 
by the flow. The pressure acting on the moving particles also differs from point 
to point, its variation being in a certain connection with the motion of the 
particles. In a gas flow the density also varies from place to place since the den- 
sity, the temperature, and other quantities vary. 

To simplify the investigation of a stationary flow let us (mentally) divide 
the flowing fluid* into sufficiently thin stream tubes. Imagine a small closed 
curve A placed in the flow and the trajectories of all the particles which pass 


* In what follows by a fluid flow we shall mean, without special stipulation, a flow of 
a fluid or of a gas unless the distinction between a fluid and a gas becomes important. 


350 MECHANICS OF DEFORMABLE BODIES 


A 


FIG. 282 


through the points of that contour (see Fig. 282). All these trajectories form the 
surface bounding a stream tube. 

We consider a fluid continuous and therefore the walls of a stream tube are 
also thought of as a continuous surface. On the lateral boundary of a stream tube 
the velocity vectors of the particles are tangent to the bounding surface. The 
whole region occupied by a fluid flow can be divided into such tubes. The stream 
tubes can be made visible in a dye experiment. For instance, we can introduce 
some smoke into an air flow or put some dye into a stream of water as shown in 
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Fig. 283 where is depicted an apparatus serving for the observation of the flow- 
around of a body placed into the stream. The smoke or dye traces indicate the 
trajectories of the corresponding particles and make it possible to see some stream 
tubes. 

The walls of a stream tube are formed of trajectories of particles of the flowing 
fluid. A particle of the fluid which is within a stream tube at a certain instant 
remains within this tube all the time. We can always take a stream tube of a 
sufficiently small cross section so that it is allowable to assume that the veloc- 
ities of the particles are the same for all the points of a given cross section of 
the tube and are perpendicular to the normal sections of the tube. 
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The motion of a fluid within a stream tube resembles af flow without friction 
in a pipe with rigid walls whose cross section varies sufficiently gradually. 

For a non-stationary fluid flow we can also speak of stream tubes but in this 
case they are no longer formed of trajectories of particles. Indeed, let us consid- 
er a non-stationary velocity field v (r, t) at some time ¢. In this field we can 
mentally draw the stream lines by which are meant curves at whose’every point 
the direction of the tangent line coincides with that of the velocity field v. 
The stream lines passing through the points of a closed contour form a stream 
tube. However, generally speaking, it is clear that the shape of such a stream 
tube formed by the lines passing through the given contour is dependent on time. 
Besides, the stream lines may essentially differjfrom the real trajectories of the 
particles. For, when a particle passes from a point r to another point r -++ dr 
the velocity vector at the new point may change during the corresponding time 
dt, the tangents to a stream line going in the direction of the vectors v (r, f) 
at any given time t. In other words, in the case of a non-stationary motion a 
stream line indicates displacements of different particles and does not coincide 
with a trajectory which is the trace of a single particle. 

Let us examine the implications of the condition that the mass flux across 
different sections of a stream tube of a stationary fluid flow must be constant. 
It is clear that for a stationary flow the amount of fluid passing through a cross 
section of a stream tube in unit time must be the same for all the cross sections. 

Let us consider a (thin) stream tube with cross-section area S. If the veloc- 
ity of the particles in that cross section is v then the mass of the fluid passing 
through the section during one second is equal to 


Q = pvS (100.1) 


where p is the density of the fluid in that cross section. For another cross section 
of the same tube having an area of S, we similarly have 


Q = pS, (100.2) 


where v, and p, are the velocity and the density of the fluid in the section S,. 

Indeed, if otherwise, the amount of fluid placed between these sections would 

increase or decrease, which is impossible since we have supposed that the flow 

is Stationary and therefore all the quantities involved are time-independent. 
Thus, we can write down the constancy law for mass fluz: 


Q = opvS = const (400.3) 


Relation (100.3) holds for any stream tube because every stream tube can be 
divided into sufficiently thin tubes (the constant on the right-hand- side of 
(100.3) can be different for different stream tubes). 

When we deal with an incompressible fluid (for instance, such as water under 
ordinary conditions) the density p of the fluid remains constant and therefore, 
by the constancy of the mass flux (see (100.3)), the velocity in any cross section 
of a thin stream tube is inversely proportional to the cross-section area. Hence, 
the shape of the tube determines the variation of the velocity which increases 
where the cross-section area is smaller and, conversely, reduces where the tube 
is wider (Fig. 284). 

Let us find the relationship between the variations of the velocity and of the 
pressure along a (thin) stream tube (see Fig. 284). To this end we (mentally) 
isolate a particle which occupies a (short) part of the stream tube and whose 


352 MECHANICS OF DEFORMABLE BODIES 


cross section coincides with that of the tube (see the shaded part in Fig. 284). 
As the particle moves along the tube it undergoes a deformation. It is evident 
that when this particle moves along a part of the stream tube where the cross 
section is constant the velocity of the particle also remains constant and hence 
the particle has no acceleration when moving through that part of the tube. 
When the cross-section area of the tube decreases along the direction of the flow 
(see part 7-2 in Fig. 284) the particle receives an acceleration and its velocity 
increases. Conversely, when the cross section increases along the flow (see part 2’-3 


Pipe with circular 


cross section 


ae \ 
Velocity curve Pressure curve 


ia 


FIG. 284 


in the figure) the motion of the particle is decelerated and its velocity de- 
creases. 

It is evident that if the tube is horizontal the particle can only receive an 
acceleration under the action of the adjoining particles. Consequently, for a 
part of the tube where the cross-section area decreases along the flow (part J-2) 
the pressure must reduce along the flow, that is the pressure behind the particle 
ab (Fig. 284) must be greater than the pressure before it so that the acceleration 
producing the increase of the velocity appears. In the part of the tube where the 
cross-section area increases (part 2’-3) and the velocity decreases along the flow 
the pressure must grow so that the particle cd has a negative acceleration and 
therefore the pressure before the particle is greater than behind it. Wesee that 
knowing the character of the variation of the cross-section area of a stream tube 
we can describe qualitatively the variation of the pressure along the tube. The 
diagram of pressure distribution along the tube is shown in Fig. 284.* 


* The distribution of pressure obeys Bernoulli’s law which will be established in the fol- 
lowing sections. 
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101. Fundamental Law of Dynamics for a Particle 
of an Ideal Fluid 


Every particle in a fluid flow is under the action of the adjoining particles sur- 
rounding that particle; the measure of this action is the pressure p. As was shown, 
the pressure variation determines the acceleration of a moving particle. Pro- 
ceeding from this fact we can derive the fundamental law of dynamics for a 
particle of an ideal (perfect) fluid. 

Let us (mentally) separate a particle 
of the shape of a very small cube of 
volume dt = dz, dz, dx placed at a 
point r (2, Xe, 2X3) (see Fig. 285). 
Each face of the cube is acted upon by 
a force of pressure. For example, the 
face dz, dz, is under the action of the 
force p dz, dx, directed upwards while 
the opposite face is acted upon by 
the force 


a 
= (p+ je dt) dz, dz. 
Therefore, the component of the force 


acting on the cube along axis 3 is 
equal to 


0 
p dz, dz.— (pP+sp dz) dz, dx. = 


in Op 
oe dt 


Besides, the particle is under the 
action of the gravity force equal to 


FIG. 285 


—y dt 


and directed along axis 3 where y is the specific weight of the fluid. Therefore, 
by the second law of dynamics, 


pdt — Ge ee ee 
that is 
d a 
p= — - —y ~ (104.1) 


where v, is the component of the velocity along axis 3. 

The volume dt being very small, the density p is considered constant over 
the volume of the fluid we have separated. Similarly, the pressure p is considered 
constant over each of the faces of the cube and so are the velocities v. 

For the other coordinate axes we derive analogously the relations 


0 
Ot = ee, «8nd P= — aR (101.2) 


not involving the gravity force since it goes along axis 3. 
23-0776 
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FIG. 286 


We can now write the three formulas we have obtained (formulas (101.1) 
and (101.2)) in the vector form: 


d Op Op Op 
PS (Vie, + Ve, + V3e3) = — (s> Qy-+ Oe oe al es] — Ves 


where e,, @,, and eg are unit vectors along the coordinate axes. The last relation 
can be rewritten as 


d 
Pz = —erad p+eg (101.3) 


where grad p symbolizes the vector oe ée, + a eg + - e, (this vector is called 
1 


the gradient* of the pressure p) and pg = —yez (g is a vector of magnitude g 
directed downwards; it is equal to the acceleration produced by gravity). 
Formula (101.3) expresses the fundamental law of hydrodynamics of an ideal 
fluid or gas (whose particles move without friction). For a non-stationary flow 
all the quantities involved, that is p, v, and p, may depend both on the position 
vector r and on time ¢. In a stationary flow they depend on the vector r solely. 
Therefore, when studying stationary flows, we can use the notion of a stream 
tube, which simplifies the analysis because in this case the stream tubes are 
invariable. For a stationary flow we can take a sufficiently thin stream tube 
and derive the law of dynamics of an ideal fluid in the following way. The mag- 
nitude v of the velocity v is in this case a function v = v (s) depending only on 


* The operation of taking the gradient is sometimes symbolized by the vector e,; int 


+ €, ~ +e, a = V: grad p = Vp (the symbolic vector V is called the Hamilto- 
2 


nian operator or nabla or del). 
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the coordinate s reckoned along the axis of the tube. A particle having a coor- 
dinate s at time ¢ gains a displacement ds, during time dt (Fig. 286). The veloc- 
ity v, of the particle in its new position s + ds, may differ from its value v 
at the point s. It can be represented in the form 


d 
Vy =U (s) +-— ds, 


Consequently, the difference between the values of the velocity of the particle 
at time ¢ and at time ¢ + dt, that is the increment of the velocity, is expressed as 


dv=v,—v(s)=- ds, 


On replacing the displacement ds, of the particle by v (s) dt we obtain 


dt ds ds 


5 (101.4) 


dv dv d ( v2 

Thus, the acceleration of a particle in a stationary fluid flow is equal to the 

derivative of half the square of the velocity of the flow with respect to arc length 

of the axis of the stream tube. Therefore, the fundamental dynamical equation 

for a particle of an ideal fluid (formula (101.3)) can be written for a stationary 
flow in the form 

dp = dv  djv 

—# + ycosa=pv-- =p — (+) (101.5) 

where a@ is the angle between the vertical and the direction of the tangent line 

to the axis of the stream tube at the given cross section. This equation is appli- 


cable to a stationary flow of both an incompressible non-viscous fluid and a 
compressible gas without internal friction. 
dv 


Let us dwell on the determination of the acceleration a of a particle in the 


general case of a non-stationary flow for which the vector field v (r, ¢) is known. 
As has been shown, for a stationary flow the acceleration of a particle is equal 


tov - , that is it is determined by the variation of the velocity along the stream 


tube. It turns out that the same result can be derived without using the notion 
of a stream tube from the general expression of the acceleration. 

The velocity of a particle passing through a point r at time tis equal to vu (r, t); 
at time ¢-+ dt this particle is at a point r + dr and its velocity is equal to 
v (r + dr, t+ dt). Therefore, the increment of the velocity of the particle is 


dv = u(r + dr, t+ dt) — v(r, 2) (101.6) 


and the acceleration of the particle is equal to 2 . Let us represent the increment. 


dv as a sum of two parts which we denote (dv); and (dv),. Let the first part (dv), 
be the increment of v which is connected with the time variation solely and 
let the other part (dv), be the increment appearing because of the change of the 
position of the particle. The vectors (dv),, (dv),, and the other vectors involved 
in our consideration are shown in Fig. 287 (in the figure we also see the vector 
v (r + dr, t) representing the velocity of some other particle which passes 
through the point r + dr at time ¢). Thus, 


dv = (dv); + (dv), (101.7) 
23° 
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where 


(dv); = v(r+dr, t+ dt)—v(r-4+dr, | fas) 
(dv), = v(r+ dr, t) — v(r, 2) ai 
In a stationary flow the acceleration is determined by (dv), solely since (dv); = 
= 0 in this case because the velocity is independent of time at each point. 
In the general case, for a non-stationary flow both terms are non-zero. 


The term 
ov 
(dv), (dv);= a dt (101.8) 


(dv), 
is specified by the partial derivative 
of v with respect to ¢ for r = const. 
v(r+dr,t+dt) The other term is the partial differen- 
tial (dv), of v and it has a more com- 
plex structure: it depends on the 
directional derivative of v along dr 
for t=const. This derivative is some- 
times denoted . The differential (dv), 
should be found as the increment 
which the vector v would receive if 
the flow were stationary. An increment 
FIG. |287 of this type was considered in Sec. 
86 where, in connection with the study 
of small deformations, we dealt with an increment in a vector field correspond- 
ing to a displacement dr. Each of the components 1, v,, and v3 of the velocity 
is a function of the three variables z,, z,, and 23 (and of time ¢). The vector o 
can be represented in the form 0 = v,e, + Vee, + Uses Where e,, €2, and eg 
are unit vectors in the directions of the coordinate axes. Therefore, the incre- 
ments of the components of the velocity vector can be written as 


v(r+dr,t) 


a 3 
~~ 
~~ 
— 
aes eee 


Ley 


a Ov, : Ov; OV, 
du, = Di, dx,+ ae dx +- Ory ax; 
__ We OV, OV, 1014.9 
dv, = Ax, dx, + 0x5 dx, + 0X5 ax; ( : ) 
__ OVg OVg dv3 
dv; = Oz, dz, + Ory dz. + Ons dzx3 | 


and (dv), = du,e, + dv,e, + dvze3. As is seen from formulas (101.9), the incre- 
ment (dv), can be represented as the product of a tensor U by the vector dr = 
= dz,e, + dz,e, + dz3e3: 

(dv), = Uadr (101.10) 


where 

OV, OVvy dV, 
“OL, OLs Ol 
OVg O_ Ve 
62, Of, O25 
OVg OVsg OVz 
“02, O02, OZ 
Since we speak of the increment of the velocity of a definite particle which moves 
from the point r to the point r + dr during time dt there must be dr = v di. 


(104.14) 
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On substituting this expression in (101.10) we obtain 
(dv), = Uodt (104.12) 


Therefore, taking into account formulas (101.7) and (1041.12) we can write the 


acceleration a“ of the particle in the form 


dv _ {oh soos _ ov 
Fe St B= t+ (101.13) 
Formula (101.13) gives the ios expression for the acceleration of a particle. 
The first term on the right-hand side of (101.13) is the partial derivative of v 
with respect to ¢ and the second term is the product of the tensor U (formula 
(101.11)) by o. 


For a stationary flow we have ~ = 0 and therefore 


a = Uv (101.14) 


when the velocity, the density, and the pressure depend on one coordinate solely 
and when the velocity is directed along that coordinate axis, for instance, when 
v, ~ 0, vg = 0, and vg = 0 and all the derivatives with respect to z, and Zs 
are equal to zero then os = VY, a We thus obtain the expression which coin- 
cides with the result of our previous investigation expressed by formula (101.4) 
if we put z, = s and v, = v. In this case the pressure p is also a function of the 
single argument xz, and therefore, if the influence of gravitation is neglected, 
the equation of hydrodynamics (101.3) takes the form 


which also coincides with our previous results (see (104.5)). 


102. Bernoulli’s Equation for a Stationary Flow 
of an Incompressible Fluid 


For a stationary flow of an incompressible ideal fluid the basic dynamical 
equation describing the motion of a particle along a stream tube implies a sim- 
pler equation which will be deduced in this section. 

In the case under consideration the density and the specific weight of the fluid 
remain constant and equation (101.5) can therefore be rewritten in the form 

dp d Ov? 
aor Fy +7 cos a= — (-) ; (102.1) 
Let us denote by h# the altitude of the point where the particle with coordinate s 
is located. Then connection between the displacement of the particle by a dis- 


tance of ds and the increment dh of the altitude (see Fig. 286) is expressed by 
the relation 


—dh = ds cosa (102.2) 


Now, replacing cos a by —* in (102.1) we obtain 


_ 4p, dh _ == (4) 


ds’ ds ds 2 eee) 
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where all the terms are derivatives with respect to the coordinate s. Consequently, 


d 2 
= (p+yht 5 ) =0 (102.4) 


The derivative with respect to s being equal to zero, the sum of the three quan- 
tities in the brackets remains constant along the stream tube, that is 


pv? 
C=p+yht+ —5- = const (102.5) 


This is Bernoulli's equation for a stationary flow of an incompressible ideal fluid. 
It plays a fundamental role in hydrodynamics. In Bernoulli’s equation p is the 
static pressure which compresses the fluid particles, yh is the increment of pres- 


sure corresponding to the: increment h of the altitude, and pe is the dynamic 


pressure (see Sec. 106). 

Bernoulli’s equation (102.5) provides a simple method for the solution of 
many important problems. Its application is based on the fact that if a flow 
of a fluid is divided into stream tubes and the pressure p, and the velocity vp 
are found in a certain way for a point whose altitude h, is known then, irrespec- 
tive of the variations of the velocity, of the pressure, and of the altitude along 
the stream tube passing through that point, the sum on the right-hand side of 
(102.5) remains invariable. This makes it possible to determine the unknown quan- 
tities for other points in the flow. The application of this technique will be 
demonstrated later by some examples and problems. 

Bernoulli’s equation is a consequence of the energy conservation law for a 
particle moving along a stream tube. This equation is implied by the fact that 
the work of the forces of pressure is equal to the corresponding increment of 
the sum of the kinetic and the potential energies of the particle since the forces 
of pressure acting on the particle are external forces. 

Let us consider the variation of the energy of a particle and its connection 
with the work of the forces of pressure during time dt as the particle which occu- 
pies a part of length ds of the corresponding stream tube at time t (see Fig. 286) 
moves along the tube. Let the displacement during time dt of the back cross 
section of the tube bounding the moving particle be equal to ds,. Generally, ds, 
is not equal to the length ds of the particle (in the figure ds, is smaller than ds). 
The changes connected with the displacement of the particle can be described 
as follows. The left-hand shaded part (see Fig. 286) of volume dQ = S ds, dis- 
places the right-hand shaded part having the same volume dQ while the middle 
part does not change its state during time dz although the material points form- 
ing that part at the instant ¢ and at the instant ¢ + dt are different. Therefore, 
by (102.2), the increment of the potential energy of the particle (in Fig. 286 
the particle moves downwards and therefore this increment is negative) can be 
represented in the form 


—y dQ cos a ds = y dQ dh (102.6) 


The corresponding increment of the kinetic energy is equal to 
pv3 pv? 
( = y) = az | 


where v, is the velocity of the front cross section bounding the moving particle 
of length ds. The work performed by the forces of pressure as the back cross sec- 
tion travels the distance ds, is equal to pS ds, = p dQ; similarly, the work of 


aa ) dQ ds (102.7) 
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the forces of pressure connected with the displacement of the front boundary of 
the particle is equal to —(p + dp) dQ. The resultant work of the forces of pres- 


sure is 
[p — (p + dp)] dQ = —dp dQ (102.8) 


Now equating the work of the forces of pressure to the variation of the sum of 
the potential and the kinetic energies we arrive at the equality 


ydQdh+—% () dQds= —dp dQ (102.9) 


On cancelling (102.9) by dQ ds we obtain (102.4). Finally, the integration of 
(102.4) along the stream line results in Bernoulli’s equation (102.5). 


103. Outflow of a Heavy Fluid from a Vessel 


Using Bernoulli’s equation (102.5) we can easily find the velocity of the jet 
of a heavy fluid flowing out of a vessel. Let the fluid flow out of the vessel shown 
in Fig. 288. The opening is placed below on the wall of the vessel and is equip- 
ped with nozzle directing the outflowing jet. During the outflow the whole vol- 
ume of the fluid in the vessel is in motion and it can be divided into stream tubes. 
The exact determination of the shape of the stream tubes is a rather complicated 
problem even for a vessel of a simple form but for our aims it is quite sufficient 
to know that the back boundaries of all the stream tubes are on the free surface 
of the fluid in the vessel and that the stream tubes pass through the opening 
in the nozzle. 

The velocity on the free surface of the fluid has the same value v, for all the 
stream tubes. The same applies to the pressure p, on the free surface and to the 
altitude h, (because when the free surface is at an altitude considerably greater 
than the dimension of the opening it remains horizontal when moving down as 
the fluid flows out of the vessel). Hence, the constant C in Bernoulli’s equation 
has the same value for all the stream tubes and is equal to 


8 oa + hoy + Po = const (103.4) 


It should be noted that what has been said applies to any motion in which 
all the moving particles of an ideal fluid are in identical initial conditions. In 
all such cases the constant entering into Bernoulli’s equation has the same value 
not only along a given stream tube (as was established earlier) but also for 
the whole region occupied by the moving fluid; this simplifies the analysis of 
the motion. 

It is supposed of course that the diameter of the opening is small in compari- 
son with the altitude of the free surface of the fluid in the vessel and we can there- 
fore assume that the pressure i constant over the cross section of the running 
jet and is equal to the outer pressure py. Similarly, the velocities of the particles 
in the jet can be considered equal to the same value v, for all the stream tubes. 
Hence, by Bernoulli’s equation (102.5), we have 


Co= pu" + yh + = pvp + yh +. 103.2 
0 9 Po ) 0 Po ( : ) 
whence 


+ (v2 —v}) = y (to —h) (103.3) 


where h is the altitude of the opening and h, is the altitude of the free surface of 
the fluid in the vessel. 
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In case the area of the opening is negligibly small relative to the cross-section 
area of the vessel the velocity v, is very small in comparison with the velocity v 
and the term in equation (103.3) involving v? can be dropped. Then the velocity 
of the fluid flowing out of the vessel is approximately equal to 


because 7 = g where g is the acceleration of gravity. 


FIG. 288 


Relation (103.4) is known as Torricelli’s formula. The velocity of the outflow 
of a heavy fluid from an opening in the vessel containing the fluid is equal to the 
velocity of a body falling from a height of h, —h equal to the altitude differ- 
ence for the opening and the free surface. It should be noted that the velocity v 
is completely independent of the direction of the jet relative to the horizontal 
line; it is the same for all the values of the angle of inclination of the jet. There- 
fore, when the nozzle directs the jet vertically upwards the particles of the 
fluid must reach the level of the free surface.* But this is a purely theoretical 
conclusion because the friction in the fluid and the air resistance, however small, 
prevent the particles in the jet from reaching exactly the level of the free surface 
(Fig. 289a). The particles come closer to that level when the jet is directed at a 
small angle to the vertical (Fig. 289b) because in this case the friction produced 
by the drops of the fluid falling down reduces. 

The validity of Torricelli’s formula can be verified in various ways. For exam- 
ple, we can observe two intersecting jets flowing out of the vessel (see Fig. 290) 
in horizontal direction from two openings placed at different altitudes. The 


* In our consideration we neglect the forces of viscous friction acting on the particles 
of the fluid as they move along a rubber pipe connecting the nozzle with the vessel (see 
Fig. 289). In case the diameter of the pipe is large in comparison with the diameter of 
the jet the influence of these forces is in fact negligibly small. 
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position of the point of intersection can readily be determined when the forces 
of viscous friction are so small that they can be neglected. In this case the calcu- 
lations show that the point of intersection lies below the lower opening at a 
distance equal to the difference between the altitude of the free surface of the 
fluid in the vessel and the altitude of the upper opening. The experiment con- 
firms this theoretical inference. The indicated property can be more easily ob- 
served when an amount of fluid is additionally poured into the vessel so that. 
the point of intersection changes its position. 


R 


ti 


FIG. 290 


The calculations leading to the conclusion we have mentioned are rather 
simple. Assuming that the velocity of the fluid flowing out of the vessel is 
specified by Torricelli’s formula we can write 


v, = V 2ga and v, = V 2g (a + hy — hy) 
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where the notation corresponds to Fig. 290. The time periods during which the 
particles of the two jets issued simultaneously from the openings reach the 
point of intersection are determined by the formulas 


f= VY 2 sa and to _ VY 2 “a hs) 


At the point of intersection the particles are at equal distances from the vessel. 
Since the horizontal component of the velocity of a falling particle remains cons- 
tant we have v,t, = v.t, whence 


a (hy — hs) = (a + hy — he) (he — hz) 
that is 
he ea hs =a 


which is what we intended to prove. 


104. Pressure in Fluid Flow in a Pipe with 
Variable Cross Section 


In Fig. 291 we see a scheme of a device meant for measuring pressure in a 
pipe with variable diameter. The pipe made of glass is placed horizontally. 
It has small openings to which manometric tubes are attached. These manome- 
ters measure the pressure in the corresponding cross section of the horizontal 
pipe (the pressure is proportional to the height of the water columns in the ver- 
tical tubes). The fluid in the manometric tubes is at rest and, consequently, 
the particles of the fluid in the openings are also at rest. The particles of the 
fluid passing under the openings are compressed under the action of the pressure p. 
Since the forces of pressure act in the same way in all directions, for the fluid 
particle in an opening to be at rest it is necessary that the pressure produced by 
the water column in the corresponding manometric tube should be equal to the 
pressure p in the fluid moving along the pipe. 

It is supposed that the horizontal pipe is sufficiently thin so that it is legitimate 
to consider the pressure in the moving fluid constant over each cross section of the 
pipe. If the diameter of the cross section of the pipe varies gradually along the 
flow the whole horizontal pipe can be regarded as one stream tube. 

Varying the velocity of the fluid in the pips we can watch the levels of the 
fluid in the manometric tubes and draw some conclusions concerning the distri- 
bution of the pressure p along the pipe. The experiment shows that the narrower 
the cross section of the pipe, the smaller is the pressure in that cross section. 
It can also be observed that, for a given cross section, the greater the velocity, 
the smaller the pressure. These conclusions are in a complete agreement with 
Bernoulli’s equation. 

If the cross-section areas are known for two places in the horizontal pipe where 
manometric tubes are attached the measurement of the pressure difference for 
the two cross sections makes it possible to determine the amount of fluid pass- 
ing through the pipe every second (the flow rate). 

Indeed, let the cross-section areas be S, and S,, the corresponding velocities 
be v, and v,, and the pressure Pi and p 

Then, according to Bernoulli's Squatiod (102.5), we have 


Pit eek = Pot ot (104.1) 
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and, by the constancy of the fluid flux in any cross section, 


Q = yu,S, = yv.S, (104.2) 


Here, as usual, y = og is the specific weight of the fluid. 
On solving the two equations (104.1) and (104.2) with the two unknowns v, 
and v, we find the velocities v, and v, after which the (weight) flow rate is readily 


determined: 
Q=¢ Vee (Pew Py = (104.3) 
¥ 


Formula (104.3) specifying the dependence of the flow rate on the pressure 
difference serves as the theoretical foundation for the construction of a device 
known as water flowmeter which makes it possible to determine (from the pres- 
sure difference) the amount of water passing through the cross section of the 
pipe in unit time. 


105. Outflow of Fluid or Gas from a ;Vessel Under 
the Action of Pressure 


When a fluid (or gas) is in a vessel under a pressure which is much greater 
than the pressure produced by the weight of the fluid, the variation of the pres- 
sure in the vertical direction can be neglected. In these circumstances it is allow- 
able to assume that the outflow of the fluid from the vessel obeys the laws gov- 
erning the motion of a fluid flowing out of a closed vessel under a constant pres- 
sure p; inside the vessel. This approximate approach makes it possible to com- 
pute in a simple manner the outlet velocity for the water flowing out of a boiler 
in which if is under the action of a constant pressure of the vapour of the order 
of ten atmospheres or the velocity of the outflow of a gas from a pressure gas 
bottle (see Fig. 292) in which a constant pressure is kept with the aid of a com- 
pressor. In all such cases the constant entering into Bernoulli’s equation can 
be assumed to be the same throughout the volume of the fluid or gas in the vessel 
and to be equal to p; because the velocity of the motion of the fluid within the 
vessel can be neglected since the cross-section area S of the vessel is much greater 
than the area s of the opening. 


364 MECHANICS OF DEFORMABLE BODIES 


The outlet velocity of a fluid flowing from a vessel can readily! be found using 
equation (102.5): | 
— 2 (Pi— Po) 
v= VV 2eoe (105.1) 


where py, is the pressure outside the vessel and p is the density of the fluid. 
The outlet velocity of a gas cannot be found using formula (102.5) because 
the density p of the gas varies as the particles of the gas move towards the opening. 
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For a stationary flow the variation of the pressure along a stream tube can be 
described by (4101.5): 


——- = pv — (105.2) 


In (105.2) the density p is no longer constant and is dependent on the pressure p. 
The pressure p must drop as the particles approach the opening because the par- 
ticles are accelerated in the direction of motion. The velocity of their motion 
also depends on the character of the variation of the density as the pressure 
changes. 

In the general case the relationship between the pressure and the density is 
rather complex because it also involves the variation of the temperature along 
the stream tube. However, as experiments show, when the particles move suf- 
ficiently fast it can be assumed that the process is adiabatic; then the connection 
between the pressu e and the density is given by the relation 


P_ ——i — const (105.3) 
px oF 


m4 


where x is the adiabatic exponent dependent on the nature of the gas (for the 
air it is equal to 1.4) and p, is the density of the gas inside the vessel. The adia- 
batic relation (105.3) is a consequence of the fact that during the expansion of 
a particle there is no heat exchange with the surrounding particles, that is 
there is no loss or gain of heat. 
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On finding from (105.3) the density as function of the pressure and substituting 
it in (105.2) we obtain the equation 


_1/% 4P Pi ., dv 
— 1/% —_ : =—= . 
P as 1% © ds (105.4) 


This equation should be integrated along the stream tube. Since the pressure 
in the vessel is p; and the pressure outside the vessel is py we must integrate 
from p, to p, with respect to the pressure and from zero to v = Vy (v = Jy is the 
outlet velocity) with respect to the velocity: 


Po 7 
— | p-'*ap= - | vdv 
P; 


On performing the integration we find the outlet velocity: 


“*-1 
= 2% Pi __ ( Po “x 
=V 2 P1 E 2 ) | oe 
If the gas were assumed to be incompressible, formula (105.1) would give us the 
following expression for the outlet velocity vin, of the incompressible gas: 


vcs 7 Pal (105.6) 


Expression (105.5) can be rewritten in the form 


*-1 


% Pi 
%—t 4 _ Po 
Pi 


Now we can easily estimate the error arising in the calculations when the gas 
is considered incompressible. To this end we should only estimate the square 
root in (105.7) for the given pressure difference. When the relative value of the 
pressure difference between p, and py, iS very small, say of several per cent, the 
direct computation readily shows that the value of the root is very close to 
unity. In such cases the velocity of the gas can be found as in the case of an in- 
compressible fluid. 

Let us estimate more exactly the error appearing when the air is considered 
incompressible under a pressure close to the atmospheric pressure. Suppose 
that the difference between the pressures inside and outside the vessel is 10% 
of the atmospheric pressure; for definiteness, let the pressure p, inside the vessel 
be 1 atm and the pressure p, outside the vessel be 0.9 atm. If the air were an 
incompressible fluid we would substitute the value 


0, = 1.293 kg/m? 
of the air density and the value 
py = 1.01383 =x 105 N/m? 
of the atmospheric pressure in (105.6) to find 


V=Vine (105.7) 


20.1 X 1.0133 x 10° 


Vine = 1505 = 125 m/s 
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Now let us estimate the value of the square root in (105.7). Denoting A = 
= {— > and cinch ge a we write the root in the form 


% 
{—(1—Aje 
Vv aA 
and expand (1 — A)’ in Tailor’s series in powers of A: 
(1—A)?=1— ad 4+2E—V ary 


On substituting this expression in the radicand we obtain 
A . A A 


Now, replacing A by 0.1 and x by 1.4 we find that the error in the determina- 
tion of the velocity is about 2%. Consequently, when it is sufficient to determine 
the velocity for the given pressure difference without a high accuracy the com- 
pressibility of the air can be neglected for the pressure difference not exceeding 
10% of the atmospheric pressure; in these conditions the motion of the air can 
be regarded as a flow of an incompressible fluid. 

It is obvious that for such a small pressure difference along a stream tube the 
density also varies very slightly; the percentage of the pressure variation is 
approximately of the order of the percentage of the density variation. Indeed, 
when a gas undergoes a very small adiabatic expansion the corresponding rela- 
tive variation of the pressure is x times the relative variation of the density be- 


cause (105.3) implies — x. A small variation of the density along a stream 


tube does not affect the magnitude of the velocity and, consequently, it does 
not affect the character of the flow either. 


106. Pressure at the Stagnation |Point 
in a Flow Around a Body 


One of the most widely used devices meant for measuring the velocity of a 
fluid flow is the Pitot tube. This device is also used for measuring the velocity 
of motion of a body relative to the air (for instance, the velocity of an airplane). 
The theoretical foundation of the Pitot tube is the relationship between the pres- 
sure at the stagnation point in a flow around a body and the velocity of the flow. 

When a fluid or a gas flows around a body the stream tubes diverge near the 
surface of the body (see Fig. 293). Therefore, there is a point (see the point A 
in Fig. 293) on the part of the surface of the body facing the flow at which the 
stream tubes diverge in the various directions. It is this point that is called the 
stagnation point and it is obvious that the velocity of the flow at the stagnation 
point must be equal to zero. By the continuity of the flow, the velocities of the 
particles passing near the stagnation point are very small. Let us consider a 
very thin stream tube (it is dashed in Fig. 293) which, so to say, ends at the 
stagnation point. 

When the body is in a homogeneous flow of an incompressible fluid the pres- 
sure Po, the density p, and the velocity v, have constant values at all the points in 
the flow which are sufficiently far from the body. Consequently, the constant 
entering into Bernoulli’s equation is the same for all the stream tubes, that is 
for all the points in the flow. In the case under consideration this constant is 
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2 
equal to py + ee. Since the velocity of the flow at the stagnation point is 


equal to zero, the pressure p, at this point is equal to 


2 
Ps= Pot om (106.4) 


which is implied by Bernoulli's equation (102.5). From (106.1) we find 


Uo= V 2 ee Po) (106.2) 


DEA NM 


FIG. 293 


It should be noted that the connection between the pressure at the stagnation 
point and the velocity of the flow far from the body described by formula (106.2) 
is quite similar to the relationship between the velocity and the pressure of a 
compressed fluid outflowing from a vessel (see (105.1)). 

For a body placed in a flow the pressure at the stagnation point can be meas- 
ured with the aid of a manometer. To this end an opening made in the surface 
of the body at the stagnation point (or, more precisely, near the stagnation re- 
gion) is connected with the manometer by means of a pipe. The pressure at the 
stagnation point determines the constant in Bernoulli’s equation for the flow. 
This is the total pressure (total head). When the total pressure is known it is pos- 
sible to determine the velocity of the flow at any point provided that the static 
pressure Pp, in the flow and the density p, of the fluid are known. 

As a body placed in the flow we can simply take a tube whose opening faces 
the flow. The other end of the tube is connected with a manometer measuring 
the pressure in the tube. Sometimes instead of the tube is taken a cylindrical 
body with a rounded end (Fig. 294) and with a thin hollow along its axis whose 
opening A is connected with 1 manometer by means of a pipe. The cylinder is 
placed so that the opening A faces the flow and the stagnation region lies near 
the opening. 

To determine the velocity v, of the flow we must know, besides the total pres- 
sure p,, the static pressure p, in the flow. The static pressure in the flow can be 
measured with the aid of the method similar to that used for the measurement 
of the pressure in the pipe with a flowing fluid (see Fig. 291). In the pipe the open- 
ings were made to which the manometers were attached. For the measurement 
of the static pressure in a flow the cylindrical body is placed so that its lateral 


* Since the variation of the altitude is very small we assume here that the term yh can 
be neglected. When necessary, this term can also be taken into account. 
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surface goes along the stream lines of the unperturbed flow.* The pressure is 
measured in a small opening in the lateral surface of the body. If for the stream 
tube passing near the opening the cross-section areas close to the opening and 
far from the body are the same, the pressure near the opening is equal to the 
pressure far from the body.** The opening is connected by means of a pipe with 
a manometer which shows the static pressure J». 

The openings for the measurement of the static pressure in a flow are often 
made in the surface of the cylindrical body by means of which the total pressure 
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is measured. In the Prandtl tube (its axial section is shown schematically in 
Fig. 294) the openings for the measurement of the static pressure are at some 
distance (of the order of 3-5 diameters of the cylinder) from the front end of the 
cylinder; near the openings the stream lines are almost rectilinear. The open- 
ings are connected by means of a rubber pipe with the manometer measuring 
the static pressure py in the flow. 

Knowing the total pressure p, and the static pressure p, we can find the ve- 
locity of the flow incident on the body from equation (106.1). 


Oat 


The quantity py = is called the dynamic pressure (or head) or the kinetic 


(velocity) pressure (or head). It can be measured if we apply the total pressure p, 
to one end of a manometer and the static pressure p, to the other end; then the 
manometer will measure the pressure difference, that is pg. Knowing the dy- 
namic pressure we can find the velocity of the flow. 

It should be noted that the velocity of the air can be approximately found by 
the formula 


v =4Vh (106.3) 


* This condition is always fulfilled when the axis of the cylinder is directed along the 
flow and the diameter of the cylinder is negligibly small in comparison with the trans- 
versal dimensions of the flow. 

** Strictly speaking, the pressure is the same when the temperature at these points is the 
same. 
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where the velocity v is measured in m/s and the pressure difference, that is the 
dynamic head pg = A, in millimetres of mercury. Formula (106.3) is used in 
practical applications; it readily follows from (106.2) if we assume, as is usually 
done, that for the air the density is 


When the measurement in a compressible gas (for instance, in the air) is done 
for large values of the velocity* it is necessary to take into account the variation 
of the density and to consider the relationship between the pressure and the 
velocity in a stream tube as it was done in Sec. 105. Formulas (105.5) and (105.7) 
can be used for the calculation of the velocity from a given pressure; to this end 
p, should be replaced by the pressure p; at the stagnation point. However, when 
the velocity of the flow is very large, for instance, when it is close to the speed of 
sound in the gas, these relations become inapplicable because for such values 
of the velocity of the flow there arises a new phenomenon of the velocity and 
pressure jump in front of the body, which will be discussed in Sec. 120. 


107. Variation of Pressure Across a Stream Tube 


In Sec. 100, when determining the pressure in a stream tube, we assumed that 
the pressure was constant throughout every cross section of the tube. This was 
allowable because we supposed that the stream tube was very thin and also 
because we were only interested in the acceleration of the particles along the 
axis of the tube. However, when the diameter of a stream tube is not small and 
when the stream tube is not rectilinear the velocity is no longer constant across 
the stream tube. In this section we shall study the variation of the velocity over 
the cross section of such a stream tube. 

If a stream tube is rectilinear in a given place, that is if the axis of the tube is 
a straight line, then a particle of the fluid passing through this place can have 
an acceleration only in the direction of the axis of the tube. For, in these circum- 
stances the pressure must be the same near the opposite walls of the tube in any 
cross section and it is therefore constant throughout the cross section. On the 
contrary, in the places where the axis of the tube is curved the pressure cannot 
be constant over the cross section. Indeed, a particle moving with velocity v 


2 
along a curved part of the stream tube possesses the centripetal acceleration 7 


where R is the radius of curvature of the axis of the tube (see Fig. 295). There- 
fore, the particle must be acted upon by a force of magnitude 


pS ds 


acting in the plane of the axis of the tube and directed perpendicularly to the 
stream lines where S is the cross-section area of the stream tube and ds is the 
length of the particle of the fluid (Fig. 295). 

This force can only be created by the pressure of the surrounding layers of 
the flowing fluid. That is why there must exist a pressure difference on the op- 
posite sides of the stream tube in the plane where the curved part of the axis of 


* As it follows from Sec. 105, when the velocity is less than 130 m/s the error arising 


owing to the assumption that the air is incompressible does not exceed 2%. 
24-0776 
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the tube lies. This pressure difference can easily be computed if we assume that 
the cross section of the stream tube is a rectangle with sidesh and a; then S = ah. 
By the second law of dynamics, we can write 


(P1 — P2) ads = pah ia ds (107.1) 


(where p, — Pz is the pressure drop in the direction towards the centre of curva- 
ture). 


adie 


FIG. 295 


On cancelling by ah ds we obtain 


2 
= + (107.2) 


P1— P2 
h 
If the stream tube is sufficiently thin the ratio mi can be replaced by pe 
and formula (107.2) can be rewritten as 


0 v2 
spas (107.3) 


This equality means that when a stream tube is curved the pressure varies across 
its section and drops in the direction towards the centre of curvature of the axis 


of the stream tube ( the pressure drop is characterized by sh) ° 


Let us come back to Fig. 293. It is readily seen that at the point D the pressure 
is higher than at the point E and, conversely, at MM the pressure is lower than 
at V. Hence, knowing the character of the variation of the curvature of the stream 
lines we can draw some conclusions concerning the variation of the pressure in 
the direction perpendicular to the stream lines because the particles can only 
move along curvilinear trajectories when a definite pressure difference is present. 

Since the pressure on the surface of a body placed in a fluid or gas flow deter- 
mines the forces exerted by the flow on the body, the analysis of the variation of 
pressure across the stream tubes leads to a number of useful conclusions con- 
cerning the forces acting on the body. 
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108. Distribution of Pressure in a Rotating Fluid 


Let us consider a cylindrical vessel containing a heavy fluid which is placed 
on the rotating disk as shown in Fig. 296. 

After a short transient period following the beginning of the rotation of the 
disk with angular velocity all the particles of the fluid move in circular tra- 
jectories so that the fluid is at rest relative to the walls of the vessel. In such 
a motion the particles within a thin stream tube move in a circle of radius r 
and therefore the pressure in the hori- 
zontal plane increases in the direction 
from the axis of rotation. By formula 
(107.3), the gradient of the pressure 
along the radius r is equal to* 


dp _ pv 
dr r 


(108.1) 


On replacing v by wr in (108.1) we 
obtain 


nna ied 


re ow2r (108.2) ; 
dr eter ee ee 
The integration of,(108.2) with respect 
to r results in [-————}- 
| dp = ow? \ rdr ran as 
Po 0 
whence 
Pi—Py=So-r? (108.3) 


It follows that the pressure in the hori- 

zontal section of the vessel increases 

proportionally to the square of the dis- FIG. 296 

tance from the axis of rotation. As is 

known, the pressure is the same in al] the directions at every point within the 
fluid and therefore the altitude of the fluid column must increase together with 
the distance from the axis. Indeed, the variation of the pressure in the vertical 
direction can only be produced by the weight of the fluid. Therefore, for a par- 
ticle of the fluid to be at rest relative to the vessel it is necessary that the fluid 
column over the ring-shaped area of radius r, should be higher by / than the level 
of the fluid at the centre of the vessel (r, is the distance from the particle to the 
axis of rotation and h is the difference of the heights). The pressure created by 
the weight of the fluid at the horizontal level of the lowest point O (see Fig. 296) 


of the free surface of the fluid is equal to hy and it must be equal to the pressure 
ow)" 


2 
a Py. Hence, 
__ pw? 2 
hy = aly 
whence 
W? » 
Or: ry 


* Since the motion is stationary the pressure p in the horizontal plane can be regarded 
as being dependent on r solely. 


24* 
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because y = og where g is the acceleration of gravity. Thus, the altitude of the 
fluid increases proportionally to the square of the distance from the axis of rota- 
tion, which means that the free surface is a paraboloid of revolution; this very 
shape of the free surface is observed in the experiment. 

The shape of the free surface indicates the variation of the pressure along the 
radius. This variation can be checked experimentally: if we put small pieces of 
a substance heavier than the fluid in the rotating vessel then in some time they 
all gather below near the walls of the vessel; if the substance is lighter than the 
fluid, the floating pieces of the substance gather near the point O. 

It is interesting to observe the behaviour of a piece of lead connected by 
means of a thread with a wax ball; the two connected bodies are put into a rotat- 
ing vessel containing water (wax is lighter than water). As an exercise, let the 
reader analyse the results of this experiment. The reader should also answer the 
following questions: 

(1) What is the distribution of pressure in a rotating vessel when it is sealed? 

(2) What is the distribution of pressure and the shape of the free surface when 
the axis of the cylindrical vessel with fluid does not coincide with the axis of 
rotation of the disk on which it is placed? 

In the case under consideration when the particles of the fluid in the rotating 
vessel move in circular trajectories the constant entering into Bernoulli's equa- 
tion retains its value only for every very thin stream tube and assumes differ- 
ent values for different stream tubes. For a given thin stream tube we can write 
the relation 


Ow? rz 


2 
so ae = Pp + pw2r? = const 


pi+22 = p+ 


which follows from (102.5) and (108.3) (since the stream tube lies in a horizon- 
tal plane it is allowable not to take into account the term involving h). The 
pressure py at the points lying on the axis of rotation depends on the depth H 
solely and is equal to yH (see Fig. 296). Thus, the constant in Bernoulli’s equa- 
tion varies and is dependent both on the depth and on the distance from the axis 


of rotation. 


109. Momentum of Fluid or Gas 


There are many cases when the analysis of a compound motion of a fluid or 
a gas admits of the application of the law of variation of the momentum. To de- 
termine the forces acting within a fluid flow we separate (mentally) a volume 
in the spatial region occupied by the fluid and apply the law of variation of the 
momentum to the amount of fluid passing through that volume. For a stationary 
fluid flow the law of variation of the momentum can be stated as follows: the 
sum of the external forces acting on the particles of the fluid within the given volume 
is equal to the variation of the momentum of the fluid in the volume during unit 
time. 

Here by the external forces are meant the forces applied to all the particles 
of the fluid lying within the given volume (very often such forces simply reduce 
to the forces of gravity) and also the forces of pressure acting on the surface 
bounding the separated volume. In the general case of a stationary flow, in 
order to determine the variation of the momentum during one second we should 
begin with the determination of the variation of the momentum of the fluid 
passing through a very small part of the surface. 
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For a small surface element dS represented by the vector dS = n-dS (see 
Fig. 297) for which the velocity can be considered constant the amount of fluid 
passing through the area dS in one second (that is the mass flux) is equal to 


ov dS = pv dS cosa (109.1) 


where a is the angle between the outer normal to the surface and the velocity. 
As we have mentioned, the mass flux is the amount of fluid passing through the 
given area during one second; it is a scalar quantity. The flux is considered 
positive when the fluid flows out of the 
given volume through the given area 
and negative when the fluid flows into 
the volume. 

The product of the mass flux (for- 
mula (109.1)) by the velocity vector 
v is equal to 


(ov dS cos a-v (109.2) 


This product is a vector quantity; it 
is equal to the momentum of the 
amount of the fluid leaving the given 
volume through the given surface area 
during one second. 

For the part of the surface bounding FIG. 297 
the given volume through which the 
fluid flows into the volume the same expression (109.2) determines the momen- 
tum of the amount of the fluid flowing into the volume during one second (see 
Fig. 297). On adding together (or integrating) the variations of the momenta over 
all the small areas constituting the whole surface bounding the separated volume 
of the fluid we find the total increment of the momentum of the fluid in the given 
volume during one second. The total momentum thus found is a vector quantity; 
it is equal to the sum of the external forces (which are the gravity forces and the 
forces of pressure applied to the surface of the given volume) acting onthe volume. 

It should be noted that the general law of variation of the momentum is ap- 
plicable to both fluids and gases with the only distinction that when a motion 
of a gas is considered then in the computation of the momentum it is necessary 
to take into account the dependence of the density of the gas on the pressure. 


110. Reaction Force of Flowing Fluid 


When a fluid flows along a pipe it acts on it with a reaction force. One can 
observe the action of such forces when the water starts running through a flex- 
ible hose (Fig. 298). If the hose is bent before the water starts running, the 
reaction forces sharply straighten the hose. Since the hose is flexible it cannot 
produce the force of a sufficiently large magnitude needed for changing the di- 
rection of the momentum of the water flowing through it and therefore the hose 
straightens so that the direction of the momentum of the water flowing out of 
the nozzle of the hose coincides with that of the momentum of the water entering 
the hose. In this section we shall discuss some examples in which the law of the 
variation of momentum is applied to the determination of the reaction force of a 
flowing fluid. 

Let us determine the reaction force of the water running through the tap 
shown schematically in Fig. 299. Let us consider the volume of the fluid marked 
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by dotted line in Fig. 299. The surface bounding this volume consists of the 
inner side of the tap and of the two cross sections A and B. Since the cross-section 
area of the tap is constant the absolute value v of the velocity v is the same for 
every section. Therefore the momentum of the amount of fluid flowing into the 
given volume every second is equal to 


Ka = pSvav (110.1. 


where p is the density of the water, vy, is the velocity in the section A and S 
is the cross-section area of the tap. The vector K, is directed perpendicularly to 


KK, 


FIG. 298 FIG. 299 


the section A. The momentum K, of the amount of fluid leaving every second 
the given volume through the cross section B has the same magnitude as the vec- 
tor K, and forms an angle of 90° with the latter. Therefore, the vector repre- 
senting the increment of the momentum is directed as shown in Fig. 299 and 
is equal to the corresponding force: 


K,;—K,z=F (110.2) 
The magnitude of the force F is 


FP = VK =Vipsv 


Now let us consider the forces acting on the volume of water under conside- 
ration. The action of the gravity force can be neglected* and therefore it only 
remains to consider the forces of pressure applied to the surface bounding the 
volume. The forces of pressure in the inlet and outlet sections A and B are equal 
(on condition that we neglect the water viscosity which is in fact very small). 
Indeed, Bernoulli’s equation implies that when the magnitude of the velocity 
is constant along a stream tube the pressure is also constant. The pressure in 
the outlet section A is equal to the atmospheric pressure. The forces of atmos- 


* The force of gravity acting on the fluid within the volume is practically very small 


in comparison with the sought-for reaction force. It is evident that, when necessary, this 
force can also be readily taken into account. 
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pheric pressure acting on the inlet and outlet sections of the tap are balanced 
by the pressure exerted on the tap from the outside and therefore the resultant 
of these forces is zero (the situation is similar to the case of an empty tap when 
the resultant of the forces of atmospheric pressure acting on the tap is equal to 
zero). 

Now we should only take into account the action of the forces of pressure 
with which the tap acts on the remaining part of the surface bounding the given 
volume. The sum of these forces equal to the resultant of all the forces of pres- 
sure exerted by the tap on the given volume of water coincides with F (that is 


FIG. 300 


with the per-second variation of the momentum whose magnitude and direc- 
tion are specified by (110.2)). It follows that the reaction force of the outflowing 
fluid applied to the tap is equal to the vector F in its magnitude, opposite in 
the direction, and passes through the point O (see Fig. 299) at which the lines 
of the momenta of the water in the inlet and outlet sections meet. 

Now let us determine the reaction force of the fluid flowing out of the vessel 


shown in Fig. 300. By Bernoulli’s equation (102.5), the outlet velocity of the 
fluid is 


2 
ee V2 (Po + yh) (110.3) 


where py is the pressure above the free surface of the fluid in the vessel* and h 
is the height of the fluid column over the opening. Let us consider the volume 
of the fluid shown in dotted line in Fig. 300. To simplify the calculations we 
shall assume that the vessel has a rectangular horizontal cross section. Then 
it is sufficient to consider the forces of pressure and the variations of the momen- 
tum of the fluid only on the surfaces normal to the jet; the variation of the mo- 
mentum of the fluid in all the other directions is equal to zero. Therefore, we 
shall only consider the forces and the variations of the momentum in the direc- 
tion of the velocity of the jet. 

Denoting by Sy the cross-section area of the jet we can write the per-second 
increment of the momentum in the direction of the jet in the form 


AK = pS,v* = Qu (110.4) 
* 


More precisely, po is the difference between the pressure under the free surface of the 
fluid in the vessel and the atmospheric pressure. 
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where Q is the mass flux during one second. The vessel acts on the fluid with the 
force F = AK and the reaction force R of the fluid exerted on the vessel is equal 
to F in its magnitude and opposite in the direction. The vector R represents 
the reactive force; it turns to be exactly equal to the reactive force specified by 
Meshchersky’s equation (see Sec. 27). The reactive force of the discharging jet 
can be determined experimentally by measuring the force acting on the vessel 
with the aid of a dynamometer as is shown schematically in Fig. 300. In prin- 
ciple, the thrust force of a reaction or rocket engine can be measured in the same 
way. 

Let us discuss the way in which the reactive force is transmitted to the walls 
of the vessel. The reactive force appears owing to the difference in the forces of 
pressure acting on the walls of the vessel. The pressure on the back wall (see 
Fig. 300) can be considered equal to py, + yh (where yh is the hydrostatic pres- 
sure, y is the specific weight of the fluid, and h is the depth) because the velocity 
of the flow near that wall is small (more precisely, it is very small in comparison 
with the velocity of the particles in the discharging jet). The pressure on the 
front wall (that is on the wall in which the opening is made through which the 
fluid outflows; see Fig. 300) is not equal to the pressure on the back wall. This 
can be proved as follows. Suppose that the pressures on both walls are equal. 
Owing to the forces of pressure acting on the area S’ = S, (lying on the back 
wall) which is opposite to the area S, of the opening in the front wall, the re- 
sultant force of pressure acting on the front wall must be less than the one acting 
on the back wall. Thus, the force exerted by the fluid on the back wall exceeds 
the force exerted on the front wall by a magnitude F’. Let us determine the force 
F’ (that is the force acting on the area S’) under the assumption that the dimen- 
sions of the area S’ are very small in comparison with h. It is evident that 


F" = Sy (po + yh) (110.5) 
Taking into account formula (110.3) we can write 
pik 
F =F PU'S 9 


Comparing the last expressions with (110.4) we see that the force F” is twice as 
small as the reactive force R. This discrepancy shows that the assumption that 
the pressure is the same on the opposite walls of the vessel is incorrect. Conse- 
quently, it is not allowable to neglect the increase of the velocity of the particles 
in the fluid flow adjoining the front wall near the opening. Because of this in- 
crease the pressure in a region near the opening reduces. For the complete de- 
scription of the distribution of pressure on the walls of the vessel it is necessary 
to analyse thoroughly the whole motion of the fluid within the vessel, which is 
a very complicated problem. However, it turns out that the application of the 
law of variation of momentum makes it possible to determine the reactive force 
in a rather simple way without an exhaustive analysis of the motion. 

Our argument shows that the pressure drop near the opening in the front wall 
results in a force equal to half the reactive force R. It should be noted that this 
inference only holds when the minimum cross-section area of the discharging 
jet is equal to the area S, of the opening, which is by far not always the case. 

When the passage from the vertical wall to the nozzle is smooth all the stream 
tubes in the discharging jet are parallel to the axis of the jet (see Fig. 301a) 
and the minimum cross-section area of the jet is equal to S,. When the passage 
from the wall to the nozzle is not smooth (Fig. 3016) the jet becomes narrower 
and its minimum cross-section area is less than S,. This phenomenon can easily 
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be explained. When the passage is not smooth (see Fig. 3015) the particles of 
the fluid approaching the opening along the vertical wall tend to the centre 
of the jet by inertia, and it is the pressure produced by the particles moving 
nearer to the centre of the jet that straightens the stream lines adjoining the 
walls at a certain distance from the opening. This results in a jet whose minimum 
cross section is less than the area of the opening. The ratio of the minimum cross- 
section area of the jet to the area of the opening depends on the shape of the edge 
of the opening and is determined experimentally. 


FIG. 301 


When the edge of the opening is sharp the minimum cross-section area of the 
jet can be considerably smaller than the area of the opening but it always exceeds 
half the area of the opening. In case the fluid outflows from the vessel through a 
pipe built in the wall of the vessel and having a sharp edge directed inside the 
vessel (see Fig. 301c) the minimum cross-section area of the jet is exactly equal 
to half the area of the opening. For, in this case, the velocity of the flow along 
the vertical wall of the vessel into which the pipe is fitted is very smal] and can 
be neglected because the vertical wall of the vessel is far enough from the open- 
ing. Then the pressure is the same on the opposite parts of the walls and, by 
(110.5), the reactive force must be equal to 


FY = So (Po + yh) (110.6) 


where S, is the area of the opening in the pipe. The law of variation of momentum 
implies that the reactive force is equal to 


F’ = S.pv? = S_-2 (po + yh) (440.7) 


where S, is the minimum cross-section area of the jet (see Fig. 301c). The com- 
parison of (110.6) and (110.7) shows that 


2S, = So (110.8) 


whence it follows that the ratio of the minimum cross-section area of the jet to 
the area of the opening is equal to 1/2. This relationship can readily be confirmed 
experimentally. | 

. The application of the law of variation of momentum is particularly useful 
in those cases when it is easy to determine the direction and the velocity of the 
jet. For instance, when the jet is incident on the blade of a turbine of the form 


378 MECHANICS OF DEFORMABLE BODIES 


shown in Fig. 3026 (the blade has two troughs) the force of pressure acting on the 
blade is twice as great as the force exerted by the jet incident on the plane blade 
shown in Fig. 302a (provided that the velocities and the cross-section areas of 
the two jets are equal). Of course, what has been said applies only when it is 
allowable to assume that the velocity of the jet retains its magnitude after the 
impact against the blade with the troughs and when the velocities of both blades 
are equal and are sufficiently small in comparison with the velocity of motion 
of the particles of the fluid in the jet. 


FIG. 302 


111. Flow of a Viscous Fluid in a Pipe 


When a motion of a fluid is investigated there are many cases in which it is 
allowable to neglect viscous forces and to consider the motion as if there were 
no viscosity. This approach proves useful, firstly, because the general methods 
for the thorough analysis of a flow of a viscous fluid have not yet been elaborated 
and, secondly, because there are a large number of important cases in which the 
results of the experiments with a viscous fluid coincide, with an admissible 
accuracy, with the results of the theoretical analysis of the flow of a perfect (non- 
viscous) fluid. On the other hand, there are of course many situations in which 
the neglect of viscosity leads to essential errors. 

As is known, the viscous forces are proportional to the variation of the veloc- 
ity of the flow in the direction perpendicular to the velocity and therefore the 
action of these forces is particularly noticeable in the places where the variation 
of the velocity is large. When a viscous fluid flows around a solid body the par- 
ticles of the fluid adjoining the body stick to it and have zero velocity relative 
to the body. Therefore the increase of the velocity of the flow from zero to non- 
zero value takes place in the vicinity of the surface of the body. In this region 
the viscosity of the fluid plays an essential role. On the other hand, in the parts 
of the flow lying far from the body the variations of the velocity are compara- 
tively small and the influence of the viscosity is negligible. 

The layer of the fluid surrounding the body in which the magnitude of the 
velocity grows and for which the influence of the viscosity is essential is called 
a boundary layer. In some cases this layer is very thin and its influence can be 
neglected; then the flow of the viscous fluid is quite similar to the flow of a per- 
fect (non-viscous) fluid around the same body. In some other cases the boundary 
layer is not thin and then it is not allowable to neglect the viscosity. For in- 
stance. when a viscous fluid flows in a narrow pipe the boundary layer can fill 
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the whole volume of the fluid; in this case the analysis of the flow must involve 
the viscous forces. 

Let us consider the experiment whose scheme is shown in Fig. 303. In this 
experiment a viscous fluid flows in a horizontal pipe with a constant cross sec- 
tion and the distribution of pressure along the pipe is measured with the aid of 
manometric tubes. When the fluid is sufficiently viscous (for instance, such is 
glycerine) or when the pipe is sufficiently thin (or both), the pressure drop is 
aniform along the pipe. This conclusion follows from the experimental fact that 


FIG. 303 


the levels of the fluid in the equidistant manometric tubes lie on an inclined 
straight line (see Fig. 303). 

If the fluid were non-viscous the levels would be the same in all the tubes and 
the pressure would be constant along the pipe. Indeed, the fluid can be considered 
almost completely incompressible and therefore the velocity of the flow is the 
same in all the cross sections of the pipe because the cross-section area is con- 
stant. Consequently, when the fluid is non-viscous Bernoulli's equation implies 
that in the case under consideration the pressure must also be constant along 
the pipe. 

For a viscous fluid, besides the forces of pressure, every particle of the fluid 
in the stationary flow along the pipe with a constant velocity is acted upon by 
viscous forces, which produces a pressure drop along the pipe. Since the flow 
along the pipe is rectilinear and the velocities of all the particles are directed 
along the axis of the pipe, the viscous forces act only in the direction of that 
axis. The pressure drop in the pipe is balanced by the viscous forces and there- 
fore the velocity of the fluid remains constant along the pipe. 

Let us dwell in more detail on a stationary flow of a viscous fluid along a 
rectilinear horizontal pipe of constant circular cross section. In this case the 
pressure is the same in every cross section. For, if otherwise, the stream tubes 
would be curved and there would appear fluid streams across the pipe. All the 
particles of the fluid adjoining the walls of the pipe stick to the walls and their 
velocity is equal to zero. By the symmetry, all the particles in a thin ring-shaped 
layer of the fluid (with the axis coinciding with that of the pipe) must have the 
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same velocity. The whole fluid can be divided into sufficiently thin concentric 
ring-shaped layers of this kind and the velocity is the same within every layer. 
Therefore, the magnitude of the velocity of the flow must depend solely on the 
distance r between the particle of the fluid and the axis of the pipe. 

Let us mentally separate from the flowing fluid a cylinder of radius r and length 
dl (see Fig. 304). Since the fluid is in a uniform motion the sum of all the forces 


FIG. 304 


applied to it is equal to zero. The difference between the forces of pressure acting 
on the opposite bases of the cylinder is equal to 


[ p—(p+-<P dt) | xr? — — dinar 


It follows that this difference must be balanced by the viscous forces applied to 
the lateral surface of the cylinder. The resultant of the viscous forces equals the 
area 2nr dl of the lateral surface times the tangential stress t produced by the 
viscous forces. Consequently, the condition that the sum of all the external forces 
acting on the cylinder is equal to zero can be written in the form 


— 2 diar?—v.2nr dl =: Q 


whence 
PP pe (111.1) 


By Newton’s law (see formula (39.1)), the tangential stress produced by the 
viscous forces is proportional to the derivative of the velocity in the direction 
perpendicular to it, that is in the direction of the radius r: 


T= —ps (114.2) 


where wp is the viscosity coefficient of the fluid (the minus sign on the right-hand 
side of (111.2) is placed because the velocity reduces as the radius increases). 
On substituting (411.2) in equality (111.1) we obtain 


ee ye (144.3) 


The gradient of the pressure a along the axis of the pipe is independent of the 


radius because the pressure p is constant throughout any cross section. There- 
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FIG. 305 FIG. 306 


fore, equation (111.3) enables us to find the dependence of the velocity of the 
flow on the radius by integrating the equation with respect to the radius and 
taking into account that for the velocity of the$particles of the fluid adjoining 
the walls of the pipe there must be v (R) = 0. The integration results in 


? 


F D 
\ rdr=2y \ dv (111.4) 
R 0 


where # is the radius of the pipe. On performing the calculations we obtain 


5 oP (2 — RY) = Qu 


whence 


ee 

4u 
Since the pressure drop in the direction of the velocity is uniform, the expres- 
sion — es is positive and constant. The velocity achieves its maximum value 
on the axis of the pipe and the distribution of the magnitude of the velocity over 
the diameter of the pipe obeys a parabolic law (Fig. 305). The maximum veloc- 
ity is given by the formula 


( —?) (R2—r2) =v (141.5) 


_ RR? (dp 
Vmax = Gy ( 2) 


The distribution of the velocity of a flow of a viscous fluid in a pipe can be 
demonstrated by a dye experiment in which the interface between two layers 
of the fluid is observed. The scheme of the experiment is shown in Fig. 306a. 
The vertical glass pipe is filled with a dyed viscous fluid over which an amount 
of the same fluid without the dye is carefully poured. In the state of rest the 
interface is horizontal. After the tap below the pipe is opened the viscous fluid 
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starts to move slowly and to outflow from the pipe which causes the interface to 
change its shape and elongate along the axis of the pipe (see Fig. 306a). 
Knowing the distribution of the velocity we can readily compute the volume 
flow rate Q (that is the volume of the fluid passing through the cross section of 
the pipe during one second). The volume of fluid passing every second through 
the ring of radius r and width dr (the area of the ring is 2mr dr; see Fig. 306b) 
is equal to dQ = v2nr dr. Consequently, for the whole cross section we obtain 


uR4 ( dp 


a= j dQ —28 | ordr = 22 (—) [ (Ryde om —F) its 
0 0 


(in the derivation of (111.6) we have taken into account formula (111.5)). 
Relation (111.6) can be used for the construction of a device for the measure- 
ment of the viscosity coefficient u a a fluid. The scheme of the device is shown in 


Fig. 303. The value of the gradient —- can be found from the results of the meas- 


urement of the pressure at aiitstent: oa of the pipe. Since the pressure drop 
is proportional to the length reckoned along the axis of the pipe we have 


aR* pi— pt 
a ae a (111.7) 


where p, is the initial pressure (at the beginning of the pipe) and p; is the ter- 
minal pressure (at the end of the pipe; the length of the pipe is denoted 1). The 
volume flow rate Q can be determined directly by measuring the amount of 
fluid passing through the pipe during a definite time interval. Knowing the radius 
R of the pipe we can calculate the viscosity coefficient uw of the fluid after the 
quantities p,, py, and Q have been measured. 

A flow of a fluid in a cylindrical pipe for which the velocities of the particles 
are everywhere directed along the axis of the pipe is an example of a laminar 
flow. This type of a flow of a viscous fluid is observed when the velocity of the 
flow is small. As the velocity of the flow increases and the pressure drop between 
the ends of the pipe grows there arises a new phenomenon in which the flow is 
of an essentially different character: instead of a quiet laminar motion there 
arises a turbulent (eddying) flow. 

The appearance of a turbulent flow can easily be observed in an experiment 
with a horizontal glass pipe through which the water from the vessel flows out 
(see Fig. 307). A thin jet of dyed water is added to the water stream as shown in 
Fig. 307a. When the velocity of the water in the pipe is not high the flow is 
laminar and the dyed jet is seen as a thin almost straight line going along the 
axis of the pipe (Fig. 307b). As the velocity of the flow is increased gradually. 
for a certain value of the velocity there suddenly arises a turbulent motion of 
the fluid and the dyed jet takes the form of a wide band with uneven edges (see 
Fig. 307c). 

For a stationary turbulent motion the velocity of the fluid particles at a given 
place does not remain constant either in its magnitude or in direction. Both the 
magnitude and the direction of the velocity fluctuate irregularly. At the same 
time the mean (average) value of the velocity is a definite vector quantity di- 
rected along the axis of the pipe. 

The phenomenon of the appearance of turbulence will be discussed in more 
detail in Sec. 113. Here we confine ourselves to the remark that the distribution 
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of the mean velocity of a turbulent flow over the diameter of the pipe (see 
Fig. 308) is completely different from the one observed in a laminar motion 
(Fig. 305). In a turbulent motion the mean velocity remains constant over al- 
most the whole cross section of the pipe and it drops up to the zero value only 
near the walls of the pipe. The boundary layer near the walls of the pipe occupies 
a comparatively small part of the flow and in a wide region surrounding the cen- 
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tre of the flow the velocity field is almost homogeneous and is very similar to the 
one observed in a flow of a non-viscous fluid in a pipe. For a laminar flow (see 
Fig. 305) we can say that there is no boundary layer at all (since owing to the 
viscous forces the velocity field varies in all the parts of the pipe including the 
central layer and the layers adjoining the walls) or, alternatively, we can say 
that the boundary layer occupies the whole flow of the fluid. 


CHAPTER 13 


Action of a Fluid or Gas Flow 
on a Body 


112. Drag Force 


The forces with which a flow acts on a solid body placed into it can always be 
reduced to one resultant force and one resultant moment. The resultant force can 
always be resolved into two mutually perpendicular components one of which 
is direeted along the flow and the other perpendicularly to it. The component 
directed along the flow is the drag force (or, simply, the drag) caused by the 
resistance of the fluid or gas. For a symmetric body placed so that its axis of 
symmetry goes along the flow the force exerted on the body by the flow is 
obviously directed along the latter, that is the whole force reduces to the drag. 

Experiments show that the drag force depends on the shape and on the dimen- 
sions of the body, on the velocity of the flow and onthe physical properties of the 
fluid. It turns out that for geometrically similar bodies the drag force is propor- 
tional to the area of the section of the body perpendicular to the direction of the 
flow (i.e. perpendicular to the velocity v of the flow), to the dynamic head 
ov?/2 and to a coefficient C,, called the coefficient of drag for the bodies of the 
given shape. In the general case the coefficient of drag C,. does not remain con- 
stant and depends on the Reynolds number Re = vilp/p where / is the character- 
istic length scale for the given body, v is the velocity of the flow, o is the den- 
sity of the fluid and p is the viscosity coefficient of the fluid. The physical nature 
of this dependence will be discussed in the next section. 

In Fig. 309 we see the diagram representing the relationship between the coef- 
ficient of drag and the Reynolds number Re for a ball. Since the Reynolds num- 
ber is proportional to the velocity of the flow, the drag force is also proportional 
to the velocity for small values of the number Re (approximately, for the values 
not exceeding 100). For the values of Re ranging, approximately, from 100 to 
105 the coefficient of drag remains almost constant, which means that in this 
transitional region the drag force is proportional to the square of the velocity. 
In the vicinity of Re ~ 1.5 x 105 the coefficient C, sharply changes its value 
and then remains almost invariable as the number Re increases further. For 
a ball the dependence of the magnitude F of the drag force on the velocity is 
represented by the diagram in Fig. 310. The region a in the figure corresponds to 
the linear dependence; the region b is the first region of quadratic dependence 
to which there corresponds the coefficient of drag C,. ~ 0.4; the region c is the 
second region of quadratic dependence which is characterized by the values of 
C,. ranging from 0.1 to 0.2. 

Before proceeding to the analysis of the characteristic features of a flow of a 
viscous fluid around a body and to the investigation of the phenomena causing 
the changes of the drag depending on the velocity we make some remarks con- 
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FIG. '309 


a the drag force exerted by a perfect (ideal) fluid (that is by a non-viscous 
uid). 

When the velocity of the flow of a perfect fluid around a body with a smooth 
surface is small the flow-around is smooth; for instance, the stream tubes of a 
flow of an ideal fluid around a ball are entirely symmetric relative to the latter 
in the case of a smooth flow-around (see Fig. 311). Since we assume that there are 
no viscous forces the surface of the ball is only acted upon by forces of static 
pressure. Because of the symmetry of the flow, the cross section of a stream tube 


FIG. 310 


at any point A in front of the ball coincides with the cross section at the point 
RB which lies behind the ball and is symmetric to A. Consequently, the velocity 
of the flow is the same at these points and so is the pressure. Therefore, the re- 
sultant force acting on a ball placed in a homogeneous flow of a perfect fluid is 
equal to zero. A thorough theoretical analysis of a smooth flow-around for any 
body placed in the flow shows that in the case when there is no flow separation 
the drag forcejis equal to zero (this is known as D’Alembert’s paradoz). 
However, for a body placed ina fluid flow a smooth flow-around without flow 
separation is only observed when the velocity of the flow is very small. Such a 
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flow-around can easily be observed with the aid of the device shown in Fig. 283: 
on placing a small smooth cylinder into the flow we can see the stream lines di- 
verging in front. of the cylinder and converging behind it. This case is shown i: 
Fig. 312a where the stream lines of a smooth flow-around ‘are depicted for th: 
cylinder. 

As the velocity of the flow is increased and achieves a certain value the char- 
acter of the flow-around essentially changes (see Fig. 312b). The stream lines 
no longer converge behind the cylinder; there arises a stalled flow-around (wit! 


FIG. 311 


separation of the flow), and behind the body there appears a region filled with 
eddies (vortices). Fig. 312b shows the stream lines of the stalled flow around the 
cylinder. In the region with vortices behind the cylinder it is difficult to observe 
distinct stream lines. The flow in this region is highly irregular; this part of the 
flow is clearly separated from the region of a regular flow where the stream lines 
are easily observable. In this case the distribution of pressure in front of the body 
and behind it is no longer symmetric. In front of the body the distribution of 
pressure is approximately similar to the one in the smooth flow-around, that is 
the pressure in the vicinity of the stagnation point and at that point itself ex- 
ceeds the static pressure by, approximately, pv*/2 (that is by the magnitude of 
the dynamic head). On separating from the body the stream lines become more 
rectilinear behind the body. In the region with vortices behind the body the 
pressure is less than in front of the body and is approximately equal to the static 
pressure in the unperturbed flow far from the body. Consequently, even in the 
case of a perfect fluid the appearance of the phenomenon of flow separation re- 
sults in a force directed backwards. It is the change in the distribution of pres- 
sure behind the body that accounts for the drag force exerted on the body by a 
stalled flow. 

In the general case when a perfect fluid flows around an arbitrary body the 
flow separation causes a redistribution of pressure over the surface of the body 
such that the resultant force is different from zero and the flow of the non- 
viscous fluid exerts a definite drag force on the body. 

When a body is placed in a flow of a viscous fluid the latter exerts on the body 
tangential viscous forces whose resultant is directed along the flow. Experiments 
show (see Fig. 312a) that the viscous fluid exerts a drag force on the body even 
when there is no flow separation and even when the flow is symmetric with res- 
pect to the body. This drag force is due to the tangential viscous forces whose 
distribution in the case of a cylinder is shown schematically in Fig. 313. 
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The character of the motion essentially changes when the flow separation arises 
in a viscous fluid. In this case, besides the tangential forces acting owing to the 
viscosity, an important role is played by the redistribution of the forces of pres- 
sure caused by the flow separation, which results in an additional resistance 
force acting on the body in the direction of the flow. When the velocity of the 
flow is large (more precisely, when the Reynolds number Re is large) the forces 
generated by the redistribution of pressure near the surface of the body play a 
predominant role. 
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FIG. 312 


Another phenomenon accompanying the flow separation is the generation of 
discrete vortices behind the body (in the region filled with eddies) near the part 
of the surface of the body where the flow separates from it. These vortices appear 
regularly or irregularly and fill the region with eddies. It is clear that these 
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vortices generated in the vicinity of the body and carried away by the flow pro- 
duce fluctuations of the flow and, consequently, fluctuations of the pressure near 
the surface of the body. These fluctuations can be regular or irregular depending 
on whether the generation of the vortices is periodic. It is rather difficult to 
measure these fluctuations of the pressure or to calculate them theoretically. 
However, it is clear that the time average of the fluctuations of the pressure 
gives an additional component of the drag force (this part of the drag force is 


FIG. 313 


called the eddy-making resistance). 

The appearance of this additional 
drag force can be confirmed by the 
following argument. Suppose that a 
body moves uniformly in a fluid so 
that there appear vortices behind it 
(the vortex wake). After the body has 
passed, the fluid in the wake is in a 
rotary motion and hence possesses 
some kinetic energy. The only pos- 
sible source of this energy is the work 
of a force applied to the body as it 
moves uniformly. By the law of con- 
servation of energy, the kinetic energy 
of the eddying motion in the vortex 
wake must be equal to the work of 
the drag force. 


Thus, we can indicate the following three factors causing the drag force acting 
on a body placed in a flow of a viscous fluid: (a) the viscosity of the fluid produc- 
ing tangential viscous forces, (b) the redistribution of pressure because of the 


Shape of the body and direction of flow 


> | 
“— @ 


Disk 


Hemispherical cup 


Ball 


Drop-shaped solid of 0.045 


revolution 


C.. Re 
1.11 
1.35-1.40 0-5 x 108 
0.30-0.40 
0.4 2x 108-2 .5 x 105 
0.1-0.2 3x 105-7 x 10° 


1.5 x 105-6 x 108 
0.41 
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flow separation behind the body, and (c) the fluctuations of the pressure appear- 
ing because of the generation of vortices behind the body which are carried away 
by the flow. 

In the table above are given the mean values of the coefficients of drag for 
the bodies of various shape. 

As is seen from the table, the shape of the rear part of the body plays a very 
important role: among the bodies having the same cross-section area the one of 
a drop-shaped form with its blunt nose facing the flow and with a smooth sharp- 
ening of its rear part undergoes the minimum resistance. The smooth sharpen- 
ing makes the stream lines of the flow around the body converge behind it; this 
reduces the region of the separation of the flow or even prevents the flow from 
the separation. The flow around the body is smooth over most part of its surface 
and resembles the one observed in the case of a perfect fluid. The pressure in the 
region behind the body where the stream lines converge becomes greater and 
the drag force reduces. 

Conversely, when the sharpening of a drop-shaped body faces the flow the 
drag force increases because in this case almost the whole rear part of the body 
is in the region where the flow separates from the body, the-:stream lines do not 
converge smoothly behind the body and the resistance grows. That is why the 
various parts of an airplane are designed so that they have a stream-lined form, 
which reduces the air resistance exerted on the airplane. | 


113. Dynamical Similarity of Bodies 


As it follows from the foregoing sections, the phenomena in a flow of a vis- 
cous fluid around a body are rather complex and in most cases it is not yet pos- 
sible to determine the drag force theoretically. That is why the forces exerted 
on a body by a flow are usually determined experimentally. However, there are 
many cases of practical importance when a direct measurement of the forces 
acting on a body (for instance, on an airplane, on a ship, and the like) is very 
difficult or very expensive or even practically impossible. It is therefore expe- 
dient to try to measure such forces for a smaller body which is geometrically 
similar to the body in question and then, proceeding from the data obtained 
for the small model, to draw the necessary conclusions concerning the action of 
the flow on the real body. It turns out that for this approach to be applicable it 
is necessary that, besides the geometrical similarity of the bodies, the dynamical 
similarity of the flows should take place. 

A simple geometrical similarity of the bodies is obviously insufficient because, 
depending on the velocity of the flow and on the properties of the fluid, the char- 
acter of the flow around the bodies can be quite different. Therefore, when speak- 
ing of a dynamical similarity, we mean not only the similarity of the shapes of 
the bodies and of the stream lines of the flows but also the similarity of the rela- 
tionships between the forces of different physical nature for every part of the flow 
both for the model and for the body under consideration. 

Every particle in a flow of a viscous fluid is acted upon by two forces, namely 
by the force of the pressure and by the viscous force (provided that the force of 
gravity of the particle is negligibly small). The sum of thesesforces equals the 
mass of the body times its acceleration. For the sake of brevity, we shall tempo- 
rarily refer to the product of the mass by the acceleration taken with opposite 
sign as the “inertia force”.* We can say that every particle of the fluid is always 


. i oll “inertia force isused in the sense different from the one we mean throughout 
the book. 
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under the action of the three mutually balancing forces: the “inertia force”, 
the force ofjpressure, and the viscous force. The sum of the three forces being 
equal to zero, only two of them are independent. Therefore, as a measure of the 
dynamical similarity we can take the ratio of any two of these forces. Usually 
the ratio of the “inertia force” to the viscous force is taken as this measure. This 
ratio is a dimensionless quantity; it is proportional to the Reynolds number, 
which is also dimensionless. When there are two geometrically similar bodies 
placed in flows of viscous fluids with similar configuration of the stream lines 
for which these ratios are equal we have what we call the dynamical similarity. 


FIG. 314 


It follows that when the Reynolds numbers are equal for the flows around a 
given body and around its model, the ratio of the “inertia force” to the viscous 
force is the same for both flows and, consequently, the flows around the model 
and around the body are similar not only geometrically but also dynamically. 

Let us take a very simple example and determine the ratio of the “inertia 
force” to the viscous force for a particle of a viscous fluid in the presence of forces 
of viscous friction. To this end we shall write the equation of motion for a 
flow of a viscous fluid in a constant direction near a plane wall (Fig. 314). 

Let the velocity v depend on time ¢ and on the coordinate y reckoned in the 
direction perpendicular to the wall, the z-axis going along the wall in the direc- 
tion of the velocity. An element a dz dy of the volume of the fluid (here a is the 
dimension of the element in the direction perpendicular to the plane of the 
figure) is acted upon by the force of pressure pa dy exerted on the left-hand face 


of the element, by the viscous force p = a dx exerted on the lower face, by the 
2 
viscous force u (S+5ady a dx exerted on the upper face and by the force 


of pressure ( p +cE dz) a dy exerted on the right-hand face. The sum of these 
forces must be equal to the product 


pS ade dy 
of the mass by the acceleration. Hence, the dynamical equation has the form 


popadridy = —<P adzdy+poradzdy (113.1) 
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By (101.3) for a stationary flow along the z-axis we have 


dv 
at - dz 


and therefore (113.1) can be rewritten as 


2 
(pv = a ar) adz dy =0 (113.2) 
This is the basic relation expressing the equilibrium of the forces acting on a 
particle in a stationary flow of a viscous fluid along the z-axis. 

Let us agree to supply the quantities concerning a real body (for instance, an 
airplane, a ship, etc.) with the subscript r and the quantities concerning a model 
of the body (which is geometrically similar to the given body) by the subscript 
m (the same notation will be used for the fluid flows around the body and around 
its model). On the basis of (113.2) we can write the similarity condition 


OUr OUm 
Prvr = Pm’m 
Ory 02m 
io, en Coes) 
r mr m 
Pr ay? m oy3, 


Relation (413.3) can be transformed to the equality 

Hr Pm Um OUp OT OY oe 
Let J,, be a characteristic length scale for the model and J, be the analogous length 
scale for the real body. Then for the dynamically similar flows we can write 


71 eg a 

62m} Im’ Ym ln? “Gm Um and Fm Um ae 
Now, taking into account conditions (113.5) we can rewrite the basic condition 
of the dynamical similarity (113.4) in the form 


Pr’rir _ Om¥m!m 
Mr Um 
Since Re = la we can say that, the greater the Reynolds number Re, 


the smaller is the relative magnitude of the viscous forces, that is the more 
similar is the flow of the viscous fluid to a flow of a perfect fluid (without vis- 
cosity). When this number is very smal] the viscous forces dominate in the 
given flow. 

The Reynolds numbers can be compared in order to draw a definite conclusion 
only when the given bodies and the fluid flows around them possess geometrical 
similarity. In this case an increase of the Reynolds number means that the ratio 
of the “inertia forces” to the viscous forces has increased the same number of 
times. 

When the bodies are of different shape but resemble each other in a certain 
sense (for instance, when we deal with pipes of different cross sections, with 
wings of different airplanes, and the like) the comparison of the corresponding 
numbers Re only approximately indicates a change in the relationship between 
the “inertia forces” and viscous forces. The character of a flow around a body 
(for instance, the appearance of a flow separation) is determined not only by the 
shape of the body but also by the relationship between the “inertia forces” and 
the viscous forces. To investigate in more detail the influence of this relationship 


(413.6) 
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on the character of a flow-around we shall consider in the next section the,boun- 
dary layer, its connection with the generation of vortices and the separation of 
the flow. 

The appearance of a turbulent motion in a pipe instead of a laminar flow (see 
the foregoing section) is also specified by the relationship between the “inertia 
forces” and the viscous forces. In a pipe with a circular cross section a laminar 
flow is observed for the velocities corresponding to the numbers Re not exceeding, 
approximately, 1000 while for greater velocities (when Re > 1000) the flow 
usually becomes turbulent. 


114. Boundary Layer 


As was indicated earlier, when a fluid or a gas with small viscosity flows around 
a body the role of the viscous forces is essential] only in the vicinity of the body 
or, aS We Say, in a thin boundary layer within which the velocity grows from a 
zero value on the surface of the body to a non-zero value at a certain distance 
from the body. The formation of the bounadry layer,is specified not only by the 
properties of the fluid but also by the shape of the body. For instance, when a 
plane plate is placed in a flow So that it is parallel to the direction of the flow 
(see Fig. 315) the boundary layer widens along the flow. Under the action of the 
viscous forces in the fluid this layer becomes wider towards the back edge of 
the plate; Fig. 315 shows schematically the velocity field near the plate. For 
the sake of visuality the width of the boundary layer in the figure is enlarged 
and the arrows representing the velocities of the particles are depicted more 
densely within the layer. 

As can be shown by means of theoretical calculations, the width 6 of the bound- 
ary layer can be estimated approximately by using the formula 


bt 

L ~ V7 Re 
The ratio _ of the width 6 of the boundary layer to the characteristic length 
scale 1 of the body (this ratio characterizes the relative width of the boundary 
layer) is inversely proportional to the square root of the Reynolds number. We 
do not present the derivation of this formula and confine ourselves to the remark 
that this simple relation proves useful for approximate calculations. For instance, 
for a ball of diameter 10 cm placed in an air flow with velocity 30 m/s the 


c 2 
Reynolds number is Re =o = 2x 10° (for the air we, have 


u/p ~ 0.15 cm?/s for 20 °C). Consequently, in this case the width of the boun- 
dary layer for the ball is approximately equal to 


=~ 0.022 mm 


(114.4) 
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As the velocity of the flow grows the width of the boundary layer reduces. 
For very small values of the Reynolds number (of the order of unity) the width 
of the boundary layer is of the order of the dimensions of the body (see (114.1)). 
Although in this case formula (114.1) is not applicable in the strict sense the 
conclusion we have drawn does not contradict reality because for such small 
values of the Reynolds number it is no longer possible to speak of a definite 
boundary layer since the region of the variation of the velocity field involves the 
whole flow or its considerable part surrounding the body. We dealt with motions 
of this kind when the example of a laminar flow of a viscous fluid in a pipe was 
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considered (Sec. 141) and when the fall of a small ball in glycerine was studied 
(Sec. 40). For instance, the velocity of the fall of a steel ball with diameter 2 mm 
in glycerine is approximately equal to 2 cm/s for, by (40.3), we have 


_ 2 Pon 2 8B—1 apg oe 
Ua Ea Be gas x 0.12 ~ 2 cm/s 


Therefore, the value of the Reynolds number is Re = 2X2" 


Sa © 0.06 because 


FIG. 315 


. ~~ 6.8 cm?/s for glycerine. We see that in this case the width of the “boundary” 


layer exceeds considerably the dimensions of the ball. 

When the values of the Reynolds number exceed 104 the width of the boundary 
layer is less than 0.01 the dimension of the body. Consequently, for large values 
of the Reynolds number (for Re > 10*) it makes sense to speak of a thin boun- 
dary layer surrounding the body. In what follows we shall always mean a boun- 
dary layer of this kind. 

A flow of a fluid with small viscosity around a cylinder can be approximately 
characterized as follows. In the vicinity of the surface of the cylinder there ap- 
pears a layer of fluid with zero velocity or with a velocity very close to zero, that 
is the boundary layer. Within this layer the velocity of the flow changes sharply 
and increases from the zero value on the surface of the body to a non-zero value 
at a short distance from the body while outside the layer the flow is almost com- 
pletely similar to a flow of a perfect (non-viscous) fluid. One may think that 
the presence of the boundary layer only results in the appearance of smal] tan- 
gential forces and in a small change of the effective dimensions of the cylinder. 
But it turns out that for the large values of the Reynolds number the character 
of the flow-around essentially changes because of the flow separation and the 
generation of turbulence. 

Let us consider qualitatively the influence of the boundary layer on the char- 
acter of the flow-around. On the front part of the cylinder where the velocity 
of the flow outside the boundary layer increases in the direction of the flow while 
the pressure drops, the presence of the boundary layer does not affect. noticeably 
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the character of the flow and the distribution of pressure in this part of the 
boundary layer is almost the same as in the flow of the fluid near the layer. The 
pressure on the front surface of the cylinder drops in the direction of the flow, 
which reduces the boundary layer and the deceleration of the particles of the 
fluid produced by the viscous forces. We can say that the pressure drop along 
the flow “reduces the number of the particles” in the boundary layer. 

The character of the flow is quite different behind the cylinder (or near the 
rear part of a ball or some other body) where the stream tubes widen along the 
flow, the velocity of the particles decreases in the direction of the flow while the 
pressure grows. In this zone the decelerative action of the pressure on the parti- 


FIG. 316 


cles grows withiii the boundary layer so that a further increase of the velocity 
of the flow resulting in a further increase of the pressure drop can stop the par- 
ticles near the body or even make them move in the direction opposite to the 
flow (see Fig. 316). The particles moving in the opposite direction along the 
surface of the body and the particles of the incident flow meet on a certain “sepa- 
ration” boundary and the former particles start to rotate under the action of 
the latter. Therefore, there arises a rotational motion of the particles which 
involves more and still more amounts of fluid. These rotating amounts of fluid 
are carried away from the body by the flow and proceed to rotate due to the iner- 
tia. As aresult, there appears a zone of eddies, that is a region filled with vorti- 
ces. When the Reynolds number exceeds a certain value (for a ball this value is 
approximately equal to 3 x 105°) the boundary layer itself becomes turbulent, 
which reduces the region of the flow separation and decreases the coefficient of 
drag (see Fig. 309). 


115. Measuring Forces Acting on a Body in a Flow 
of Fluid or Gas 


The action of a flow on a body depends on the motion of the body relative to 
the particles of the fluid. It is evident that the acting force is the same when the 
body moves relative to a motionless medium?or when the medium moves with 
the same velocity relative to the body. ® 
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When an airplane, or a ship, or a submarine is designed it is necessary to know 
the magnitude of the corresponding force exerted by the air or by the water on 
the body. To determine such forces special models are tested. To this end the 
model of the ship is towed with a definite velocity over the water surface in a 
model testing basin and the corresponding forces are measured, a model of an 
airplane is tested in the air flow in a wind tunnel (see the scheme in Fig. 317), 
and the like. 

A model is always tested in a bounded flow (within a testing basin or in a 
wind tunnel) and there is therefore a difference between experiments in which 


FIG. 317 


a body moves in an unbounded motionless medium and experiments in which a 
model is placed in a flow. The matter is that the boundaries of the basin or the 
walls of the tunnel (that is the boundaries of the flow) always introduce some 
distortion in the flow-around. Therefore, to eliminate the distortion (practically, 
to make it negligible) the dimensions of the model must be sufficiently small in 
comparison with the dimensions of the flow (that is in comparison with the width 
and the depth of the basin or with the diameter of the tunnel). 

In Fig. 317 is shown a scheme of a wind tunnel where 4 is the ventilator rotated 
by motor 3. The air flow in the tunnel is almost closed; it has gap 7 in which an 
almost homogeneous flow is created. Model 2 is placed on the wind tunnel bal- 
ance by means of which the forces acting on the model are measured. The di- 
mensions of the flow, of the tunnel and of the model are chosen so that the in- 
fluence of all the other objects surrounding the flow is negligibly small. 

The measurement of the forces by means of a balance is sometimes inconveni- 
ent; in these cases an alternative method can be used which is based on the law 
of variation of momentum (see Sec. 109). This method makes it possible to de- 
termine the forces exerted by the flow on the given body by measuring the veloc- 
ity and pressure fields around the body. 

Suppose that a small axially symmetric body (Fig. 318) is placed in an air 
flow. On measuring the velocity and pressure. fields in front of the body and 
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behind it we can determine the corresponding drag force. Indeed, let Ky be the 
momentum of the amount of air passing during one second through the plane 
area AB and K, be the momentum of the amount of air passing during one second 
through the plane area A’B’ parallel to AB, the corresponding forces of pressure 
being py, and p’. Then the force R’ with which the body acts on the flow can 
be found from the equality 


K,—K,=p+p +R 


FIG. 318 


which results in 
R' = K,— Kk, — (po + PD’) 


Of course we suppose that the areas AB and A’B’ are sufficiently large and 
that the momenta of the particles passing through the lateral cylindrical surface 
(this surface is shown schematically in dotted line in Fig. 318) can be neglected. 

It often happens that the magnitudes of the pressures in front of the body and 
behind it are almost the same, that is p’ + Dy ~ O. In this case the pressure 
can be neglected and the drag force R = — R’ acting on the body is equal to 
the difference between the per-second fluxes of the momenta of the fluid in front 
of the body and behind it: j 


R=K,—K, : 


In the general case the body is acted upon not only by the drag force (directed 
along the flow) but also by a force normal to the flow. In this case the resultant 
force with which the flow acts on the body can also be found from the per-second 
variation of the flux of the momentum of the fluid passing through a closed sur- 
face surrounding the body provided that the velocity and the pressure at the 
points of this surface have been measured. 
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116. Lift Force of a Wing of an Airplane 


An important example of a force with which a flow acts on a streamlined body 
is the lift force acting on a wing of an airplane. A wing can be considered as a 
plate of a definite profile; as a crude model of a wing we can take a plane plate 
placed at an angle a@ to the flow (the angle of incidence or angle of attack; see 
Figs. 319 and 320). A real wing has a rounded front part (the head edge) and a 
sharp rear part. They are called the leading edge and the trailing edge of the 
wing, respectively. 

The reaction force of the air (or fluid) acting on a wing can always be resolved 
into two components: the normal component F, (the lift force) and the drag for- 
ce R (see Fig. 319). When the angle of attack a is small the force F, is much great- 
er than 2. In a flight of an airplane the angle of attack is usually such that the 
lift force F; is much greater than the force R. 

One of the first elementary explanations of the appearance of the lift force 
was suggested by Newton. In this explanation the particles of the air which do 
not adjoin the wing are considered completely motionless. When the wing ap- 
proaches such particles it makes them move downwards and forwards due to the 
increase of the pressure under the wing. On calculating the per-second variation 
of the momentum of the particles and the difference between the pressures on the 
upper and the lower surfaces of the wing we can determine the lift force. 

Thus, the wing imparts a momentum directed downwards to the particles it 
meets and the particles, in their turn, exert on the wing a force directed upwards. 
The pressure on the lower surface of the wing exceeds that on the upper surface, 
which results in a lift force acting on the wing and balancing the weight of the 
airplane. 

As is seen from Fig. 319, the velocity of the particles of the air flowing near 
the upper surface of the wing exceeds the velocity near the lower surface because 
the stream tubes above the wing are narrower than below the wing. Bernoulli’s 
equation implies that to a greater velocity there corresponds a lower pressure; 
consequently, the force of pressure on the upper surface is less than the force 
acting on the lower surface, which causes the lift force. The difference of the 
pressures on the upper and on the lower surfaces can readily be checked expe- 
rimentaly. 

Newton himself made an attempt to calculate theoretically the lift force. 
As a model of a wing he considered a plane plate of area S inclined at an angle 
a to the flow. The total mass of the particles which impact against the plate dur- 
ing one second is equal to 


oSv, sin a 
where p is the density of the air and v, is the velocity. The velocity of these 
particles changes: it receives a component of magnitude v, sin a directed down- 
wards. Consequently, every second the air receives 8 momentum of magnitude 
OSv§ sin? a 
directed downwards. The lift force must be equal to this momentum. Since this 
is an approximate computation method it is necessary to introduce a correction 
coefficient & different from unity and| to use the formula 


F, = kpSv} sin? a (116.1) 
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FIG. 321 
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for the lift force where the value of the coefficient should be found experimen- 
tally. 

However, the simplest experiments in which the lift force is measured for 
a wing (for a plate) show that for small values of the angle a formula (116.1) 
does not hold. It turns out that the lift force is in fact proportional to vj and to 
sin « (or, for smal] angles of incidence, to a) instead of sin? a. Consequently, 
Newton’s suggestion is wrong. 

In Newton’s argument it is supposed that the particles of the air do not inter- 
act with each other and that they only interact with the wing the moment they 
impact against it. Before the interaction with the wing every particle is consid- 
ered to be at rest. But in reality the course of the phenomenon is quite different. 
The increase of the pressure near the wing arising because of the motion of the 
particles in front of the wing is transmitted to the other parts of the air and, gene- 
rally speaking, all the particles start moving, particularly, in the vicinity of 
the wing (see Fig. 321). The interaction between the particles makes the phe- 
nomenon of the flow-around much more complex. The particles which are near 
the wing at a given instant move more intensively and the greatest variations 
of the pressure take place in this region. The particles which are far from the 
wing move very slightly but, since the number of these particles is very large, 
their momentum cannot be neglected. 

However, when the velocity of the flight is much greater than the speed of 
sound in the given fluid or gas (see Sec. 121) the character of the flow-around 
changes sharply: for such supersonic velocities only the particles near the wing 
lying in a narrow layer surrounding it interact with the; wing. That is why 
Newton’s formula (116.1) proves practically applicable to the calculation of 
the lift force in a supersonic flight and is confirmed by the results of experiments 
although the phenomenon of the flow-around becomes extremely complicated. 
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117. Fluid Flow Around a Wing. Circulation. 
Lift Force 


Before proceeding to the phenomena accompanying a flow of a viscous fluid 
or gas around a wing let us discuss some theoretical aspects of a. flow of an ideal 
(perfect) fluid around an infinite?plate (or wing). « ae 

The plate is supposed to be infinite in the direction perpendicular to the 
plane of the figure (Fig. 320). Under this assumption all the stream tubes lie 
in the planes parallel to each other and, in particular, to the‘plane of the figure, 
the shape of the stream lines being the same in any of these planes. In other 
words, in this model we deal with a plane (two-dimensional) flow; when the 
plate touches the walls of the channel in which the fluid or the gas flows this 
model of a plane motion also applies with a certain accuracy. — 

In these calculations we neglect the viscosity but take into account the 
motion of the particles of the fluid (or gas) in the whole spatial region surround- 
ing the wing. 

Here there can be two different cases, namely a smooth (continuous) flow- 
around and a discontinuous one. In the former case the{pressure,and the veloc- 
ity are continuous at all the points of the flow and in the latter case the press- 
ure in the fluid also varies continuously while the velocity may, change discon- 
tinuously from place to place. ) 

As was mentioned in Sec. 112, when a perfectjfluid flows smoothly around a 
body it exerts no force on it. In a smooth flow around a plate the stream tubes 
are of a shape shown in Fig. 320. On the lower and on the’upper surfaces of the 
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plate there are two stagnation points b and b, at which the velocity of the flow 
is equal to zero. The configuration of the stream lines is symmetric with respect 
to the midpoint O of the plate: on any straight line in the plane of the figure 
passing through the centre O there are two points (lying at equal distances 
from the centre) at which the velocities of the particles in the flow are equal. 
For instance, the velocities are equal at the points c and d and therefore the 
pressure at these points is also the same. Consequently, the resultant force of 
pressure acting on the plate is equal to zero. Hence, the system of forces exerted 
by the flow on the wing reduces to a moment M making the plate tend to turn 
clockwise. When a real wing is sufficiently thin the flow around it is approxi- 
mately the same as in the case of a plate. 

When a real (viscous) fluid flows around a wing the phenomenon is quite 
different and cannot be described by the theory of a smooth flow-around. A 
real configuration of the stream lines is approximately as the one shown in 
Fig. 319. The flow near the trailing edge does not turn near the edge and goes 
along the wing both above and below it. The stream lines converge behind the 
trailing edge so that the velocities of the particles are directed along the wing. 
Near the leading edge the stream lines are similar to those in a flow of a per- 
fect fluid: there is a stagnation point on this edge (the leading edge is usually 
rounded and not sharp) and the stream lines adjoin the upper surface of the wing, 
go along it, and reach the trailing edge. 

In typical conditions, after the wing starts moving there appears an eddy 
(vortex) near the trailing edge of the wing (see Fig. 321). The appearance of the 
eddy can be explained as follows. At the beginning of the motion when the 
velocity of the flow is not large the flow-around is approximately the same as 
in the case of a perfect fluid. Under the action of the pressure the particles of 
the fluid tend to turn in the counter-clockwise direction about the trailing edge 
but the action of the viscous forces stops them and they lose their kinetic energy. 
The incident flow is therefore decelerated by the pressure exerted on it by the 
particles near the trailing edge, the direction of the motion of the particles of 
the incident flow changes and they start to rotate near the surface of the wing, 
which generates an eddy. Then the eddy separates from the trailing edge and 
is carried away by the flow. After the separation of the eddy the flow becomes 
stationary and is of a form shown in Fig. 319. The eddy carried away from the 
wing possesses a certain angular momentum and hence the fluid surrounding the 
wing loses an angular momentum. This loss of the angular momentum must be 
compensated for by the appearance of an angular momentum of opposite sign, 
that is the particles of the fluid near the wing must rotate in the clockwise di- 
rection since before the motion has started the total angular momentum of the 
fluid is equal to zero and, by the law of conservation of momentum, it must retain 
the zero value. 

Thus, there arises a circulatory motion of the particles around the wing. This 
inference can readily be confirmed by the solution of the equations of hydro- 
dynamics. 

We see that a flow of a real fluid around a wing (or around a plate inclined to 
the flow at an angle a) can be represented as a superposition of a smooth flow- 
around of a perfect fluid (see Fig. 320) and a circulatory flow around the plate 
(see Fig. 322a). 

In a circulatory motion the particles of the fluid move along closed trajec- 
tories; every particle undergoes a deformation during its motion and is in a trans- 
latory motion. A thorough theoretical investigation of this motion shows that 
it possesses an important property whose formulation involves the notion of 
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circulation: by the circulation of the velocity field v over a closed contour is 
meant the scalar quantity 


T= > v ds (417.1) 


where v is the velocity and ds is the (vector) element of the contour. The prop- 
erty we have mentioned is that the circulation of the velocity over any closed con- 
tour surrounding the body is a constant quantity. 


Non-circulatory 
= se flow 


Circulatory flow 


FIG. 323 


Formula (117.1) means that to calculate the circulation we must find the scal- 
ar product of the velocity v by the element ds (the vector ds is shown in Fig. 3226) 
and then add together (that is integrate) all these products for all the elements 
ds constituting the given contour. 

The circulation [ is independent of the shape of the contour A for which it 
is calculated. It retains a constant value for all the closed contours surrounding 
the wing although the velocities at the points of the contours may be quite 
different. That is why the magnitude I of the circulation specifies uniquely the 
character of the circulatory flow around the given body. It should be noted that 
for a closed contour which does not surround the wing the circulation is equal 
to zero. 
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The famous Russian scientist N. E.: Zhukovsky showed that the real flow 
around the wing is representable as a flow of a perfect fluid resulting from the 
superposition of two simultaneous flows: (a) a smooth flow whose stream lines 
are shown in Fig. 320 and (b) a circulatory motion around the wing whose stream 
lines are shown in Fig. 322a. In this flow-around the value of the circulation is 
such that the second stagnation point b, (see Fig. 320) is on the trailing edge 
(Fig. 323): the point b, goes into the point c’ and the point b into c. Under this 
condition the flow around the trailing edge is smooth and is almost similar to 
the one observed in the experiment. This choice of the value of the circulation 
I makes it possible to take into account the most significant feature of the in- 
fluence of the viscosity leading to the formation of the circulation and to a smooth 
flow-around near the trailing edge. 

This condition imposed on the circulation (it is known as Zhukovsky’s con- 
dition) makes it possible to determine the corresponding value I, of the circu- 
lation; it turns out that: 


[o => TtAvaO 4117.2) 


The derivation of formula (117.2) is rather intricate and we do not present te 
here. The quantity 4 in f rmula (117.2)! is the chord of the wing, that is thi 
distance along the flow from the leading edge of the wing to the trailing edge 
(Fig. 323) and a is the angle of attack. 

Knowing the circulation around the wing we can find the magnitude of the 
lift force acting on the wing. Indeed, suppose that the value I, of the circula- 
tion of a flow around a wing is known, the angle of attack being a. Let vy be the 
velocity of the flow at a sufficiently large distance from the wing and p, be the 
pressure far from the wing. On denoting by v, (x) and p, (x) the velocity and the 
pressure on the upper surface of the plate (of the wing) where z is the distance 
reckoned from the leading edge and by v, (zx) and p; (zx) the analogous quantities 
for the lower surface (see Fig. 323) we can write the expression 


(Pi — Pu) L dx 


for the force exerted by the flow on an element of the wing of width dz and length 
1. Therefore the lift force exerted by the flow on the whole plate of length / can 
be written in the form 


a 
Put= \ (Pi — Pu) Ldz (117.3) 
0 


By Bernoulli’s equation, we have 
pv? pu} 5 pv? 
2 


Yo __ 
Pi= Pots —-z- and Pu= Pot 2 ~ a 
It follows that 
1 
Pi— Pu= > 0 (Vi—Vt) = +P (Vat v1) (va—) (117.4) 


For small values of the angle @ the velocities only slightly differ from v, and 
therefore we can approximately put* 


Vy + VY) & 25 (1417.5) 


* It can be proved rigorously that the symmetry condition for the flow-around (both for 
circulatory and non-circulatory flows) implies that equality (117.5) holds exactly. 
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Taking into account (417.5) and substituting (417.4) in (117.3) we obtain 
nN a 
Prt, = \ * 2U9 (Vu — Yj) L dz = pol \ (vu — v)) dx (117.6) 
0 0 
By definition, the integral 


Xr 
\ (va—v1) dz=Ty 
0 


is equal to the value of the circulation around the wing. Consequently, formula 
(117.6) can be written as 


Pritt = PLD Quo (417.7) 


This is the well-known Zhukovsky formula determining the lift force of the wing 
as function of the circulation. According to (117.2), the circulation I’, is propor- 
tional to the angle of incidence @ and to the velocity; consequently, the lift 
force of the wing is proportional to the square of the velocity, to the density of 
26* 
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the air, and to the angle of attack. All these theoretical conclusions concerning 
the lift force acting on a wing having a small value of the angle of attack are in 
a sufficiently accurate coherence with the results of experiments. 

We can easily explain the fact that the appearance of the lift force is connected 
with the circulation in the clockwise direction. The presence of the circulation 
makes the velocity v on the upper surface of the wing become greater than Vos 
the effect being particularly strong near the leading edge. The velocity of the 
circulation above the wing is added to the velocity of the circulation-free flow 


FIG. 326 FIG. 327 


shown in Fig. 320; below the wing it is subtracted from the latter velocity. That 
is why the velocity v, exceeds the velocity v). Therefore, the pressure p, is 
Jess than the pressure p,: there appears a rarefaction above the wing and a com- 
pression below the wing. The pressure on the surface of a wing or a plate can be 
measured by connecting small openings in the surface of the wing with mano- 
meters. A simple experiment of this kind showing qualitatively the variation 
of the pressure can be performed with the aid of the model shown in Fig. 324 
where the air flow is created by a ventilator. 

For the section of an ordinary wing the diagram showing the variation of the 
pressure is approximately as the one shown in Fig. 325. The force acting on the 
wing is proportional to the shaded area in the figure. If a through hole is made in 
the wing the air starts to flow in the upward direction and the component of the 
lift force near the hole sharply reduces. 

It is known that when a rotating cylinder is placed in an air flow it is subject 
to the action of a force transverse relative to the direction of the flow. The appear- 
ance of this force can be explained in the same way as the lift force acting on 
a wing. Indeed on the part of the surface of the cylinder where the circumferen- 
tial velocity coincides with the direction of the flow (see Fig. 326) the velocity 
of the flow relative to the cylinder increases under the action of the viscous forces 
and on the other part of the surface of the cylinder the velocity of the flow 
decreases. Therefore the pressure on the latter part exceeds that on the former, 
which results in the transverse force. It can be shown theoretically that, gener- 
ally, the transverse force increases together with the increase of the velocity of 
the flow and with the increase of the angular speed of the rotation of the cylinder. 
The phenomenon of the appearance of a transverse force acting on a rotating 
cylinder is known as the Magnus effect. 
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The presence of the transverse force can readily be demonstrated in an expe- 
riment with a light cylinder (for instance, made of paper) rolling down an in- 
clined plane and then falling freely (see Fig. 327). When the cylinder starts 
falling it does not move vertically downwards and its trajectory is curved as 
shown in the figure. The matter is that the falling cylinder proceeds to rotate 
with the angular speed it gained during its rolling down the plane, which results 
in the appearance of the transverse force directed so that the cylinder moves as 
shown in the figure. 

The attempts to replace the wings of an airplane by rotating cylinders failed 
although a ship with rotating cylinders (Flettner’s rotors) instead of the sails 
was constructed but proved ineffective. 


118. Dependence of the Lift Force on the Angle of Incidence. 
Wing Drag 


Up till now we have considered a wing infinite in one direction. Such a model 
gives results which are sufficiently accurate only for the forces acting on the 
middle part of a very long wing or for a wing whose ends touch the fixed walls 
of a channel in which the fluid flows. In this approximation we assumed that all 
the forces were parallel to a plane perpendicular to the wing and that the stream 
lines were in planes parallel to that plane and were the same for all the sections 
of the wing. 

However, a real wing (or a plate serving as its model) has a definite length / 
and therefore the stream lines are not in the planes perpendicular to the wing, 
the directions of the stream lines on the upper and on the lower surfaces of the 
wing being different. Let us consider the top view of such a wing (see Fig. 328). 
In the cross section of the wing passing through its midpoint the stream lines 
go along the flow both above and below the wing. But near the ends of the wing 
the stream lines turn towards the ends under the wing and towards the middle 
of the wing above it. For, there appears a rarefaction zone above the wing and 
a compression zone below the wing, which results in an additional force of pres- 
sure making the air move from the latter zone to the former. That is why the 
streams of the air on the upper surface of the wing turn towards the middle of 
the wing and those on the lower surface turn towards the ends. The air streams 
along the upper and the lower surfaces of the wing merge behind the trailing 
edge and start to rotate so that there appear some vortical streams behind the 
wing. This effect is particularly strong near the ends of the wing. As a result, near 
the ends of the wing the direction of the flow is inclined relative to the leading 
edge, which reduces the angle of attack and thus reduces the components of the 
lift force near the ends. The reduction of the lift force can also be explained on 
the basis of the simple fact that the motion of the air streams from the lower 
surface of the wing to its upper surface near the ends decreases the pressure below 
the wing and increases the pressure above the wing. That is why the lift force is 
not simply proportional to the area: the lift force per unit area is{greater for 


longer wings and smaller for shorter ones. 0) Gee 
In technical calculations the lift force of a wing is found by the formula’, 
Pin, = CSO (118.4) 


where S is the area of the wing and C is a dimensionless coefficient dependent on 
the Reynolds number, on the angle of attack, and on the ratio of the lengthi of 
the wing to its chord (the span-to-chord ratio). The coefficient C, increases to- 
gether with the span-to-chord ratio. 
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For small values of the angle of attack the ift force is proportional to 
a and hence the coefficient C increases proportionally to @ (Fig. 329). 
This type of dependence takes place when the angle of attack a does not 
exceed a certain value a,. Fora >a, the lift force and the coefficient C 
increase slower; the coefficient C achieves a maximum value for some 
critical yvalue [a = a, of the angle of attack and then starts to decrease 
as @ continues to grow. The critical angle of attack a,, (also called the 
incidence 'of stall) is of the order of 10°-15° and depends predominatingly 
on the profile of the wing and on the Reynolds number. For ag, the coeffi- 
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FIG. 329 


cient C attains its maximum value C,,,, which is a very important chara- 
cteristic of the wing since it specifies the minimum possible velocity of the 
flight. To secure the safety of landing this minimum velocity (the touch-down 
speed) should be as small as possible. To this end the value Cy,,, should be 
increased 

The reduction of the lift force for a exceeding a, is due to the stall of the flow 
on the upper surface of the wing, the zone of stall increasing together with a for 
& > Gr. For the values of the angle of attack exceeding the incidence of stall 
the air flow no longer adjoins the upper surface of the wing and separates from 
it as shown in Fig. 330. In the zone of stall the pressure is almost equal to the 
atmospheric pressure; the absence of the rarefaction in this zone must obviously 
lead to a considerable reduction of the lift force. 
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There are a number of methods preventing the flow from the staff on the upper 
surface of the wing which lead to the increase of C,,,,; for instance, to this end 
the leading-edge slats (Fig. 331a) or the divided wings (Fig. 331b) are used. The 
flow passes through the slit between the leading-edge slat A and the wing, which 
makes the flow adjoin the upper surface of the wing; as a result, the value of 
Cmax increases and so does @,,. The same phenomena take place in the case of 
a divided wing. 

The total reaction force exerted by the flow on the wing always has two compo- 
nents: the lift force Pjir, and the drag force R. The expression of the drag force 
can be written in the form 


R=cs £ (1418.2) 


where c is a dimensionless coefficient and S is the area of the wing. For the 
wings of high aerodynamic efficiency the magnitude c is much less than C. 
The drag force also varies depending on the angle of incidence of ,the wing. 
The aerodynamic efficiency of the wing (characterized by the lift-to-drag ratio) 
depends on the character of the simultaneous variation of c and C as the 
angle of incidence changes. The diagram in Fig. 332 represents the connection 
between C and c (for the sake of convenience the length scales along the 
coordinate axes taken in Fig. 332 are different). 

The drag increases together with the angle of attack. For practical purposes it 
is important to know the value of the angle of attack for which the lift-to-drag 
ratio (that is the ratio of the lift force to the drag force) is the greatest. Generally 
speaking, the wings of high aerodynamic efficiency are preferable since the ratio. 
of the “useful” lift force to the drag force is greater for such wings. 


119. Forces in a Flight of an Airplane 


When an airplane is in a uniform horizontal flight the sum of all the external 
forces acting on it is equal to zero. Let us consider the forces applied to the air- 
plane. There are two forces acting in the vertical direction, namely the gra- 
vity force P, and the lift force Pyit, of the wing; the horizontal forces 
acting on the airplane are the thrust force F and the drag force R. These 
forces are shown in Fig. 333. 

When Prirg > Py the airplane has an upward acceleration; conversely, 
for Pit, < Pz the acceleration is directed downwards. The control of 
the flight in the vertical plane is performed with the aid of the elevators 
which are usually placed in the horizontal tail unit. To guarantee the 
stability of the flight in the vertical plane the airplane is supplied with 
the horizontal tail. When a random deviation of the airplane from the equili- 
brium state occurs the angle of incidence of the horizontal tail is changed so that 
the force acting on it makes the airplane return to the equilibrium. The eleva- 
tors (they are marked by the letters e in Fig. 334) are placed behind the hori- 
zontal tail. When the elevators deviate downwards the force acting on the horiz- 
ontal tail in the upward direction increases, which makes the nose of the 
airplane turn downwards. When the elevators deviate upwards the nose of the 
airplane also turns upwards. 

The lateral control of the flight (that is the control of the inclination of the 
wings of the airplane relative to the horizontal or the turn of the airplane about 
its horizontal longitudinal axis) is performed with the aid of the ailerons (they 
are marked with the letters a in Fig. 334). The mechanism of the action of the 
ailerons is the same as that of the elevators. 
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The turn of the airplane about the vertical axis is performed with the aid of 
the rudder which is usually placed on the vertical tail of the airplane (in Fig. 334 


the rudder is marked by the letter r). 
In the flight of the airplane the drag force R is overcome by the thrust force 
F produced by a rotating propeller or by a reaction engine (see Sec. 27). 


120. Propagation of Pressure Disturbances in a Compressible Fluid. 
Supersonic Motion of a Body 


When the velocity of motion is small the air can be considered an incompress- 
ible fluid. As was shown in Sec. 105, the error arising in this approximation 
remains rather small when the velocity does not exceed 100 m/s. In the ordinary 


FIG. 334 


conditions, say for t = 15 °C and p = 760 mm Hg, the speed of sound in the 
air is equal to 340 m/s. When the velocity of motion of a body in the air increases. 
it is necessary to take into account the compressibility of the air. In this sec- 
tion we shall consider the propagation of a pressure pulse in the air (or in some 
other compressible fluid) when the situation is such that the compressibility 
should be taken into account. 

A pressure pulse in the air (when it is not very intensive) propagates with the 
speed of sound. When a part of the air medium is compressed and then allowed 
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to expand on its own the particles of the air in this part start to move and impart 
their motion to the neighbouring particles which, in their turn, make other par- 
ticles move and so on. Therefore, there appears a disturbance (a wave) propagat- 
ing in the air with the velocity of the order of 340 m/s. 

When the part of the medium subject to the initial compression is very small 
and has a spherical form there arises a spherical sound wave: all the particles 
lying on a spherical surface with centre at that initial point oscillate in the same 
manner or, as we Say, the wave front is a sphere. The spherical symmetry implies 


Displasement 


FIG. 335 


that the displacements of the oscillating particles are directed along the radius; 
the character of the oscillation of a particle varies with time approximately as is 
shown in the diagram in Fig. 335. The intensity of the oscillation decreases 
together with the distance from the centre of the wave. 
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Experiments show that for small variations of the density the velocity c 
of the propagation of a sound wave is independent of the character of the oscilla- 
tion and is a constant quantity specified solely by the physical properties of 
the medium. Therefore, to determine the speed of sound it is sufficient to con- 
sider a very simple example. 

We shall consider the propagation of a pressure pulse in a cylindrical pipe 
filled with the air or with some other compressible gas or fluid. Let a piston A 
(Fig. 336a) be placed in the pipe with gas, the initial pressure being p,. Suppose 
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that at the initial instant ¢ = 0 the piston instantaneously starts to move with 
a velocity v which is not very high. This initial pulse generates a compression 
wave propagating to the right of the piston.* During time A¢ in front of the piston 
is formed a layer of the gas of length cAt moving with velocity v; the pressure 
in this layer is no longer equal to p,; it has a value of p, = py + Ap. In 
Fig. 3360 is shown the graph of the velocity of the particles at time instant At; 
the particles are compressed and move with the velocity of the piston and the 
number of the moving particles increases with time because the compression 
wave propagates to the right. The graph of the pressure is similar to the graph of 
the velocity shown in Fig. 336b. 

To investigate the propagation of the wave we shall apply the law of variation 
of momentum. The impulse of the force F with which the piston compresses the 
gas can be written as 


F At = Ap S Atul 


This impulse is equal to the momentum 


(po + Ap) cSu At 


gained by the gas where p, + Ap = 9, is the density of the gas in the wave, that 
is in the compressed layer. The indicated equality implies 


5 Ap = (p) + Ap) ev (120.1) 


The condition of the constancy of the mass of the gas in the volume occupied by 
the propagating wave can be written in the form 


pocS At = (po + Ap) (c — v) S Ak 


whence Ap-+ 0) = Pp — (420.2) 
3 
It follows that 
Po + Ap = Ap— (120.3) 


On substituting (120.3) in (120.1) we obtain the general expression for the veloc- 
ityYof propagation of the compression wave in a pipe: 


c2 — —— (120.4) 


When Ap < py and Ap < fp the velocity of propagation of the wave can be 


written as 
dp 
C= / ead 120.5 
= dp ( 


Formula (120.5) ’specifies the*sound velocity because the variations dp and dp 
of the pressure and of the density in a sound wave are always very small. 

The process of the variation of the density and the pressure in a sound wave 
is adiabatic** (see Sec. 105): 


Po ! 


. Another wave propagates to the left of the piston but we do not consider it here. 
** In an adiabatic process the pressure and the density are connected by a law of the 


type p = const-p*. A process of this kind is accompanied by no {oss or gain of heat. 
In the case under consideration the increase of the pressure acting on the particles of 
the gas arises very fast and therefore, as was indicated by P. S. Laplace, the process can 
be considered adiabatic. 
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where py, and py are the pressure and the density in the absence of the wave. It 
follows that 


dp=—° x do (120.6) 
Po 


On substituting (120.6) in (120.5) we find that the speed of sound in a gas (or 
fluid) is given by the formula 


c= “Po (120.7) 


The velocity of wave propagation in a gas or in a fluid is proportional to the 
square root of oe where Ap is the variation of the density of a particle produced 


by the variation Ap of the pressure. If the given variation Ap of the pressure 
produces only a small variation of the density, the gas or the fluid undergoes a 
small compression and the velocity of sound is large. The case of an incompres- 
sible fluid is characterized by the limiting relation Ap — O for a finite value of 
Ap, which means that the speed of sound in an incompressible fluid tends to 
infinity. 

Suppose that a small solid body which can be considered a material point is 
in a rectilinear motion in a gas with a supersonic velocity v. During its motion 
the body collides with the particles of the medium. These collisions result in 
the appearance of pulses propagating in all directions in the surrounding medium, 
the velocity of the propagation being equal to the constant speed of sound c. 
It is obvious that the wave front is a sphere for every particle because the parti- 
cles of the medium do not move before the collision. This is a continuous process; 
if the body is at a point with coordinate s, (Fig. 337) at time ¢, it collides with 
a particle of the gas of length v dt during time dt. During the time interval from 
t, to ¢ this particle generates a spherical sound wave of radius c (t — ¢t,). The 
same occurs during all the following time intervals. For instance, a point with 
coordinate s, = vt, generates at time instant ¢, > ¢, an analogous spherical 
wave which has the radius c (¢ — ?,) at time t > f,, and so on. The imaginable 
surface enveloping all these spherical waves is obviously a cone whose vertex is 
at the point with coordinate s = vt at a given instant ¢, the moving body being 
at the vertex of the cone point at that instant. The apex angle of the cone is equal 
to 2a where a is determined by the equation 


aes) (120.8) 


in @ = ———+. = 


All the parts of the waves adjoining the surface of the cone are of a similar 
shape; they are superimposed and amplify each other. It should be stressed that 
only the part of the medium lying within the cone (it is referred to as the Mach 
cone) is perturbed by the moving particle, all the other particles of the medium 
being at rest at time ¢. Consequently, the motion of the body (considered a 
material point, that is a particle) with a supersonic velocity can be thought of 
as a continuous process of the propagation of the sequence of sound waves in- 
side the Mach cone which moves together with the body. The greater the velocity 
v, the smaller a. This means that an increase of the velocity results in a decrease 
of the apex angle of the) cone, that is in the reduction of the part of the medium 
disturbed by the moving particle. 
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It is evident that to generate the waves some energy should be expended. A 
part of the kinetic energy of the moving body is transformed into the energy of 
sound waves and therefore the body must be acted upon by a resistance force 
(which is called the wave drag). The oscillation of the particles in the sound waves 
is damped as tf —> oo, the part of the space occupied by the waves extends and 
owing to the internal friction in the gas the cone is eventually dispersed in the 
medium. 

If the velocity of the motion of the particle were not supersonic it would also 
generate sound waves but the character of the waves would be quite different. 


FIG. 337 


The disturbance would occupy the whole part of the space filled with the gas. 
The phenomenon is represented schematically in Fig. 338 where the positions 
of the moving body and of the wave fronts generated by it are marked by similar 
numbers. When a particle moves in this way during a very long time period 
preceding the given instant the waves occupy the whole space. 

When the velocity of the moving particle is equal to the speed of sound the 
region of the disturbance occupies half-space because in this case the apex angle 
of the Mach cone is 2a = x (see Fig. 339). ; 

The imaginable example of the motion of a very small body regarded as a 
material point makes it possible to describe the processes taking place in super- 
sonic motions of large bodies. For instance, when the wing of an airplane is 
sufficiently thin it can be considered, in the first approximation, as a collection 
of very small bodies (particles) each of which generates a spherical sound wave 
in the surrounding medium. The resultant wave can be regarded as the superpo- 
sition of the elementary waves generated by every point of the surface of the 
wing and the disturbance region is formed of the collection of the Mach cones 
moving together with the corresponding points of the surface of the wing. The 
boundary surface of the disturbance region is no longer a cone but it can readily 
be constructed because it is the envelope of all the Mach cones. For instance, in 
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Fig. 340 we see the enveloping surface of the Mach cones near a thin plate adbc 
(in the figure are shown the sections of this surface by the horizontal plane 
AcadB and the vertical plane DaC). In the first approximation the wave drag of 
the wing and its lift force can be found using this simple model of the propaga- 
tion of the elementary waves around the wing. 

In reality the phenomenon is more complex because the body moving with a 
supersonic velocity collides very strongly with the particles of the medium, 
which results in sufficiently large pressure variations and therefore the character 


A Top view Side view 


FIG. 340 


of the disturbances propagating in the surrounding medium is of a different type; 
the resultant disturbance can no longer be described as a simple superposition 
of elementary acoustic waves with small pressure and density variations. The 
distinction becomes particularly significant when the moving body is not thin 
and has a blunt nose. This question will be discussed in the next section. 
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121. Wave with Large Variation of Pressure. 
Motion of a Body with Large Velocity 


In the foregoing section we assumed that the velocity of the piston was very 
small (v < c) and that Ap was very small in comparison with py. We also supposed 
that the piston started to move instantaneously and received instantaneously 
a finite velocity v. If the time At during which the velocity of the piston increas- 
es from zero to v is much less than Ai all the conclusions remain valid, the only 
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difference being that the graph of the front of the compression wave is not so 
steep as in Fig. 336b. The velocity of the particle on the wave front increases 
from zero to v during time At. 

In this section we shall consider a wave with large variation of pressure. Let 
us suppose that during time At the pressure of the piston increases up to a large 
value p, and that the distribution of the pressure in front of the piston at instant 
t = At is as shown in the diagram in Fig. 341a. The propagation of a complex 
wave of this type can be represented as the propagation of a sequence of elemen- 
tary waves of small intensity which were considered in the foregoing section. 
Each of these elementary waves propagates one after another and the corres- 
ponding variations Ap of the pressure in the waves are small. Then Az, = cAt. 
Let us suppose that an elementary compression wave with pressure variation 
A,p propagates in the gas which has already been compressed up to the pressure 
Po (see Fig. 3416). The next compression wave with a pressure variation A,p 
propagates in the gas which is under the pressure p,-+ A,p, and so on. The 
a hea of the elementary waves results in the pressure increase up to the 
value py. 
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Each of the subsequent elementary waves propagates in the medium with a 
greater density. The density and pressure variations are connected by the adia- 
batic law p = const-p* (for the air we have x = 1.4). The slope of the tangent 
line to the adiabatic curve is equal to the square of the speed of sound, which 
follows from (120.5). Therefore, the speed of sound increases together with the 
density. Consequently, every elementary wave has a velocity exceeding the 
velocities of the waves generated earlier and the wave front becomes steeper and 
still steeper. The resultant wave front is therefore of a form shown in dotted line 
in Fig. 344a. This means that there arises a discontinuous compression shock 
wave in which the pressure and the velocity increase almost instantaneously in 
a jump-like manner, after which the magnitudes of the pressure and of the veloc- 
ity remain constant.* The velocity of propagation of a shock wave is determin- 
ed in a more complicated way; it differs from the speed of sound and depends on 
the magnitude of the pressure jump. Compression shock waves propagate in the 
air when there appear large and sharp pressure variations, for instance, when a 
shell blasts. In these waves the pressure jump also decreases with the distance, 
particularly when the zone of the blast is small and when the generated wave is 
of an almost spherical form. 

Almost the same phenomena take place in front of and on the sides of a blunt 
body moving with a velocity exceeding the speed of sound in the medium. In 
this case there appears a leading edge shock wave which is very close to the front 
part of the body when the nose is sharp and the velocity of motion is sufficiently 
large. The particles of the medium lying in front of the body are at rest until 
the shock wave accompanying the moving body has reached them. 

The moment the shock wave reaches a particle of the medium the particle 
undergoes an instantaneous compression and receives a non-zero velocity. The 
air between the body and the shock wave front moves and the particles go apart 
as the body displaces them. This phenomenon resembles the wave process in 
the cylindrical pipe; the distinction is that the layer of the compressed gas be- 
tween the shock wave and the piston widens all the time while the particles of 
the compressed gas in front of the moving body go apart all the time (because 
in this case there are no walls) and the layer of the gas between the shock wave 
and the body is of constant width. The particles of the air which permanently 
flow into this layer move apart in all the directions and disturb the surrounding 
medium. The disturbances propagate with a definite velocity dependent on the 
magnitude of the pressure jump. As the distance from the moving body increases 
the pressure jump drops, the wave propagation velocity no longer differs con- 
siderably from the speed of sound and the form of the shock wave becomes simi- 
lar to the corresponding Mach cone. 

When the front part of a moving body has a sharpening the layer between the 
nose of the body and the shock wave can be very thin for v > c. When the veloc- 
ity is very large (v >> c) the shock wave is located very close to the surface of the 
body and is of the form of a very sharp Mach cone. 

When an airplane is in a supersonic flight it is always accompanied by a shock 
wave and if the height of the flight is not very large the pressure jump near the 
ground can be of a considerable magnitude. When this wave reaches a person on 
the ground he hears a sharp sound resembling the blast of a shell. The pilot of 
the airplane naturally does not hear such blasts because he moves together with 


* Analogous considerations show that when a rarefaction (depression-type) wave propagates 
in the medium the wave front becomes less steep and disperses as ¢ — oo. 
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the wave. In Fig. 342 are shown the bullets moving with the velocities of 1.04c 
and 2.48c. The dotted areas in the figure show the shock-wave shadow. 

In a motion of a body (such as a shell, a bullet, etc.) with supersonic velocity 
a major part of the energy is expended on the generation of the shock wave 
accompanying the motion. The resistance force acting on a body moving with 
a supersonic velocity is mainly due to the wave drag. The particles with which 
the moving body collides start moving, go apart, and impart the motion to the 
particles of the surrounding medium which start moving after the leading edge 


FIG. 342 


shock wave has passed. The energy expended on the motion of the particles and 
on the generation of heat when the body collides with the particles is due to the 
decrease of the kinetic energy of the moving body or due to the energy source 
producing the motion of the body. The shape of the front part of the body is 
essential for the magnitude of the drag force in a supersonic motion: the bodies 
with sharpened noses and small cross-section areas undergo smaller drag force. 
In contrast to the case of a flow-around with a small velocity, the shape of the 


rear part of the body no longer plays an important role in the formation of the 
drag. 


122. Supersonic Flow in a Pipe 


As was shown in Sec. 105, the outlet velocity of a gas flowing from an opening 
in the vessel containing the gas which is under an almost constant pressure p, 
inside the vessel can achieve a very large value. For instance, by formula (105.5), 
the outlet velocity of the air flowing into the vacuum (with zero pressure) under 
the pressure of one atmosphere is equal to 


a ' 2X1. 5 
te | a x 1,405 x 1.0133 x 10 


x—1 pi 0.405 x 1.293 ~ 7150 m/s 


where the adiabatic exponent x is equal to 1.405, the atmospheric pressure p;, 
inside the vessel is equal to 1.0133 = 10° kg/m-s? and the initial density of the 
air p, inside the vessel is equal to 1.293 kg/m‘. 
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This outlet velocity is more than twice as great as the velocity of sound in 
the air. However, this is to a certain extent only a theoretical result. For instance, 
for an opening of the form shown in Fig. 301a this value of the velocity of 
the flow cannot be practically achieved. Indeed, suppose that at the beginning 
the pressure is the same inside and outside the vessel and that the outside press- 
ure is then gradually decreased while the inside pressure is kept constant 
(equal to one atmosphere). The maximum velocity in the narrow section of the 
opening will gradually increase. For a certain value of the outside pressure 


?.— 


| 
D 


FIG. 343 


(which can be found by formula (105.5)) the outlet velocity will achieve the sound 
velocity and the whole cross section of the opening will be occupied by an amount 
of the gas moving with the sound velocity. 

A variation of the outside pressure can only affect the flow inside the vessel 
if this variation penetrates into the vessel in a certain way. As we know, pres- 
sure variations propagate in a gas with the sound velocity and, consequently, 
they cannot penetrate into the vessel through the region occupied by particles 
moving with the velocity of sound. It follows that a further reduction of the out- 
side pressure cannot produce any increase of the velocity of the flow in the open- 
ing. The air jet in the opening will have a definite pressure exceeding the outside 
pressure. We can Say that the flow with sound velocity “locks” the opening. This 
conclusion can be confirmed by the analysis of the conditions under which there 
can exist a stationary supersonic flow of a compressible gas in a pipe with vari- 
able cross-section area. 

Let a stream tube of a stationary flow of a compressible gas be described by 
a function S = S (z) where the coordinate z is reckoned along the axis of the 
tube in the direction of the flow. Then the condition of the constancy of the mass 
flux along the tube in the stationary flow can be written in the form 


ovS = const (122.1) 


where all the quantities involved depend on z solely. If we pass from the section 
of the tube with coordinate z to another section with coordinate x + dz all 
the quantities change so that their differentials are connected by the relation 
dS 'dv | dp _ Si 
pe a (122.2) 
which is obtained from expression (122.1) by differentiation. By the second law 


of dynamics, we have 
— dp = pvdv. (122.3) 
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where dp is the increment of the pressure corresponding to the passage from z 
to z + dz. For the speed of sound c we have the relation 


dp = c do (122.4) 
(see Sec. 120). On substituting (122.4) in (122.3) we obtain 
pv dv = — c* dp 
whence 
dp v dv 
ea —-5 (122.5) 


The substitution of (122.5) into (122.2) results in the following relation connect- 
ing the velocity of the flow and the cross-section area of the stream tube: 


aS _ ae | 
S v 


2 
——1) (122.6) 


Formula (122.6) describes the relationship between the variation dS of the cross- 
section area S and the variation dv of the velocity v; it indicates the essential role 
of the ratio of the velocity of the flow v to the speed of sound c. 

If the cross-section area of a stream tube decreases along the flow, that is if 


dS is negative, formula (122.6) shows that dv can only be positive when — <1. 


This means that in a narrowing stream tube the velocity v can only increase up 
to a definite value not exceeding the sonic speed c. As is seen from condition 
(422.5), for dv > O (when the velocity v increases) the density p always decreases. 
Thus, in a narrowing stream tube the velocity of the flow grows in the direction 
of the flow but cannot exceed c while the density and the pressure decrease along 
the flow. The same inference was drawn earlier on the basis of elementary con- 
siderations. 

If the stream tube widens (dS > 0) and the velocity of the flow at the begin- 
ning of the tube is less than c, then, according to (122.6), there must be dv < 0. 
Consequently, in this case the velocity of the flow reduces along the flow while 
the pressure and the density increase, which follows from (122.5). In the case 
when the velocity v of the flow in a widening stream tube exceeds c we have 
dv > 0, that is the velocity of the flow increases in the direction of the flow 
while the pressure and the density reduce. 

In the case when v > c a flow of a compressible gas essentially differs in its 
character from a flow of an incompressible fluid and from a flow of a gas with 
velocity less than c. Indeed, for a flow in a widening tube with velocity not ex- 
ceeding c the pressure and the density increase along the flow while the velocity 
decreases. For an incompressible fluid we can put c — oo and therefore in this 
case the qualitative character of the variation of the density and of the velocity 
in a widening or in a narrowing stream tube is the same as in the case of a gas 
when v <c. 

We see that in order to obtain a flow with supersonic velocity in a pipe the 
latter must first narrow and then widen (see Fig. 343). For an appropriate pres- 
sure difference the velocity of the flow will increase from section A to section C 
up to the speed of sound c and then will continue to grow and remain greater 
than c from section C to section D. To minimize the energy expenditure needed 
for the creation of a flow with a given velocity the variation of the cross-section 
area along the pipe should be chosen in a special manner. When the pipe widens 
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in an unsuitable manner there may appear shock waves in the supersonic zone 
which are at rest relative to the walls of the pipe, the velocity of the flow reduc- 
ing after the pressure jump. Here we shall not discuss the physical causes gene- 
rating these jumps. 

Wind tunnels meant for testing models in a supersonic flow are constructed 
so that their cross section varies in a way similar to the one in Fig. 343, the model 
being placed in a zone near section D. Near the model there appear shock waves 
as in a flight of a body with supersonic velocity in the motionless air. 


PART THREE 
Oscillations and Waves. 
Elements of Acoustics. 

Fundamentals of Special 
Theory of Relativity 


CHAPTER 14 


Oscillations 


123. Periodic Processes 


Among the various phenomena there are very many periodic processes such as 
alternation of day and night, the rotation of the Moon round the Earth, the 
motion of the planets round the Sun, oscillation of a pendulum, motions of com- 
ponents of machines. In this section we shall study some important types of 
periodic processes. 

In a periodic process the course of the phenomenon is repeated again and 
again at regular intervals. The mathematical definition of a periodic quantity 
reads: a function f (¢) is said to be periodic in ¢ with period 7 if f (t+ T) = 
= f(t) for any ¢. If the range of the independent variable ¢ is separated in an 


f(#) a 
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arbitrary manner into subintervals of length 7 the graph of the periodic func- 
tion f (t) is the same in each subinterval (see Fig. 344). We also frequently deal 
with non-periodic phenomena which resemble periodic processes, for instance, 
the vibration of a load suspended from a thread which is gradually damped. 
A general process of this kind is referred to as a vibration (oscillation), periodic 
oscillations being a special case. 

When oscillation is transmitted from one particle of a medium to another, for 
instance, when the oscillation of the water level appearing after a stone has 
been thrown into the water is transmitted to the surrounding particles of the 
water, we speak of a wave process. 
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124. Harmonie Vibrations 


A harmonic vibration is a periodic process in which the variation of the given 
quantity goes in a sinusoidal manner. The harmonic vibrations form an impor- 
tant and wide class of periodic processes. For instance, when a point moves uni- 
formly in a circle (see Fig. 345) its projection on a straight line lying in the 
plane of the motion of the point varies with time according to a sinusoidal law. 


FIG. 345 FIG. 346 


If the radius of the circle is R and the angular speed of the rotation of the point 
is @ its projection z is expressed as 


xz=Rsina = R sin ot (124.1) 
It is evident that the period of the variation of zx is 
| aa (124.2) 
@ 


At time intervals 7 (T is the duration of one revolution of the point) the course 
of the process is repeated. The quantity 7 is called the period of the harmonic 
oscillation and q is referred to as the circular (or cyclic or angular) frequency. 
The number v of vibrations per unit time is called the frequency: 


gies 
T 
(Sometimes @ is also simply called frequency.) 

The unit for the measurement of the frequency v is called the hertz (denoted 
Hz), the dimension formula being [Hz] = 1/s. To N vibrations per second there 
corresponds a frequency v of NV Hz. 

Here we have given only a kinematic description of a harmonic vibration; 
physical conditions under which harmonic vibrations occur will be discussed 


later. 
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Let us consider a load suspended from a thread (see Fig. 346). If the load is 
given a displacement from the equilibrium position and then allowed to move 
on its own it approaches the equilibrium position with an acceleration due to 
the action of the resultant of the force of tension of the thread N and the force 
of gravity P = mg. On achieving the equilibrium position O where the accele- 
rating force turns into zero, the load passes through the equilibrium position 
by inertia after which it undergoes the deceleration produced by the same force 
which accelerated it before. Then the load stops and starts to move backwards; 
as a result, there appears a natural vibration of the pendulum. The term “natura]” 
is used in this case because during the course of the oscillation the load is under 
the action of the forces specified by its own physical nature and structure solely. 

Because of the friction the oscillation of the pendulum is gradually damped 
and the initial energy given to the pendulum when it is displaced from the equi- 
librium position is transformed into heat. The oscillation of the pendulum is 
neither harmonic nor periodic but if the initial departure from the equilibrium 
position and the initial velocity are sufficiently small and if the friction forces 
are negligible the vibration is very close to a harmonic vibration. 

To investigate the oscillation of the pendulum we shall begin with the simplest 
limiting case when there are no friction forces. Then the vibration of the pendu- 
lum is obviously periodic. Let us consider natural vibrations of such a pendulum 
when the departure of the load from the equilibrium is small.* 

Let us denote by a@ the angular deviation of the pendulum (see Fig. 346). 
The resultant force acting on the load of mass m has two components: the gra- 
vity force P = mg directed vertically downwards and the force of tension of the 
thread N directed along the thread towards the point of suspension. For a small 
angle of deviation a the arc of the trajectory of the load can be approximately 
replaced by a straight line; on denoting by z the linear deviation of the pendu- 
lum (see Fig. 346) we can write the approximate relation 


xv la (124.3) 
where / is the length of the thread. The force F acting along the arc has a magni- 
tude F equal to P sin a; for small @ we can write 

F xy mga (124.4) 


Therefore, the equation of motion of the load is 
mz = —F (124.5) 


where the minus sign is put in front of F because the force F is directed opposite 
to the positive z-axis. On replacing @ by z/l in (124.4) we rewrite equation (124.5) 
in the form 


mz = —mg— (124.6) 
On cancelling (124.6) by m we finally obtain the equation 
z+£2=0 (124.7) 


The load moves under the action of the force F whose magnitude F = mg — 


(see (124.6)) is proportional to the deviation z of the load from the equilibrium 


* If the dimensions of the load are so small that it can be considered a material point 
and if the thread is weightless the pendulum is called a simple (or mathematical) pen- 
dulum. 
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position z = 0 and which is always directed towards the equilibrium position. 
That is why the force F is referred to as a restoring force. 


The solution of the equation (124.7) can readily be found. It has the form 
z=Asin(Y £i+¢) (124.8) 


where A and @ are arbitrary constants. To prove that (124.8) satisfies equation 
(124.7) we differentiate z twice with respect to ¢t to obtain 


g= —L£Asin(|/ £t4+9) =—4£2 (124.9) 
which coincides with equation (124.7). Denoting 
<= (124.10) 


we can write the formula expressing the deviation of the pendulum in the form 


x=Asin(wt+ @g) (424.11) 


We have thus established that z varies according to a sinusoidal law. The 
quantity A which is equal to the maximum deviation from the equilibrium posi- 
tion is called the amplitude of the harmonic vibration. The amplitude depends 
on the initial deviation of the load and on the initial velocity given to it. The 
quantity wt-+ @ is called the phase of the vibration. The phase depends on 
time linearly. The term @ is the initial phase, that is the value of the phase at 
the initial instant ¢ = 0; the initial phase also depends on the initial deviation 
and on the initial velocity of the pendulum. 

The vibration process is periodic. To find the natural period T of the vibration 


we use the obvious fact that the displacement z of the load and its velocity = 


assume the same values when the phase wt + 9 receives an increment of magni- 
tude 2x. To the increase of the phase by 2x there corresponds an increment of 
time by the period 7, whence 

lan = V 4 T 


It follows that the period 7 is given by the formula 


T=2nY + (24.42 
nV - ) 


It should be stressed that when time ¢ receives an increment equal to the period T 
the pendulum returns to its previous position and has the same velocity. The 
period of vibrations is proportional to the square root of the length J of the 
pendulum, which can readily be checked experimentally: if the length of the 
pendulum is increased four times its period becomes twice as large. The period 
of the pendulum is independent of the mass of the load* and of the amplitude. 
The independence of the period of the amplitude takes place only for very smal] 
values of the angle of deviation. For instance, the periods of the pendulums 
with the (angular) amplitudes of 2° and 4° practically coincide and for the values 
of the angle of deviation not exceeding 10° the periods coincide to within 0.2%. 


* This assertion only applies when the dimensions of the load are very small in comparison 


with 7 and the amplitude is not large. 
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For large values of the angle of deviation the approximate equation (124.6) 
no longer holds. In this case the equation describing the oscillations must be 
written in the form 


mita = —mgl sin a (124.13) 


It should be noted that equation (124.13) coincides with the one describing the 
rotation about the horizontal axis passing through the point of suspension. 
For large values of the angle « the motion is periodic but non-harmonic and its 
period depends on the amplitude. 

For small angles of deviation the 
natural frequency is given by the for- 
mula 


je taf © 
.= >, ; (124.14) 


which is implied by (124.12). The 
quantity o = V£ is the natural 


(circular) frequency of the pendulum. 
Indeed, the comparison of §(124.10) 
and (124.14) shows that 


© =2nv= V4 (124.15) 


For small values of the angle of devia- 
tionthe period and the frequency of 
a simple pendulum depend solely on 
its length / and on the acceleration 
of gravity gat the given place on the FIG. 347 

Earth's surface. 

Let us consider the natural oscillation of a compound (or physical) pendulum 
by which is meant a heavy solid rotating freely about a fixed axis. As will be 
shown, the oscillation of the body A (see Fig. 347) which can freely rotate about 
the horizontal axis O perpendicular to the plane of the figure resembles the 
oscillation of a simple pendulum. Denoting by a the distance from the centre 
of mass of the body to the axis of rotation we can write the expression 


mga sin @ 


for the restoring moment of the gravity force where a is the angle the turn of 
the body reckoned from the equilibrium position and m is the mass of the body. 
In the oscillation process the body is only acted upon by that moment and, 
consequently, by the second law of dynamics for a rotating body, we have the 
equation 
Ia = —mga sina 


where J is the moment of inertia of the body relative to the horizontal axis pass- 
ing through the point O. For small values of a we have sina ~ @ and then 
oe 
Ia + mgaa = 0 
that is 
a+—e a=0 (124.16) 
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Equation (124.16) belongs to the type (124.7). Therefore, a is a harmonic func- 
tion of time ¢ with frequency 
o=V ae (124.17) 


Formula (124.17) readily follows from the comparison of the formulas (124.16), 
(124.7), and (124.15). Consequently, a simple pendulum with length 
eset (124.18) 


~~ ma 


(l, is called the equivalent length) has the same frequency as the given physical 
pendulum. The point lying at a distance of /, from the axis of rotation on the 
straight line passing through the centre of mass is called the centre of oscillation 
of the physical pendulum. If the axis of rotation is placed at the centre of oscil- 
lation the frequency of the vibration of the pendulum remains the same. (Such 
a pendulum with two parallel axes of rotation for which the frequencies of the 
oscillation coincide is known as Karter’s pendulum.) 

This can readily be shown by using the Huygens-Steiner parallel axes theo- 
rem (see (59.16)). Indeed, the moment of inertia J about the axis O is connected 
with the moment of inertia J, about the parallel axis passing through the centre 
of mass by the relation J = J, + ma’? and equality (124.18) can therefore be 
rewritten as 


lo = “0 44 (124.19) 
From (124.19) it follows that 
I 
a= — M5 (124.20) 


We see. that the centre of oscillation of Karter’s pendulum when it rotates about 
the new axis is at a distance of 

, I 

= Thay toe (124.21) 
from the new point of suspension; this follows from (124.19). Now, taking into 
account (124.20), we find that l, = lj. 


Formula (124.19) also shows that when a0 is negligibly small in comparison 
with a the physical pendulum resembles a simple pendulum for which J, = 0. 

Knowing the length /, and measuring the period of oscillation of the physical 
pendulum we can measure the magnitude g of the acceleration of gravity at the 
given place. This method is widely used for precise measurements of the gravity 
force and for the investigation of the variation of the gravity force from place 
to place at different points on the Earth’s surface. This method of measuring g 
makes it possible to investigate the local variations of the density of the Earth’s 
crust and is used in the gravitational prospecting of natural deposits. 

Now let us consider the natural vibrations of a load suspended from an elastic 
spring (Fig. 348a). After the load has been displaced from the equilibrium posi- 
tion and allowed to move on its own it is in a vertical harmonic vibration pro- 
vided that the force appearing owing to the deformation of the elastic spring is 
proportional to the elongation of the spring. The dependence of the elastic force F 
of the spring on the elongation A/ is represented by the graph in Fig. 348), the 
equation of the graph (which is a straight line) being F = k Al. Under the 
action of the force of gravity mg the spring receives an elongation of magnitude 
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Al,; this means that when the load is in the equilibrium position the deforma- 
tion of the spring is Al,. Let us denote the displacement of the load from the equi- 
librium position by zx (the coordinate z is reckoned in the downward direction). 
To the displacement of the load from the equilibrium position equal to x there 
corresponds a restoring force of magnitude f = kz equal to the difference between 
the elastic force and the gravity force. 

Denoting by m the mass of the load we can write its equation of motion 


mz = —f = —kzx (124.22) 


mg 


(a) (b) 


FIG. 348 


which is quite analogous to the equation describing small oscillations of a simple 
pendulum. The coefficient * entering into the expression f = kz and into equa- 
tion (124.22) is the stiffness factor of the spring. The solution of equation (124.22) 
describes a harmonic vibration: 


x—Asin (VY tte (124.23) 
The period of the vibration is given by the formula 
T =n Va (124.24) 


and the circular frequency is = 
ox + (124.25) 


The circular frequency is equal to the square root of the ratio of the stiffness 
factor & of the spring to the mass m of the load. If the stiffness of the spring is 
increased the frequency also increases while the increase of the mass reduces 
the natural frequency. It should be noted that the magnitude of the gravity force 
does not affect the character of the vibration of the load suspended from the spring; 
the given load would oscillate with the same period under the action of the same 
spring if the system were placed horizontally and the friction force acting on 
the load were negligible. 

It follows that the vibrations of a load suspended from a spring are the same 
for the various places on the Earth’s surface; even if the load with the spring 
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were placed on some other planet the oscillations would be the same. The char- 
acter of the natural vibrations depends solely on the variable restoring force 
of the spring and is independent of the constant gravity force. 


{25. Natural Oscillation and Variation of Energy 
in’ Oscillation Process 


Considering various examples (for instance, the vibrations of a mathematical 
or a physical pendulum with small deviations from the equilibrium, the oscil- 


FIG. 349 FIG. 350 


lation of a load suspended from a spring, etc.) we can draw the following con- 
clusion: in a natural harmonic vibration the body always oscillates about a stable 
equilibrium position, the restoring force being proportional to the departure of the 
vibrating body from the equilibrium. 

Natural vibrations are observed very frequently; to the above examples we 
can add a number of other cases, such as the vibration of an areometer immersed 
in a fluid, the vibration of a load attached to an elastic plate clamped in a bench 
vice (Fig. 349), the oscillation of the torsion pendulum of a watch (Fig. 350), 
and the like. 

A natural harmonic oscillation arises after the body has been given an initia] 
displacement from the equilibrium position or after it has received an initial 
velocity or both. If there is no friction in the system in question the vibrations. 
arising after an initial perturbation of the system last indefinitely. In other 
words, after such a system has been given an amount of energy at an initial 
instant this energy is preserved in the form of the oscillation energy. 

Consequently, according to the law of conservation of energy, the total energy 
remains invariable in a harmonic vibration process while the kinetic energy and 
the potential energy, considered separately, vary and their values oscillate. 
The moment the vibrating body achieves its extreme position and its velocity 
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turns into zero the whole energy turns into the potential energy and the kinetic 
energy is equal to zero. When the body passes through the equilibrium position 
the whole energy turns into the kinetic energy and the potential energy is equal to 
zero (the latter assertion implies that the potential energy is assumed to be zero 
at the equilibrium position; we remind the reader that the potential energy is 
always determined to within an arbitrary constant). Since during the period of 
vibrations the body passes twice through the equilibrium position the period of 
the oscillation of the kinetic energy is twice as small than the period of the 
oscillation of the load. The potential energy oscillates with the same period as 
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the kinetic energy. The variation of all the quantities characterizing the oscil- 
lation process is represented in Fig. 351. 

The energy conservation law allows us to find in a simple way the natural 
frequency (or period) of the vibrations. Let a body of mass m be in an oscillatory 
motion described by the equality 


x =A sin wt 
Then the velocity of the body is 


= —@A cos wt 


The velocity achieves its maximum value equal to wA (this is the amplitude of 
the velocity) at the time instants when the body passes through the equilibrium 
position. The value of the total energy (equal to the kinetic energy at these in- 
stants) is 


mv2 m@? A2 


Ftotal = = 5) (125.1). 


It takes the body the quarter of the period to pass from the equilibrium posi- 
tion to an extreme position (characterized by the values z = +A and z=0 


FIG. 1352 


of the displacement and of the velocity). At the extreme position the total energy 
is equal to the potential energy. For the horizontal vibrations of a load of mass m 
under the action of a spring with stiffness factor k the potential energy is equal 


to se (see Sec. 31). Consequently, 


ke? A? ; 
Frotal = = (125.2) 


On comparing (125.1) with (125.2) we arrive at formula (124.25) for the natural 


frequency: w? = a 


The determination of the natural frequency by means of the comparison of the 
kinetic and potential energies is one of the simplest methods. The examples below 
demonstrate the application of the method. 

Example 1. Let us determine the frequency of the oscillation of a fluid in com- 
municating vessels of curved shape (see Fig. 352a). For the rectilinear cylindrical 
communicating vessels with constant cross-section area (Fig. 3526) the natural 
frequency can be found quite simply. When the free levels of the fluid in the right 
and in the left vessels depart by a distance of x from the equilibrium position the 
fluid undergoes the action of a restoring force of magnitude 2zpgS arising because 
of the unbalanced amounts of the fluid where / is the total length of the whole 
amount of the fluid in the communicating vessels, p is the density of the fluid, 
and S is the cross-section area. This force acts on the whole mass pS! of the fluid 
and makes it move. All the particles of the fluid receiving the same displacements 
x, the equation of motion of the fluid has the form 


oSlz = —2zx0gS 
On cancelling by pS we obtain 
z+£2=0 (125.3) 
It follows that the circular frequency of the vibration is 


_/ 2 
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When the communicating vessels are curved and the cross-section area is 
variable the displacements of different particles of the fluid are different and 
therefore the simple equation (125.3) no longer applies. 

To investigate the natural oscillations of the fluid in the communicating ves- 
sels shown in Fig. 352a it is expedient to use the law of conservation of energy 
under the assumption that the whole mass of the fluid is in a harmonic vibra- 
tion with some frequency w and with a very small amplitude, the displacement 
being dependent on the cross-section area of the fluid. The greater the cross-sec- 
tion area S, the smaller is the displacement of the particle of the fluid in that 
cross section, and vice versa. Let the cross-section area S be a known function 
S (s) of the coordinate s reckoned along the axis (see Fig. 352a). The mass of the 


whole fluid is m = | ps ds where the integral is taken over the whole length / 


and p is the density of the fluid. We assume that the amplitude of the vibration is 
so small that the cross-section area can be considered practically invariable as 
the particle of the fluid in the cross section receives a displacement not exceeding 
twice the amplitude. Then denoting by S, and S, the cross-section areas at the 


levels of the free surface of the fluid in the right-hand and in the left-hand ves- 
sel respectively we can write 


S,a = S,b (125.5) 


where a is the amplitude of the vibration in the right-hand vessel and 0 is the 
amplitude in the left-hand vessel. Let the coordinate s be reckoned so that the 
value s = 0 corresponds to the position of the free surface in the left-hand vessel 
when the fluid is in equilibrium, the corresponding position of the free surface 
in the right-hand vessel being s = 1. Then the amplitude A of the vibration in 
the section s with area S (s) can be found from the condition 


aS, = AS (s) 
It follows that the amplitude of the velocity v in the section with coordinate s is 
Srey eee 
v=wA = was (s) 
The moment the particles of the fluid pass through their equilibrium positions 
the total energy of the fluid becomes equal to its kinetic energy: 


l 


l 
Sv? ds w2a2S? ( ds 
Ftotai = Exin = \ ee ee <o (125.6) 
Z 2 S 
0 


When the quarter period elapses after that moment the total energy becomes 
equal to the potential energy, the latter being equal to the work which should 


be performed in order to lift the volume S,a = S,b of the fluid (see Fig. 352a) 
by a distance of 


a+b 
2 


Indeed, the displacement of the fluid from the equilibrium position can be 
thought of as if all the particles remained in the invariable positions except 


those in the volume S,a which goes into the volume S,b. The potential energy 
is therefore expressed as 


b 
Epot = PS4a a g 


28—0776 
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By (125.5), we have b = 1a and therefore 
2 
S,a2 
Epo =e (4 +3) (125.7) 


On equatings(125.6) to (125.7) we obtain 


N S 2 So 
whence 
e (1454) 
Qs ae (125.8) 
ds 
Pa \ Tv 
0 


For S = const expression (125.8) goes into formula (125.4) determining the 
circular frequency of the vibration of the fluid in the communicating vessels 
with constant cross-section area. 

Example 2. Let us determine the natural frequency of the oscillation of a load 
suspended from a heavy elastic spring. Such a system is shown in Fig. 348a; 
the weight of the spring is assumed to be of the same order as the weight of the 
load. Formula (124.24) expressing the natural period of the oscillation no longer 
applies to this case because it was derived under the assumption that the weight 
of the spring was negligible. To determine the period in the case of a homogeneous 
heavy spring we can use the law of conservation of energy. We suppose that 
the load is in a harmonic oscillatory motion with small amplitude a and fre- 
quency w. Then the coil of the spring which is at a distance of y from the point 
of suspension in its equilibrium state oscillates with amplitude 


A==a 


where ! is the length of the whole spring in the equilibrium state. Let the number 
of the coils of the spring be N; then the amplitude of the ith coil (the coils are 
counted downwards from the point of suspension) is 


When the load passes through the equilibrium position the kinetic energy of 
the spring Efin is expressed as the sum 


N 
4 Mgpr Megpr wa? ‘Meproa* N N (N -+-1) (2N + 1) 
Oo 2 Az — esa EE nN Se Ae A ne De 


i=1 


where Mmgpr is the mass of the spring. 
If N > 1 then 


4 Mgpr 
EXin © > 5 wa? 


In this case the total kinetic energy of the system “the load and the spring” when 
it passes through the equilibrium is equal to 


4 m 
Extn = 5 mara? + > — azw? = — > (m+ —)\a 22 
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The moment the spring receives the maximum elongation its potential energy 
becomes 
ka? 


Epot => 
where k is the stiffness factor of the spring. The equality Epo, = Ei, implies 
ka? = (m+) aw? 


whence 


k 
wo? = ee ) (125.10) 


(m+ 3 


We see that in order to take into account the weight of the spring and to obtain 
a more precise formula for the natural period of the vibration of the load suspen- 
ded from the spring we must add 1/3 of the mass of the spring to the mass of the 
load. It is evident that when the mass of the spring is very small in comparison 
with that of the load the second term in the denominator in formula (125.10) 
can be neglected, which gives us the previous result concerning the case of a 
weightless spring. If the number of the coils of the spring is not very large then, 
when determining the frequency of the vibration, we should use formula (125.9). 

The energy comparison method can readily be applied to the determination 
of the natural frequency of a given system whose different points oscillate with 
different amplitudes when the amplitudes are connected by a definite condition 
which makes it possible to determine the amplitudes of all points knowing the 
amplitude of one of them. 


126. Damped Natural Oscillations 


The simplest experiments with vibrating bodies, such as a pendulum, an 
areometer floating in a fluid, show that the oscillations arising after an initial 
perturbation are gradually damped and the oscillating body eventually returns 
to the state of equilibrium. This is due to the fact that the motion of any body 
is accompanied by the action of friction forces, which results in a gradual trans- 
formation of the initial mechanical energy imparted to the body into heat. 
That is why a real oscillation process can only be regarded as an undamped har- 
monic vibration when the energy loss is very smal] during the time of observa- 
tion. In the general case the dependence of the friction forces on the velocity 
is rather complex. However, when the velocity is small in its absolute yalue we 
can assume with a sufficient accuracy that the friction forces are proportional 
to the velocity of the motion (see Sec. 39). Therefore, the equation which de- 
scribes the motion of a load suspended from a weightless spring (see Sec. 124) 
and takes into account the friction force can be written in the form 


mz = —kx — he (126.1) 


where hz is the friction force and h is a constant coefficient. The solution of equa- 
tion (126.1) has the form 


x= Ae-5t cos (at + @) (126.2) 
288 
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FIG. 353 

where A and @ are constants depending on the initial conditions, 
h i 
6 — Om (126.3) 


and 


k h?2 
oS a (126.4) 


4m? 


The coordinate x describing the motion is represented as the product of the 
exponential function e- (which tends to zero as t > oo) by the periodic func- 
tion cos (w,¢ + @) whose period is 


The quantity 7, can be called conditionally as the period of the damped vibration 
described by formula (126.2). 

The motion of the load is a damped (harmonic) oscillation; its graph is shown 
in Fig. 353. As time ¢ increases the amplitude of the oscillation reduces; the 
graph does not fall outside the region bounded by the curves + Ae-%. The coef- 


ficient 6 = ~ characterizing the rate of damping is called the damping factor. 


It is equal to the ratio of the coefficient h to twice the mass of the vibrating body. 

Let us take two loads of identical spherical shape and different masses, for 
instance made of lead and cork, suspend them from identical springs, observe 
their vibrations and measure the time intervals during which the amplitudes of 
the vibrations decrease a definite number of times. The mass of the lead ball 
being approximately 50 times that of the cork ball, the damping factor of the 
latter ball is approximately 50 times as great as that of the former. Therefore, the 
time interval during which the amplitude of the lead load decreases, say twice. 
is about 50 times as great as the corresponding time interval for the other load. 

A process described by a formula of type (126.2) starts at a certain initial 
instant and, theoretically, it lasts indefinitely. Therefore, in order to estimate 
practically the (conditional) duration of a process of this kind the notion of the 


relaxation time is introduced by which is meant the quantity t = * having the 
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dimension of time. During time t the deviation of the system in question from 
the equilibrium position in the vibration process decreases e times (e ~ 2.73). 

The damping factor 6 and the relaxation time t do not characterize completely 
the vibration system because for a given time t the system may have a different 
number of vibrations depending on its period. Therefore, to estimate the damp- 
ing in the system and its connection with the number of the vibrations the 
logarithmic decrement (or, simply, the decrement) is used instead of the damping 
factor. The decrement is defined as the dimensionless quantity 


o—=t=6r7 
T 


where the quantity 7 entering into this expression is equal to the period 7, 
of the damped vibration. 

The quantity 

1 Tt 

eoPay 
which is the reciprocal of the decrement indicates the number of vibrations of 
the system for which the amplitude of the vibration decreases e times. For in- 
stance, if the decrement is equal to 1/10 this means that the amplitude becomes 
approximately three times as small during 10 vibrations. 

The magnitude of the decrement 0 can be found experimentally as follows. 
Let z, be the deviation from the equilibrium state measured at an instant 4. 
Then at time ¢, = ¢, + 7, (where 7, is the period of the damped vibration) 
the deviation will be 


Lo == Zye~ OTs 
Indeed, we have 

x, = Ae: cos (wyty + ) 
and 

Lo ax Ae~%1— OT: cos (Wyty + P+ 2m) = 7ye- OT 
because 

@; (4 + Ty) = ot, + O71) = yt, + 20 
Since § = 67, the ratio of the deviations is 


Ty 
whence 
In—+=9 - (426.5) 
am) 


Formula (126.5) explains why the quantity @ is called the logarithmic decre- 
ment. Since the time interval between two successive extreme deviations of 
one sign from the equilibrium position is equal to 7, we can say that the decre- 
ment § is equal to the natural logarithm of the ratio of the magnitudes of two suc- 
cessive extreme deviations having one sign. 

Let zy be the deviation at time ty = NT,, that is the deviation appearing 
after N vibrations following the deviation z,. Then, arguing as above, we obtain 


z 
N = en NO 
Ly 
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whence 


In—-=N%, that is eee In —L (126.6) 
IN N IN 


In Fig. 353 is shown the experimental curve obtained in the recording of the 
vibration of a pendulum consisting of a ball suspended from a thread. This curve 
makes it possible to find the logarithmic decrement of the pendulum which 
turns out to be equal to 0.0159. The decrement of a pendulum with the same 


FIG. 354 


length and with a ball of the same diameter whose mass is four times as small 
as the mass of the former pendulum is equal to 0.4. The curve obtained in the 
recording of the oscillation of the latter pendulum is shown in Fig. 354, the 
corresponding values of the damping factors being indicated in Figs. 353 
and 354. 

The data obtained in the recording of a damped vibration readily confirm the 
validity of the assumptions made in the derivation of formula (126.2). For instance, 
taking the diagram in Fig. 354 we set the vertical line segments proportion- 
al tothe logarithms of the absolute values of the amplitudes of the vibration for 
each period 7, and draw a line through the ends of these segments (in Fig. 354 
the segments are set downwards from a definite horizontal level). This line is 
denoted A in the figure and it turns out to be a straight line. 

Since all the points of line A are in one straight line we see that the theoretical 
assumptions laid in the foundation of the derivation of formula (126.2) describ- 
ing the law of the damped vibrations prove valid in the case under considera- 
tion. When the data of an experiment of the type we have described are proces- 
sed as has been described it is usually known that the mass of the vibrating body 
remains constant and that the restoring force is proportional to the displace- 
ment from the equilibrium position (the latter fact can easily be checked exper- 
imentally). The investigation of the character of the friction forces is a more 
intricate problem. If it turns out that the points of line A constructed in the 
above manner do not lie in a straight line this means that the friction force in 
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the vibration process is not proportional to the velocity and obeys some other 
more complex law. In the case when the points of line A are in one straight 
line the measurement of the angle of the inclination of this line to the axis of 
abscissas makes it possible to determine the decrement. 

When a vibration process is accompanied by the sliding of one body on the 
surface of another body without lubrication the character of the vibration is 
essentially affected by the force of dry friction. The force of dry friction is almost 
constant in its magnitude, its direction being opposite to that of the velocity. 


Dead zone 
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When the force of dry friction dominates the force of viscous friction the curve 
obtained in the recording of the vibration is of the type shown in Fig. 300. 
The shaded region in the figure represents the “dead zone”: when the body falls 
into this zone the elastic restoring force is less than the friction force and the 
body therefore remains at rest and no vibration arises. 


127. Forced Oscillation and Resonance 


In contrast to a natural oscillation, a forced oscillation arises under the action 
of a periodic external force. For instance, when an electromagnet whose winding 
is supplied by an alternating electric current J is placed near a steel plate clam- 
ped in a bench vice (see Fig. 356) the plate undergoes a forced periodic vibration. 
The vibration can be detected by watching the light ray falling on the screen after 
it has been reflected from the mirror attached to the plate. 

The frequency of a forced oscillation always coincides with that of the external 
force. If we change the frequency of the electric current supplying the electro- 
magnet the frequency of the oscillation of the plate also changes. Using a strobo- 
scopic tube we can readily check that the frequencies of the alternating electric 
current and of the vibrating plate coincide. 

To this end we observe the vibration of the plate illuminated by a neon-filled 
gas discharge tube whose luminous intensity oscillates together with the oscil- 
lation of the alternating electric current J (see Fig. 357). The plate is then seen 
as if it were motionless because during every period of the oscillation the plate 
is illuminated exactly once in the same position. If the oscillations of the plate 
and of the alternating current were not synchronous, that is if the frequencies 
of the plate and of the current did not coincide, we should see a blurred picture 
of the vibrating plate. 


440 OSCILLATIONS AND WAVES. SPECIAL THEORY OF RELATIVITY 


Forced vibrations often arise in machines with rotating or periodically moving 
components. For instance, a uniformly rotating flywheel (see Fig. 358) always 
produces forced vibrations of the shaft and of the bearings supporting the shaft. 
The matter is that the flywheel is always slightly unbalanced because its centre 
of gravity O’ does not lie exactly on the axis passing through the centres of the 
bearings. The rotation of the flywheel is therefore accompanied by the appearance 
of the centrifugal force of magnitude F = mpw?* which causes the vibration of 
the shaft, the number of vibrations per second being equal to the number of 


\1/ 


FIG. 356 FIG. 357 


FIG. 358 


revolutions per second (here p is the distance between the centre of gravity of 
the flywheel O’ and the axis of the bearings, m is the mass of the flywheel, and w 
is the angular speed of rotation). Indeed, as is readily seen, the projection of this 
centrifugal force on the horizontal is a harmonic force with frequency o. 

The vibration of the foundation of a high-power electric motor is another exam- 
ple of a forced oscillation caused by the unbalance of the rotor of the motor. 
One more example is the vibration produced by an internal-combustion engine 
whose piston is in a periodic reciprocal motion, which causes a periodic force 
producing the vibration 


* Here by the centrifugal force is meant the reaction force applied to the shaft which (ac- 
cording to the third law of dynamics) corresponds to the centripetal force. 
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It turns out that the amplitude of a forced oscillation depends not only on 
the magnitude of the external force but also on its freqguency. The amplitude 
grows sharply when the frequency of the external force is close to the natural 
frequency of the system on which the force acts. 

Taking a system of this kind we can vary gradually the frequency of the exter- 
nal force (the amplitude of the force is kept invariable) and measure the corre- 
sponding amplitude of the fotced oscillation. The diagram representing the results 
of the measurements can be drawn as is shown in Fig. 359 where along the axis 
of abscissas is set the ratio of the 
frequency of the external force p to the 
natural frequency w and along the 


axis of ordinates is set the dimension- 
less quantity = (B is the amplitude 
of the forced oscillation, F, is the 
amplitude of the periodic external 
force and k is a characteristic of the 
elastic properties of the system; see 
Sec. 128. This diagram is called the 
resonance characteristic (or the reson- 
ance curve). The phenomenon in which 
the amplitude of the vibration increases 
sharply when the frequency of the 
external force approaches the natural FIG. 359 
frequency is called resonance. 
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Let us consider an example demonstrating resonance. The scheme of the exper- 
iment is shown in Fig. 360: an electric motor is attached to one end of a board 
whose other end is rigidly fixed. The angular speed of the rotor of the motor is 
gradually increased with the aid of a rheostat. When the speed is low the board 
vibrates very slightly. As the angular speed is increased the amplitude of the 
vertical vibration of the board sharply increases and can easily be observed for 
a certain range of the values of the speed. The further increase of the speed of 
the rotation of the motor leads to a decrease of the amplitude of the vibration. 
The moment the amplitude increases resonance sets in. If we stop the motor and 
strike it so that the whole system (the board together with the motor) is in a natu- 
ral vibration the measurement shows that the resonant frequency is close to the 
natural frequency. 
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It should be noted that in this experiment the amplitude of the external force 
is not constant and increases proportionally to the square of the number of revo- 
lutions per second of the rotor because this external force is the centrifugal 
force whose magnitude is proportional to the square of the angular velocity. 
Nevertheless, the amplitude of the vibration of the board sharply reduces as the 
number of the revolutions per second becomes greater than the natural frequency 
(which is close to the resonant frequency). 


128. Dependence of the Amplitude of a Forced Oscillation 
on the Frequency 


Let us analyse the physical nature of the increase of the amplitude in a reso- 
nance phenomenon. 

It turns out that, qualitatively, a resonant vibration of a system resembles 
very much its natural vibration, and the external force only supports the vibra- 
tion. Asina natural vibration, the restoring force in a resonant vibration pro- 
duces the necessary acceleration of the vibrating mass while the external force 
only balances the force of friction. On the contrary, when the frequency of the 
external force differs considerably from the resonant frequency its role no longer 
reduces to balancing the force of friction, which results in the decrease of the 
amplitude of the vibration. 

To elucidate what has been said, let us consider the vibration of a simple pen- 
dulum under the action of an external harmonic force and subject the phenome- 
non to a thorough theoretical analysis. Let the mass m of the pendulum be acted 
upon by a horizontal force F = F, cos pt where F, is the amplitude of the force 
and p is its circular frequency. To set the equation of motion of the pendulum we 


must add the force F to the sum of the restoring force —mg > (see (124.6)) and the 


friction force —hz (see (126.1)). The equation describing the motion of the 
load of the pendulum for small angles of deviation from the equilibrium position 
therefore has the form 


mz = —=8 r—hz+F, cos pt (128.1) 


where z is the (linear) displacement of the load.* On denoting oo by 6 (6 is the 


damping factor) and fs by w (o is the natural frequency) we rewrite the equa- 
tion of motion in the form 


t+ 282 + wx = cos pt (128.2) 


The experiment shows that the forced oscillation of the pendulum is a harmonic 


oscillation with frequency p. The coordinate z as function of time ¢ can be writ- 
ten in the form 


xz = B cos (pt + Qg) (128.3} 


To describe the forced vibrations of a load suspended from a spring whose natural 
oscillation is described by equation (126.1) it suffices to replace the restoring force 


--= z in equation (128.1) by the restoring force —-kz of the spring. 
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where & and @ are the amplitude and the initial phase of the oscillation, res- 
pectively. Our immediate aim is to determine the amplitude B and the initial 
phase @ of the forced oscillation. On differentiating (128.3) twice and finding 


x and x we substitute the expressions obtained and (128.3) in (128.2), which re- 
sults in 
B {(o®— p*) cos (pt + ¢) —2p8 sin (pt-+-9)}=—* cos pt 


On transforming the last relation using the well-known trigonometric formulas 
we obtain 


{B [(w? — p?) cos p — 2p5 sin g] —=1} cos pt + 
+ B[—(w?— p?)sing—2pdcosq]sin pt =O (128.4) 


Relation (428.4) involves a sum of two harmonic terms and can be written in 
the form 

acos pt + bsin pt = 0 (128.5) 
where a and 0b are constants. 
It is obvious that for relation (128.5) to be satisfied for any ¢ it is necessary and 
sufficient that both constants a and b should be equal to zero. Therefore (128.4) 
implies 


2 2 — == a0 
B [(w? — p?) cos p — 26p sin 9] = = (128.6) 


(w?— p?) sin p-+ 26p cos g = 0 


The quantities B and @ can now be found from the two simultaneous equations 
(128.6). The initial phase @ is readily found from the second equation: 


(128.7) 


@ = arc tan 


We now divide the first equation (128.6) by B and multiply it by sin g; the 
second equation is multiplied by cos g and thensubtracted from the former, which 
yields 

a 
—> sin p= —25p (128.8) 


“ei 


Let us substitute sing = — in the second equation (128.6), which results 


in 
cos o= (@? — p?) (128.9) 

0 
On squaring equalities (128.8) and (128.9) and adding them together we obtain 
m SL (2 — p22 4. 4° — 


Finally, after a see il the eucae of the forced oscillation B is 
found from relation (128.10): 


—— (128.10) 


c 1 
Be? 128.11 
m Vopr pap = 
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This formula shows that the amplitude of the forced oscillation is proportiona! 
to the amplitude /’, of the external force and that it depends in a complicated 
manner on the frequency p. When the damping is small (that is when 6 is small 
relative to w) the square root in the denominator in formula (128.11) has a mini- 
mum in the vicinity of the value p = w and therefore for a value of the frequen- 
cy p close to w the amplitude of the vibration B assumes its maximum. 

If the load of the pendulum is acted upon by a constant force of magnitude / 
it receives a static displacement B,,. The displacement B,, is readily found fron. 
the equality 


ye | 


which yields 

Ful 
mg 
The same result can be obtained by putting p = 0 in formula (128.11) and 
taking into account that the natural frequency of the pendulum is given by the 


Bst mae 


(128.12) 


pa 
formula o = VY 3. For p — oo, that is fora very high frequency, the ampli- 


tude of the vibration tends to zero. 

Let us consider in more detail the relationship between the various forces 
taking part in the forced oscillations as the frequency p varies; this will elu- 
cidate the cause of the change of the amplitude of the vibration depending on 
frequency. 

Equation (128.1) expresses the fact that the product of the mass by the acceler- 
ation is equal to the sum of the following three forces: the restoring force, the 
force of friction, and the external force. In the forced vibration process all the 
three forces are in harmonic oscillations with frequency p. 

Let us rewrite the basic relationship between the forces expressed by equa- 
tion (128.4) in the form 


mB (w? — p*) cos (pt + ) — 26 pmB sin (pt + gq) = Fy cos pt = (128.13) 
It can readily be verified that the work of the force equal to the sum of the 
restoring force = B cos (pt+ q) (which can be written as mw?* B cos ( pt + g) 


because o = 4) and the product mz = —mp* B cos (pt + q) of the mass of 


the load by the acceleration during the period of the forced oscillation is equal 
to zero (this sum is equal to the first term on the left-hand side of (128.13)). 
The second term on the left-hand side of (128.13) is the force of friction. Hence, 
equation (128.13) shows that the external force F is balanced by the resultant of 
the friction force and the above mentioned sum of the two forces. 

When the frequency p is very small (p — 0, i.e. p < w) the force of friction 
and the product of the mass by the acceleration are very small and therefore 
in this case the external force F, cos pt is mainly balanced by the restoring force 
mBw* cos (pt + @), which implies that gm ~ 0. Consequently, for small fre- 
quencies the vibrations of the external force and of the displacement z are 
cophasal, and the system oscillates as if it were almost inertia-free, the force 
of friction were absent and only the restoring force were present. 

When the frequency is very high (p — 00, i.e. p > w) the term —mBp* cos (pt + 
-+ @) predominates over all the other terms on the left-hand side of (128.13). 
The product of the mass by the acceleration becomes much greater than the re- 
storing force and the friction force. Practically, in this case only the external 
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force specifies the acceleration and we can therefore approximately write 
—mBp’* cos (pt + 9) = F, cos pt (128.14) 


whence p ~ 180° and B a) . The same result is obtained from (128.11) when 


p > w and p > 6. Thus, for large frequencies of the forced oscillations the dis- 
placement x and the external force F are in opposite phases and the pendulum 
oscillates as if the external force F = F, cos pt were applied to a free particle 
of mass m. 

Summing up, we can say that for large frequencies the dominant role is played 
by the mass and for small frequencies by the restoring force. 

We now consider the case of intermediate values of the frequency of the exter- 
nal force. For p = w the first term on the left-hand side of (128.13) is equal to 
zero and the external force is balanced by the friction force solely: 


—hpB sin (pt + ») = F, cos pt (128.15) 


For equality (128.15) to hold for any ¢ it is necessary and sufficient that gp = 
= —90°, that is z = B cos (pt — 90°). This means that in a resonant vibration 
(for p = @) there is always a phase lag of 90° between the displacement and the 
external force. In resonance the dominant role is played by the friction force. 
If we neglected the force of friction, that is if we put h = 0, this would imply 
the incorrect conclusion that the amplitude of the vibration B turns into infinity 
for p = w. (This incorrect conclusion would follow for h = 6 = 0 and p = w 
both from formula (128.11) and from equality (128.13); obviously, it is physi- 
cally inconsistent.) In reality, when the friction force is sufficiently small (that 
is 6 4 0 and p ~w 0) the amplitude of the resonant vibration becomes very large 
but not infinite. For p = aw, by (128.13), the amplitude B,e, of the resonant vi- 
bration is expressed by the formula 


Bus = te = (128.16) 
Formula (128.16) shows that for small values of h the amplitude of the resonant 
oscillation can be very large. Resonant oscillations with large amplitude can be 
very dangerous for vibrating parts of machines and other constructions; to 
avoid the possible rupture they must be designed so that no resonance sets in. 

The work performed by the external force during the period of the forced os- 
cillation is always equal to the work of the friction forces during the period 
while all the other forces perform zero work. In the case of stationary forced os- 
cillations the work of the external force is expended on heat. 

According to (128.12), for low frequencies the amplitude of the forced oscil- 
lation B is given by the approximate relation 

Fil Fo 


a amr aa (128.17) 


where k, = “2. It is specified by the amplitude Ff, of the external force and by 


the coefficient k, characterizing the restoring force and is independent of the 
force of friction. For forced oscillations of a load of mass m suspended from a 
spring with stiffness factor k (as was mentioned at the beginning of this section, 


in this case we should replace k, = — by & in (128.1)) the quantity & is indepen- 


dent of m and, consequently, when the frequency is low the amplitude B does 
not depend on the mass m either. 
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According to (128.14), for high frequencies of the forced oscillations the ampli- 
tude is given by the approximate formula 


Fo 


mp? 


Bae 


(128.18) 


Formula (128.18) indicates that in this case B is inversely proportional to p?: 
the amplitude depends on the frequency of the oscillation and on the mass and 
is almost independent of the restoring force and of the force of friction. 


@ (deg) 


-180 


FIG. 361 


As was already mentioned (see (128.16)), the amplitude of the resonant oscil- 
lation depends on the coefficient h characterizing the friction and on the natura] 
frequency (it is inversely proportional to hw). 

It should be once again stressed that the amplitude of a forced oscillation is 
always proportional to the amplitude of the harmonic external force. 

Formula (128.7) shows that the phase shift (also called the phase displacement) 
between the coordinate z and the external force F depends on frequency; this 
dependence is represented approximately by the diagram in Fig. 361 (where 
is measured in degrees). For low frequencies (p < w) the oscillations of the dis- 
placement z and of the force F are cophasal, for resonant oscillations (p ® o) 
there is a phase lag of 90° between the displacement and the force, and for very 
high frequencies (p >> w) the oscillations of the displacement and of the force 
are in opposite phases. What has been said is in a complete agreement with the 
results of the previous analysis of the roles of the forces taking part in a forced 
oscillation process. Thus, all the features of the forced oscillations are specified 
by the relation between p and wo. 

For a very small friction force (6 ~ 0) the resonance peak (see the resonance 
curve in Fig. 359) becomes sharper and the amplitude increases fast in the vici- 
nity of the resonant frequency. The phase of the oscillations also varies sharply 
near the resonant frequency when the damping factor is small (see Fig. 361). 

The laws governing the forced oscillations have been derived for the special 
case of a simple pendulum. It is however evident that they also apply to any 
vibration system which can be described by an equation reducible to form (128.2). 
Examples of this kind are the vibrations under the action of a harmonic external 
force of a load suspended from a spring, of an areometer immersed in a fluid, of 
a torsional] oscillation of a body (such as the pendulum of a watch). 
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129. Vibration of a Shaft with Disk 


The construction of many machines (for instance, a steam turbine) involves 
rotating shafts with disks (e.g. a shaft carrying a flywheel). A simple model of 
this kind is depicted in Fig. 362 where there is a vertical needle which can rotate 
and on which a disk is fixed. Such a disk is always slightly unbalanced, that is 
its centre of mass is not exactly on the axis of the needle. For the sake of visua- 
lity the unbalance is strengthened by a small load of mass m’ placed on the peri- 


FIG. 362 FIG. 363 


phery of the disk (see Fig. 362). If we strike the needle in a direction perpendic- 
ular to it a natural vibration sets in whose frequency w depends on the flexural 
rigidity of the needle and on the mass M of thejdisk. Let us assume that when 
the disk is given a displacement z in a direction perpendicular to the needle there 
arises the restoring elastic force kz; then the natural frequency of the oscillation 
of the needle with the disk resulting from the bending of the needle is given by 


the equality 
k 
= VY ule (129.1) 


In a natural oscillation with constant frequency @ the disk can move in any 
direction lying in the plane passing through the centre of the disk and perpen- 
dicular to the needle. On choosing a coordinate system with axes z and y in 
that plane we can resolve an arbitrary natural oscillation of the disk into two os- 
cillations with frequency w in the directions of the x-axis and y-axis; in the gen- 
eral case the centre of the disk moves in an ellipse as shown in Fig. 363. In the 
state of equilibrium the centre of the disk coincides with the origin in the zy- 
plane (which is perpendicular to the axis of the needle). The harmonic oscilla- 
tion of the centre along the z-axis is described by an equation of the form 


z= acos ot (129.2) 
and along the y-axis by an equation 
y = bcos (wt + 9g) (129.3) 


448 OSCILLATIONS AND WAVES. SPECIAL THEORY OF RELATIVITY 


where a, 6, and ¢ are constants, and the frequency of the oscillations @ is the 
same in both equations (@ is the phase shift between the coordinates zx and y). 
On eliminating wt from (429.2) and (129.3) we obtain 


a y? 2 COS : 
aa pe op xy = sin? @ (129.4) 


which is the equation of an ellipse. Hence, the superposition of the two harmonic 
oscillations with the same frequency in the two mutually perpendicular direc- 
tions results in a motion along an ellipse lying within a rectangle with sides 2a 
and 26 (see Fig. 363a). The shape of 
the ellipse depends on the phase dis- 
placement between the constituent 
oscillations. For gp = 90° and go = 270° 
the semimajor and semiminor axes of 
the ellipse lie on the coordinate 
axes; for g = 0° and g = 180° the 
ellipse degenerates into a straight line 
going along the diagonal of the rec- 
tangle with sides 2a and 2b. In case 
a = b and » = 90° the ellipse turns 
into a circle. 

However, the real motion is not the 
one described by formulas (129.2) and 
(129.3) because there always exists 
damping which causes the centre of th» 
disk to move in a spiral (Fig. 363). 
When the damping is small the spiral 

FIG. 364 is close to an ellipse or, in a special 
case, to a circle. 

The trajectory of a load suspended from a thread (Fig. 364) is of the same 
shape when the load is displaced from the equilibrium, given an initial jerk 
and then allowed to oscillate on its own. This is the conical pendulum. In the 
absence of friction (damping) its thread is always on the surface of a cone; in 
the presence of damping the load of the pendulum moves in a spiral. In the for- 
mer case the motion of the load of the conical pendulum can be regarded as a 
superposition of two simultaneous harmonic vibrations with a common (constant) 
frequency in two mutually perpendicular directions. 

Let us come back to the forced oscillation of the rotating disk on the needle. 
If we suppose temporarily that there is no oscillation and that the disk of mass M 
rotates with angular speed p then the centrifugal force (see the footnote on 
page 440) is equal to 


F,e = MR,p? (129.5) 


where fp is the distance from the centre of gravity of the disk to the axis of 
rotation, the force F, acting on the axis of rotation of the disk. The direction of 
this force permanently changes: it rotates with angular velocity p all the time 
during the rotation of the disk. Let the centre of gravity be on the y-axis at 
the initial instant ¢ = 0; then the force acting along the z-axis is 


F, sin pt 
and the force acting along the y-axis is 
F. cos pt 
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Trajectory of the centre 


p>W 


— Trajectory 


of the needle 


Trajectory 
. of the centre of mass 
Trajectory of the needle 


(a) (b) 


FIG. 365 


Under the action of these forces there simultaneously arise two vibrations of 
the disk: one along the z-axis and the other along the y-axis. Since the amplitudes 
of these forces are equal and the elastic properties of the needle are the same in 
all the directions the vibrations along the two mutually perpendicular direc- 
tions have equal amplitudes. This means that under the action of the centrifugal 
force the centre of the needle will be in a rotational motion along a circle with 
angular velocity p. When the angular speed is very small the oscillation of the 
needle is such that the displacement of the centre of gravity of the disk is greater 


DZ 


DZ 


(a) 


FIG. 366 


than that of the centre of the needle (coinciding with the geometrical centre of 
the disk). In this case the centre of the needle moves in a circle of radius R 
as is Shown in Fig. 360a. The needle undergoes bending and its centre departs by 
a distance of R from the axis of rotation; the centre of gravity of the disk is in 
this case farther from the origin and is placed approximately on the same radius. 
The centre of the disk departs from the axis of rotation owing to the bending of 
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the needle and therefore the centrifugal force depends on the deflection of the 
centre of the needle, that is on the amplitude of the oscillation of the needle. 
When the frequency is very small, i.e. p < w, the needle bends until the centri- 
fugal force is balanced by the elastic force caused by the bending of the needle. 

When the angular velocity of the disk is very high (that is p > w) the centre 
of the needle moves in a circle as shown in Fig. 3650; in this case the deviation 
of the centre of the needle is always greater than that of the centre of the disk. 
The distance R, between the centre of gravity of the disk and the geometrical 
centre of the disk is supposed to be very small. Therefore, the amplitude of the 
oscillation of the needle is also very small. As the angular velocity is increased 
the centre of mass approaches the origin and the amplitude of the oscillation 
of the needle becomes closer to Ro. If the angular velocity of the rotation is very 
high the oscillation of the needle is very small, which can easily be observed 
when the disk shown in Fig. 362 is rotated very fast. ‘Che validity of our con- 
clusions can readily be checked experimentally by observing the rotating disk 
when it is illuminated with the aid of a synchronous stroboscopic tube. On in- 
creasing R, and the mass m we readily see that the centre of the needle starts 
moving in a circle around the centre of gravity of the disk. 

For the sake of visuality this experiment can be modified in the following way. 
The disk is removed from the needle and instead of it a small load is attached 
on one side of the needle as shown in Fig. 366a. When the velocity of rotation 
is small (smaller than the resonant frequency mw) the load bends the needle as 
shown in Fig. 366. When the velocity of the rotation becomes large the needle 
is bent so that the load is nearer to the axis of rotation than the centre of the 
needle (Fig. 366c). Thus, the greater the velocity of the rotation, the nearer is 
the load to the axis of rotation passing through the centres of the bearings. 

When the angular speed of the rotation p is close to the natural frequency 
and resonance sets in, the amplitude of the resonant oscillation of the needle 
sharply increases and the needle can even rupture. However, if the angular speed 
is increased sufficiently fast so that the zone of resonance is passed in a short time 
we can see that the needle makes a slight movement as p becomes close to w 
and then, for p > o, it is in a vibration with a very small amplitude. 

For p < w and p > w the amplitude of the oscillation of the disk can easily 
be computed. Let us consider the motion of the disk relative to a coordinate 
system rotating with angular velocity p. The disk is at rest in this system and its 
equilibrium is determined by the balance of the centrifugal force and the force 
of the elastic deformation of the needle. 

When the velocity of the rotation. is small (p < w) the centrifugal force is 


Fo= Mp? (R+ Ro) 
(see the notation in Fig. 365) and the restoring elastic force is 
Fe =kR 


On equating these two forces we receive the following expression for the ampli- 
tude of the oscillation of the needle: 


Ra— fo —_ Fo _ 
k _ (2 { 
Mp? “pe 


where (according to (129.1)) V2 w is the natural frequency of the oscilla- 
tion of the disk on the needle. 
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When the velocity of the rotation is large (p > w) the centrifugal force is 
o= Mp? (R— Ro) 


(see again the notation in Fig. 365) while the elastic force is expressed by the 
same formula as in the case p < a. 
On equating the two forces we find the expression 
Ro Ro 
rT Sea 
— Mpt pp 

For p = (this is the resonance condition) the amplitude becomes infinite, 
which makes no sense from the physical point of view. In this case the force of 
friction, however small, must be taken into account; then the calculations give 
a finite value of the amplitude (which can be very large). 

The results of the analysis of the oscillation of the disk we have presented can 
be applied to technical problems connected with the design and construction of 
various types of turbines and other machines involving rotating parts. A rotat- 
ing shaft with a massive disk can be considered a model of a turbine. When the 
velocity of the rotation becomes close to the natural frequency the resonant vi- 
brations may lead to a rupture if the parameters of the machine are chosen inap- 
propriately. For instance, if the shaft is made very hard this increases the natu- 
ral frequency w but since the angular velocity p of a modern turbine is very large 
the rupture can nevertheless occur when p becomes close to w. It turns out that 
it is preferable to take a thinner shaft whose stiffness is not very large. In this 
case, as the machine starts working, the resonant zone is passed in a sufficiently 
short time after which p becomes much greater than w and the danger of the 
rupture is thus avoided. A construction of this type is simpler and less expensive. 


130. Transient Processes and Compound Vibrations. 
Harmonic Analysis 


In foregoing sections we studied stationary forced oscillations. In practice 
the amplitude of the external force is usually varied. The natural frequency of 
the system to which the force is applied can also change. In all such cases there 
always appear damped natural vibrations and therefore a stationary oscillation 
regime can only set in after some time, that is a stationary harmonic oscilla- 
tion of the system in question appears some time after the external force or the 
natural frequency has changed. This means that during some period after achange 
of the external force there is a superposition of natural vibrations and forced 
vibrations, which results in a compound motion referred to as a transient process. 

As an example, see Fig. 367b where is shown the experimental curve obtained 
in the recording of the oscillation of a pendulum arising after a harmonic force F 
(see Fig. 367a) has started to act on the pendulum, the frequency of the force 
coinciding with the natural frequency of the pendulum. We see that the station- 
ary forced harmonic oscillation sets in only after some time during which a 
transient process takes place (see Fig. 367b). 

Immediately after the initial instant there arise natural oscillations such 
that they reduce the amplitude of the forced oscillation. Then, after the natural 
vibrations are damped, the motion of the pendulum becomes a purely forced 
oscillation. The smaller the damping of the natural oscillations, the longer the 
duration of the transient process. 
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F 


FIG. 367 


I:xperiments show that when a vibration system, for instance, a pendulum is 
acted upon not by one but by several simultaneous harmonic forces with differ- 
ent frequencies each of the forces produces a forced oscillation whose frequency 
coincides with the frequency of that force. Thus, the resultant oscillation is 
compound and non-harmonic. Each of the forces produces an oscillation inde- 
pendently of whether the other forces are present, and the character of this 
oscillation is as if there were no other forces at all. 


FIG. 368 
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As is proved in mathematics, every periodic function f (¢) with period 7 can 
be represented as a sum of harmonic functions whose periods are equal to 


where n is an integer which, in the general case, runs over all the natural num- 
bers 1, 2, 3, ... . For instance, the periodic force f (¢) whose graph is shown 
in Fig. 368a is representable as the sum of the two harmonic forces whose graphs 
are shown in Fig. 3680 and c: 


f= bsin 2 t+asin St (130.1) 


The forces f, =} sin = 1 and f, =a sin = are called the harmonics of the 


force f. The harmonic f, whose period coincides with that of the force f is called 
the fundamental (or the first) harmonic. Under the action of each of the harmonics 
there arises a forced harmonic oscillation, the resultant motion being the super- 
position of these oscillations. The force f, produces oscillation with the (fun- 


damental) frequency p, -# and the force f, produces oscillation with fre- 


6x 
quency Ds a : 

If the frequency of one of the harmonics coincides with the natural frequency, 
say Po=, the oscillation arising under the action of the force f, predominates 
over the oscillation produced by the fundamental harmonic. In this case the 
system on which the force f acts serves as a resonator selecting the oscillation 
(whose frequency is approximately equal to m) corresponding to the force f, 
from the compound oscillation produced by the whole force f. 

The sharper the resonance peak, the smaller the damping of the natural oscil- 
lation of the resonator. The natural oscillation of a resonator with a sharper peak 
is closer to a harmonic vibration and such a resonator responds more effectively 
to the oscillation with a frequency close to the natural frequency. The oscilla- 
tions corresponding to the other harmonics of the external force are also pre- 
sent but their amplitudes are very small when the damping is small. This is the 
selectivity property of the resonator which is widely used in many technical 
devices. 

If we have a set of resonators with different natural frequencies which are 
subject to the action of a force involving harmonics with various frequencies the 
oscillations of the resonators make it possible to perform the frequency analysis 
of the force, that is to determine the frequencies of the harmonics of that force. 

For instance, let us consider the device shown in Fig. 369. Here we have a 
number of pendulums of different lengths suspended from the horizontal bar AA’. 
The bar AA’ is connected with the post BB’ by a light rod CC’. The post BB’ 
carries two pendulums / and 2. After pendulums / and 2 are made to swing their 
oscillation produces the vibration of the post BB’ from which they are suspend- 
ed. These vibrations are transmitted through the rod CC’ to the bar AA’ which 
starts to vibrate slightly under this action. In some time all the pendulums sus- 
pended from AA’ begin to oscillate, their motion being a forced oscillation. The 
observation shows that pendulums J’ and 2’ whose frequencies are close to the 
frequencies of pendulums / and 2, respectively, have the greatest amplitudes. 

The action of the rod CC’ swings the horizontal bar AA’ with a force which 
is a sum of two harmonics whose frequencies are equal to the natural frequencies 
of pendulums 7 and 2. The vibration of the bar AA’ makes the pendulum sus- 
pended from it to oscillate. All these pendulums start to oscillate with the two 
frequencies; the amplitudes of pendulums 7’ and 2’ are considerably great- 
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FIG. 369 


er than those of the other pendu- 
A lums. Pendulum 2’ mainly responds to 
y 44,46 48 50 | the lower frequency (close to the 
| frequency of pendulum 2) while pen- 
dulum /’ mainly responds to the higher 
frequency (close to that of pendu- 
jum /). Imagine that we do not see 
the post BB’ with its pendulums and 
the rod CC’ and can only observe the 
pendulums suspended from the bar 
AA’. Nevertheless, the oscillation of 
the pendulums suspended from AA’ 
makes it possible to draw certain 
conclusions concerning the oscillation 
of the rod CC’. The set of the pendu- 
FIG. 370 lums which serve as resonators plays the 

role of a harmonic (frequency) analyser 

which enables us to investigate the compound oscillation of the post BB’. 

The properties of the resonators are widely used in practical applications for 
the construction of various instruments meant for measuring and analysing 
vibrations. 

Examples of such instruments are a reed-frequency meter for an alternating 
electric current (Fig. 370) and a reed tachometer. Both instruments are based 
on the properties of resonators. The former is meant for measuring the frequency 
of an alternating electric current and the latter for determining the angular speed 
(the number of revolutions per second) of a rotating shaft. The basic element 
of each of them is a set of resonators with various natural frequencies. A model 
of this kind is shown in Fig. 371. Here a plate D carries a number of reeds a, b, 
c,... of different lengths with small masses attached to their ends. The di- 
mensions and the materials of the reeds and the masses attached to them are 
chosen so that the natural frequencies of the reeds are equal to definite values 
1, Wg, Wg,.-- - 


ee 
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The vibration whose frequency w, should be measured is transmitted to the 
plate D carrying the reeds which start to oscillate. As a result, the reed whose 
natural frequency is closer to the frequency w, oscillates with the greatest ampli- 
tude which can readily be determined by observing the blurred picture of the 
end of that reed. In the reed-frequency meter the electric current supplies an 
electromagnet placed near the plate D and making the latter to oscillate. In 
Fig. 370 is shown schematically the vibration of reed g; near each reed is usually 
marked its natural frequency. '* the natural frequency of reed g is 90 Hz (that 


FIG. 371 


FIG. 372 


is 00 vibrations per second) this means that the frequency of the alternating cur- 
rent subjected to the measurement is close to 50 Hz. 

In the tachometer such a plate D is connected with a rod (the feeder). When 
the feeder touches a machine whose shaft rotates with a definite angular velocity, 
the plate D starts oscillating with a frequency coinciding with that of the oscil- 
lation of the body of the machine which, as a rule, is equal to the frequency of 
the rotation of the shaft. 

The work of this device can be demonstrated if we connect the plate with 
the reeds with the suspension of a gyroscope. When the gyroscope is first made 
to rotate fast and then decelerates gradually we can observe that the reeds start 
to oscillate in turn with a considerable amplitude and then stop oscillating one 
after another. 

Resonance phenomena are the foundation of the construction of many other 
instruments meant for measuring the frequency of a vibration. For instance, 
in Fig. 372 we see a scheme of a reed-frequency meter whose main element is the 
reed B carrying a mass m on one end, the other end being rigidly fixed in the 
instrument case C. The reed B has a clamp AA’ placed at a certain distance 
from the rigid fixing; this distance can be varied. When the instrument touches 
a vibrating body whose frequency should be measured the reed starts to oscil- 
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late. Then the clamp is moved along the reed until a position is found in which 
the reed has the maximum amplitude of the oscillation. The natural frequencies 
of the reed corresponding to various positions of the clamp AA’ are known and 
are marked on the scale of the instrument, which makes it possible to determine 
the frequency which we want to measure. 

When we deal with a compound oscillation involving harmonic vibrations 
with various frequencies the frequency meter detects all these frequencies pro- 
vided that they are not too close to one another. 

The sensing element of all instruments of this kind is a resonator (or a set of 
resonators) whose frequency can easily be measured. 

Resonators play a very important role in acoustics, optics, radio engineering, 
etc. because of their selectivity making it possible to perform the frequency 
analysis- 


131. Auto-oscillation 


In certain conditions a stable periodic vibration may arise in a system which 
is not subject to an external periodic action. An example of this kind is the fiddle 
stick and the string (considered as one system); the motion of the fiddle stick 
makes the string to oscillate periodically. If we gave the string a deviation from 
the equilibrium position in the absence of the fiddle stick and then allowed it to 
move on its own the natural oscillation of the string would set in; this natural 
oscillation would be damped very soon by the friction forces. When the fiddle 
stick excites the string the forces in this vibration system change in such a way 
that they support the vibration. The work of these forces compensates for the 
energy losses connected with the work of the friction forces which inevitably 
appear when the string oscillates. Thus, the conditions in which the string oscil- 
lates under the action of the fiddle stick are such that there appears a definite 
periodic force supporting the oscillation; in the absence of the oscillation the 
force with which the fiddle stick acts upon the string would remain constant. 

A system in which a periodic oscillation arises in the absence of any external 
periodic action is referred to as a self-oscillating or an auto-oscillating system, 
the oscillation process being called an auto-oscillation (or a self-excited vibration). 

As a simple example of this kind, let us consider the auto-oscillation of a pen- 
dulum with a sliding bearing on a rotating shaft (see Fig. 373a). The friction 
forces arising in the bearing of the pendulum create a moment of forces F 4, 
acting on the pendulum*. Let us consider the work of the moment M;, during 
the periodic oscillation of the pendulum. Since the process we deal with is period- 
ic it suffices to consider a time interval equal to the period of the oscillation. 
Let the oscillating pendulum pass through the equilibrium position at the 
beginning of this time interval and let it move at the initial instant as shown 
in Fig. 373b. During the first half of the period when the shaft and the pendulum 
rotate in opposite directions the work of the moment M,, of the friction forces 
is equal to the energy lost by the pendulum. During the second half of the period 
when, conversely, the pendulum and the shaft rotate in one direction the work 
of the moment M;, is expended on the increase of the energy of the pendulum 
(see Fig. 373c). 


* It is supposed that the absolute value of the angular velocity of the rotation of the shaft 
remains all the time greater than that of the pendulum during the oscillation process. 
This implies that the direction of the moment Mfr ap lied to the pendulum is always 
preserved. 
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FIG. 1373 


In certain conditions the force of 
dry friction is almost independent of 
the velocity of sliding; then the total 
work of the friction forces during the 
whole period is equal to zero. In this A 
case the friction between the pendulum 
and the shaft introduces no damping 
in the oscillation process. 

In case the friction force between 
the shaft and the pendulum depends oe Wy 
on the velocity of sliding the charac- 
ter of the phenomenon changes. 

Suppose that the friction force FIG. 374 
increases together with the velocity 
of sliding. Then in the state shown in Fig. 373b the moment of the friction 
forces is greater than in the state shown in Fig. 373c; consequently, during the 
period of the oscillation the pendulum loses some energy and the oscillation is 
damped. The mechanical energy of the pendulum is lost and the friction 
between the pendulum and the rotating shaft increases the damping of the 
oscillation. 

The course of the process may essentially change when the friction force re- 
duces as the velocity of sliding increases. Such a case can be realized practically 
for a certain range of variation of the velocity of sliding by introducing a small 
amount of a lubricant. For a pendulum in a state of rest a typical diagram repre- 
senting the dependence of the friction force moment on the angular velocity of 
the rotation of the shaft is shown in Fig. 374. 

Let us consider the case when the velocity of the rotation of the shaft corre- 
sponds to the abscissa of the point A in Fig. 374. Then the energy of the pendulum 
increases during the period of the oscillation, which can readily be confirmed 
by an argument analogous to the one used in the case of a constant moment M,,. 
In this case the oscillating pendulum receives a definite amount of energy during 
the period and if this amount exceeds the energy loss connected with the air 
friction the amplitude of the pendulum will increase. 
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FIG. 375 


The character of the oscillation is demonstrated by the graphs shown in 
Fig. 375. Graph a represents the oscillation of the angle g of deviation of the 
pendulum from the equilibrium position: graph b shows the time variation of 


the angular velocity © of the rotation of the pendulum; graph c describes the 


variation of the relative velocity (the velocity of sliding) 1 = w — g. The 
velocity w, oscillates about the constant value w (the angular velocity of the 
Shaft). The diagram in Fig. 375d represents the variation of the moment M fr 
of the friction forces between the shaft and the bearing of the pendulum for 
the case when the friction force reduces as the velocity of sliding increases. 
Fig. 375e shows the dependence of the moment of air friction forces M air On 
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time ¢t. The oscillation of the angle @ and that of M,i, are always in opposite 
phases. It is evident that if the amplitude a, exceeds the amplitude a, the ampli- 
tude of the oscillation of the pendulum grows. 

As the amplitude of the oscillation of the pendulum increases the amplitude 
a, of the moment of the friction force between the pendulum and the shaft grows 
slower than the amplitude a, of the air friction moment M,,, and when the am- 
plitude of the oscillation of the pendulum attains a certain value the amplitudes 
a, and a, become equal. Since then the stationary oscillation (the auto-oscilla- 
tion) of the pendulum sets in. 

The rotating shaft supplies the pendulum with energy necessary to compen- 
sate for the loss of the energy which is transformed into heat in the auto-oscilla- 
tion process. The energy is transmitted from the shaft rotated by the electric 
motor by means of the force of sliding friction. Our considerations obviously 
show that the frequency of the auto-oscillation is determined by the natural 
frequency of the pendulum. Experiments show that in other cases the frequency 
of an auto-oscillation process is also close to the natural frequency of the reso- 
nator entering into the vibration system. 

An auto-oscillation system in which there arises a vibration which is close to 
a harmonic oscillation always involves a resonator (e.g. the pendulum in the 
above example) and an energy source (e.g. the electric motor rotating the shaft 
in the above example). When the resonator oscillates it acts on the source of 
energy in such a way that the force exerted by the source on the resonator becomes 
periodic and supports the oscillation of the resonator. In such a system there 
is always a feed-back between the energy source and the resonator which produces 
a periodic vibration of the force exerted by the energy source. In the above exam- 
ple the feed-back is created by the oscillation of the velocity of sliding as the 
friction force between the shaft and the pendulum varies periodically and 
supports the oscillation of the pendulum. For the auto-oscillation to arise an 
initial excitation, however small, is needed; the oscillation process described 
above starts when the pendulum is given a deviation from the equilibrium po- 
sition after which it begins to oscillate. 

The oscillation of the pendulum on the rotation shaft is an example of an 
almost harmonic auto-oscillation. There also exist auto-oscillation phenomena 
which are periodic but non-harmonic. An example of this kind is the auto- 
oscillation in the hinges of a door caused by the force of dry friction in the hinges 
and causing the squeak of the door. 

Another typical example of non-harmonic auto-oscillations is the auto-oscilla- 
tion produced by an alternating energy source. In Fig. 376 we see a scheme of a 
model of this kind. The vessel shown in the figure can be filled with water from 
the tap A and there is a syphon pipe built in the wall of the vessel. The constant 
velocity of the water pouring from the tap can be regulated in such a way that 
a periodic oscillation of the water level in the vessel sets in. Suppose that at 
the initial instant there is no water in the vessel. After the tap has been turned 
on the water level starts to rise gradually; the moment the water achieves the 
level marked by the letter B in Fig. 376 it starts flowing out through the syphon 
pipe. The water flow carries away the air from the pipe and the water fills the 
whole syphon pipe. Then the water flows out of the vessel through the syphon 
pipe. The velocity of the water pouring from the tap A can be chosen so that it 
is much less than the velocity of the flow of the water through the syphon pipe. 
Then the altitude of the water level will decrease rather fast until the free sur- 
face of the water achieves the level marked by the letter C in the figure. Now 
the air enters the syphon pipe through its end placed at level C, the water pours 
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out of the pipe and the water flow through the syphon pipe stops. Next the pro- 
cess we have described repeats and thus there arises a periodic vibration of the 
altitude of the water column (between the levels C and B) which may last in- 
definitely. The altitude Q (reckoned from level C) will vary in a way shown by the 


diagram in Fig. 377a. The variation of the velocity QO of the water level is 
represented in Fig. 3770. 


Section A-A’ 


Pressure 


FIG. 378 


The graphs in Fig. 377 show that the vibration process is not harmonic. The 
velocity of the motion of the water level changes particularly sharply at the 
moments when the syphon pipe starts and stops working. However, the oscilla- 
tion inthis example is purely periodic and is supported by the uniform flow of 
the water from the tap. The role of a feed-back device in this example is played 
by the syphon pipe which periodically allows the water to flow from the vessel 
and stops the flow. 

The oscillation of the water level in the vessel is an example of a non-harmonic 
relaxation auto-oscillation. Generally, in a relaxation oscillation process the 
motion or its velocity is described by a discontinuous function or by a function 
which is close to a discontinuous one (the graphs in Fig. 377 represent functions 
of this type). 
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Here we also mention some other examples of auto-oscillations supported by 
a jet of air or water. The sound produced by an accordion results from the auto- 
oscillation of a reed (a very thin elastic plate) placed in the air jet (see Fig. 378). 
The oscillation of the air in a reed-pipe is supported by the air stream incident 
on the sharp edge of an opening (Fig. 379). Here the role of a resonator is played 
by the volume of the air within the pipe. Other musical instruments of this kind 
(the reeds) are based on the same principle. 
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FIG. 379 


132. Natural Oscillations of a System with Many 
Degrees of Freedom 


In the foregoing sections we considered vibrations of a single body (e.g. a 
load suspended from a thread or from a spring, a body immersed in a fluid). 
When we considered the oscillation of a fluid in communicating vessels the sit- 
uation was such that the harmonic oscillation of one particle of the fluid deter- 
mined uniquely the motion of all the other particles. In all processes of this 
kind it suffices to know the variation of one coordinate in order to describe com- 
pletely the whole process. In such cases we say that the system in question posses- 
ses one degree of freedom. 

We now consider an example of another type: suppose that two loads suspend- 
ed as shown in Fig. 380 are made to oscillate vertically. In the oscillation process 
the lower spring undergoes a deformation and therefore the displacement z, 
of the upper load is not equal to the displacement z, of the lower load. Hence, 
the oscillation is characterized by simultaneous variations of two coordinates, 
namely x, and z,. If we jerk sharply the lower load it starts to oscillate and al- 
most immediately excites the other load which also begins to oscillate. The mo- 
tion is transmitted from the lower load to the upper one through the spring be- 
tween them which undergoes alternating extension and compression. Hence, to 
describe the process we should take into account the simultaneous variations 
of the two coordinates x, and x, specifying the positions of the loads. A system 
ef this kind is said to have two degrees of freedom. 

Similarly, two coupled pendulums connected with the aid of a light spring 
(see Fig. 381 where the spring is denoted as a) form a system with two degrees of 
freedom (it is supposed that the pendulums can only oscillate in the vertical 
plane passing through their points of suspension). The oscillation of each of the 
pendulums is not completely independent and is connected with the oscillation 
of the other pendulum by a definite law. 
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We can also take a system of three, four, etc. pendulums joined with springs. 
A system of this kind possesses three, four, etc. degrees of freedom respectively 
because it involves three, four, etc. pendulums oscillating simultaneously. If 
one or several pendulums entering into such a system are made to oscillate the 
resultant oscillation process is rather complicated and, generally speaking, the 
oscillation of each of the pendulums is non-harmonic. 

We now investigate in more detail the oscillation process in a simple system 
of this kind consisting of two identical pendulums connected with a spring (see 


FIG. 380 FIG. 381 


Fig. 381). Let us give an initial displacement to one of the pendulums while the 
other is kept fixed and then simultaneously allow both pendulums to move on 
their own. Suppose that we have a recording device making it possible to obtain 
curves representing the variations of the coordinates z, and x, of the first and 
the second pendulum. Then it turns out that these curves are of the type shown 
in Fig. 382. 

At the initial stage of the process the first pendulum oscillates approximately 
as if the other pendulum were fixed and the spring between the pendulums com- 
presses and extends periodically. Then the force exerted by the spring on the 
second pendulum starts to swing it gradually. Since a part of the energy of the 
first pendulum is transmitted to the other pendulum the amplitude of the oscilla- 
tion of the first pendulum gradually decreases and the amplitude of the second 
pendulum increases. 

The energy transfer from the first pendulum to the second one lasts for some 
time (which we denote 1/2) until the first pendulum stops oscillating while the 
second pendulum oscillates with an amplitude which is almost equal to the am- 
plitude of the first pendulum at the beginning of the process (provided that the 
energy loss connected with the friction is small). In the further course of the 
process the roles of the pundulums interchange: the second pendulum starts to 
swing the first one and the part of the process described above is repeated in the 
reverse order and in just the same way because the pendulums are identical. The 
increase and the decrease of the amplitudes of the pendulums will alternate and 
the pendulums will exchange their energies periodically with period t. An oscil- 
lation process of this kind is referred to as beating (or beats) and the time inter- 
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val t is called the beat period. In the course of the process the mechanical energy 
is periodically transferred (almost completely) from one pendulum to the other- 
and vice versa. Since in reality there are always friction forces the process lasts 
until the mechanical energy is completely transformed into heat and the pendu- 
lums stop oscillating. 

Now let us excite the oscillation of the pendulums in an arbitrary way and 
record the oscillation process. In the general case the amplitudes of oscillation 
of each pendulum are not constant and their increase and decrease alternate. As 
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before, when the amplitude of the first pendulum increases the amplitude of the 
second pendulum decreases and vice versa. The amplitude of the oscillation of 
the first or of the second pendulum must not necessarily reduce up to zero; in 
the general case it varies between a certain minimum value and a certain maxi- 
mum value as is shown schematically in Fig. 383. The time interval during which 
the energy of one pendulum is transferred to the other pendulum, that is the 
time during which the amplitude of the oscillation of the pendulum varies from 
its maximum to its minimum, is again equal to the same quantity 1/2. Irres- 
pective of the way the vibrations of the pendulums are excited the beat period 
remains the same; only the difference between the maximum and the minimum 
of the amplitude of the oscillation of the pendulums depends on the initial con- 
ditions in which the oscillation process starts (cf. Figs. 382 and 383). 

In the general case the oscillation of each pendulum is non-harmonic. Each 
pendulum oscillates and its amplitude varies periodically with the constant 
beat period t. The range of the variation of the amplitude in the beating process 
(the depth of modulation) depends solely on the way the oscillation has been ex- 
cited. It is evident that there can be special excitation conditions under which 
the depth of modulation is very small so that the vibrations of the pendulums 
become very close to harmonic oscillations. Based on the symmetry of the pen- 
dulums in the system in question, we can readily indicate the following two cases 
when the initial excitation causes both pendulums to oscillate purely harmonic- 
ally: in the first case the pendulums are given equal initial displacements in one 
direction and then allowed to move on their own and in the second case the ini- 
tial deviations of the pendulums coincide in their magnitudes and are opposite 
in the directions. 

The excitation of the first type makes both pendulums oscillate harmonically 
as if there were no spring connecting them at all because during the oscillation 
the length of the spring remains invariable. Under the assumption that the 
weight of the spring is negligibly small the period of the vibrations of the pen- 
dulums coincides with the natural period 7’, of each pendulum. 

After the excitation of the second type the pendulums oscillate in opposite 
phases and the spring undergoes a deformation so that its extension and compres- 
sion alternate while its midpoint does not move and behaves as if it were fixed. 
Both pendulums are in similar conditions and oscillate harmonically with a 
period 7,. It is evident that the period 7, must be less than 7, because in this 
case the restoring force of the spring is added to the restoring force of each pen- 
dulum. 

However, if the initial displacements of the pendulums slightly differ there 
arise beating phenomena with a small depth of modulation in the vibrations 
of both pendulums. 


133. Theoretical Analysis of Beating 


To elucidate the character of the phenomenon of beating let us subject to a 
theoretical analysis a superposition of two harmonic vibrations with different 
frequencies (it should be noted that the superposition of two vibrations with 
coinciding frequencies always results in a harmonic oscillation with the same 
frequency). 

Let a point oscillate in a definite direction according to a sinusoidal law de- 
scribed by a function A sin (wt + qg,) relative to a reference system which itself 
oscillates harmonically in the same direction, the oscillation of the system being 
described by a function B sin (wt+ g,). Then the oscillation of the given point 
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in this direction relative to a fixed reference system is determined by the corres- 
ponding coordinate x whose variation is expressed as 

z=Asin(ot + 9,) + B sin (wt + @,) = (A cos g, + Bos g,) sin wt + 

+ (A sin g, + B sin @,) cos wt = C sin (wt + @) (133.4) 
where 


C = V (Aces q+ B 00s G+ (Asin g, +B sing, 
and 
Asin @,;+ 8B sin g, 


Oe Ae en A cos 9, +B cos Qe 


The oscillation resulting from the superposition of two harmonic vibrations 
laving the same direction but different frequencies is of another character and 
is not harmonic. Let 


xz, = A sin(o,t+ g,) and z, = B sin (wot + @.) 
be the coordinates describing the oscillation of the point relative to a moving 
reference system and the oscillation of the reference system itself, respectively. 
Then the resulting oscillation is 
r=2,+2,= Asin (Mt+ 9.) +B sin (Wot + ge) = 
= A sin (mt + qi) + ASin (Wet + Qe) + (B — A) sin (Wet + G2) = 


= eee (ou p- B sin (2 t ++ Pit oe = 


+ (B— A) sin (Wot + Qe) (133.2) 
The first term in the rightmost sum in formula (133.2) does not represent a 
harmonic oscillation because it is equal to the product of two harmonic factors 


the first of which has the frequency 5 (0; — 0.) and the other the frequency 


= (w, + ,). If the difference between the frequencies w, and w, is small (re- 
lative to both w, and w,) the frequency > (w, + @,) is approximately of the 


order w, (or w,) while the frequency a (@,; — @,) is very small in comparison 
with @, (OF @,). 

In this case the first term of the resultant oscillation (133.2) can be thought 
of as an almost harmonic oscillation with frequency w, ~ w, whose amplitude 


(here we apply the term “amplitude” to the factor 2A cos (= t+ A 


varies slowly. The graph of this oscillation coincides with the one shown in 
Fig. 382 for the function z, (t). We can speak of it as pure beating, the beat period 
being 
20 
W1— We 


The second term in the rightmost sum in formula (133.2) represents a harmonic 
oscillation with frequency w,. The superposition of the pure beating and the 
harmonic oscillation results in a beating phenomenon of a general type in which 
the amplitude of the oscillation varies periodically with period t but does not 
necessarily achieve a zero value; the graph of a vibration of this type is shown in 
30-0776 


= 


(133.3) 
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Fig. 383. When the two constituent oscillations have different frequencies and 
equal amplitudes A = B only pure beating is present. In case A = B we have 
a beating phenomenon of a general type shown in Fig. 383, the beat frequency 
(see formula (133.3)) being always equal to 

1 O,—W, 


Vy, = — = LZ? = — 
b = on 4 2 


where v, = = and v,= = are the frequencies of the harmonic oscillations whose 
superposition results in the beats. We see that the beat frequency is equal to the 
difference between the frequencies of the constituent vibrations and does not 
depend on the amplitudes and the initial phases of these vibrations. 

The time interval between two successive instants when the zero value is 


passed in one direction (that is in the direction of increase or decrease) is equal to 


40 
W1-+ Ws 


(see Fig. 382). 

The phenomenon of beating can also be interpreted in the following way. 
When two harmonic vibrations in one direction with slightly differing frequen- 
cies are added together the maximum departure from the equilibrium is achiev- 
ed at an instant ¢, when the vibrations are in one phase. In the further course of 
the resultant oscillation the amplitude decreases and attains its minimum value 
at an instant ¢, > ¢, when the constituent vibrations are in opposite phases. 
Then the amplitude of the oscillation starts to increase again until at an instant 
tz > t, the constituent vibrations are in one phase; at time ¢, the amplitude 
again attains its maximum, and so on. It is evident that the beat period t is 
equal to 


= ts — ty (133.4) 


For definiteness, let us suppose that the phase difference between the constit- 
uent vibrations at time 7, is equal to zero, that is 


Ot) + Pi— @ehi — G2 = O (133.5) 
Then at time ¢, the phase difference is equal to 


Wits + Qi — Wels — Dg = 2n (133.6) 


Performing the termwise subtraction of (133.5) from (133.6) we obtain 


(@, — We) (ts — ty) = 2n 


whence, taking into account (133.4), we find the beat period: 


eet (133.7) 
W1— Ws 
The results of the theoretical analysis of the superposition of two harmonic 
vibrations with different frequencies indicate that the natural oscillation of the 
system of two identical pendulums coupled as was described above is represent- 
able as a superposition of two harmonic vibrations, the difference between the 
frequencies of the vibrations being equal to the beat frequency. 
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134. Natural Frequencies of Coupled Pendulums 


Experiments show and theoretical calculations confirm that for any excita- 
tion of a system of coupled pendulums there arises the phenomenon of beating 
of one definite character.* This means that the oscillation of each of the pendu- 
lums is representable as a sum of two harmonic vibrations with the frequencies 

m= 342 and o, = 4 

The frequencies w, and w, are determined by the physical parameters of the 
pendulums (that is w, and w. depend on the lengths of the pendulums, the masses 
of their loads, the stiffness of the spring, the positions of the points at which the 
ends of the spring are attached to the pendulums, etc.) and are independent of 
the initial conditions after which the oscillation of the system sets in. That is 
why @, and w, are referred to as the natural frequencies of the system of the two 
pendulums. The way in which the system is excited (that is the initial conditions) 
only specifies the magnitudes of the amplitudes and of the initial phases of the 
harmonic vibrations of the first and the second pendulum. Therefore, the ini- 
tial conditions also specify the depth of modulation in the beating process; 
when the vibration with one frequency has a very small amplitude relative to 
the amplitude of the vibration with the other frequency the depth of modulation 
is also very small, which means that in this case the resultant vibration is 
close to a harmonic oscillation with a large amplitude. 

If the initial conditions are chosen so that both pendulums oscillate with the 
same frequency (without beating) the frequency of the vibrations of the pendu- 
lums coincides with one of the natural frequencies @, or w,. That is why the har- 
monic oscillation of the system of two pendulums after they are given initial 
deviations of the same magnitude and in the same direction, that is in the same 
phase (see Sec. 132), is nothing but the natural oscillation of the system with its 
smaller natural frequency w,. Similarly, the oscillation with the greater fre- 
quency w, is observed after the pendulums are given initial displacements of 
the same magnitudes and opposite directions (opposite phases). Thus, the natur- 
al vibrations of both pendulums with the smaller frequency are the cophasal 
harmonic vibrations and the natural vibrations with the greater frequency are 
harmonic vibrations in opposite phases. 

A more thorough investigation shows that any natural oscillation of the system 
of two coupled pendulums arising after any initial conditions is representable 
as a sum of vibrations in one phase of the two pendulums with the frequency 
®, and vibrations in opposite phases with the frequency w,. This general con- 
clusion can be confirmed by the following argument. 

Let us suppose that the first pendulum has an initial displacement 21) and the 
second pendulum has an initial displacement zo) (it is assumed that the initial 
velocities of the pendulums are equal to zero). The displacements are considered 
positive when the pendulums are shifted in one direction from the equilibrium 
and negative when the directions of the displacements are opposite. It is always 
possible to choose a displacement a of both pendulums in one direction and a 
displacement b in opposite directions so that the given initial deviations 249 
and 2, are the result of the superposition of the displacements a and b. Indeed, 
the sought-for quantities a and b are uniquely determined by the two simulta- 


*« The beat period t and the time interval 7 (see Sec. 133) have the same values for any 
initial conditions. 


30* 
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neous equations 
Yig=a—b and z9=—a+dD 


On solving this system of equations we find 


Lin +o and b= Loq9— 19 
2 


a= 5 


The initial deviation of the pendulums in one direction by a distance of 
a produces vibrations of both pendulums with frequency w, in one phase while 
their deviation in opposite directions by 0 results in vibrations of the pendulums 
with frequency w, in opposite phases. The superposition of these two motions 
results in the oscillation of the system corresponding to the given initial dis- 
placements z,, and 29, which is what we intended to show. In this way we can 
describe the general character of the natural oscillation of a system consisting 
of two identical coupled pendulums. 

In a more general situation when the coupled pendulums are different it can 
also be shown that an arbitrary oscillation of the system specified by arbitrary 
initial conditions is also representable as a sum of two harmonic vibrations with 
some frequencies w, and w, which are the natural frequencies of the given sys- 
tem. The oscillation regimes in which both pendulums oscillate with a common 
frequency coinciding with one of the natural frequencies can be excited by choos- 
ing appropriate initial conditions; however, for, pendulums of different lengths 
and masses the theoretical computation of the necessary initial data is a rather 
complex task which we do not consider here. 


135. Natural Frequencies of Three Connected Pendulums 


Three connected pendulums form a system with three degrees of freedom. The 
natural oscillations of this system are still more complex than the oscillations 
of two coupled pendulums. Such a system possesses three natural frequencies and 
its arbitrary natural oscillation is representable as a sum of three harmonic 
vibrations. 

The vibrations of the system of three identical connected pendulums shown 
in Fig. 384 in which all the pendulums oscillate with one of the natural frequen- 
cies can readily be observed in an experiment. As in the case of two coupled pen- 
dulums, when the initial conditions are chosen so that the three pendulums os- 
cillate harmonically with a common frequency this frequency coincides with 
one of the natural frequencies. 

In Fig. 384 are shown three cases in each of which one of the natural oscilla- 
tions arises (it is supposed that the natural frequencies of this system of three 
connected pendulums are different: , >w,. > ws). It is evident that the ini- 
tial conditions shown in Fig. 384a and b generate harmonic vibrations of the 
pendulums with frequencies w3 and @,, respectively.* 

In the case shown in Fig. 384a all the pendulums oscillate in one phase with 
a common frequency (@3) with which every pendulum would oscillate separately 
without being connected with the other pendulums. The springs do not take 
part in this process because they undergo no deformation. 

In the case shown in Fig. 3840 the right-hand and left-hand pendulums oscil- 
late in opposite phases, the forces of the springs exerted on the middle pendulum 


* In the case shown in Fig. 384b the amplitude of the oscillation of the middle pendulum 
is equal to zero; we can therefore say that this pendulum oscillates with frequency o, 
and zere amplitude. 
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balance each other and therefore this pendulum remains at rest. The frequency 
w, of this oscillation process is greater than the frequency @, in the former case 
because in the latter case the additional force arising owing to the deformation 
of each spring is added to the restoring force of the corresponding pendulum 
(as is known, for a small amplitude the restoring force of an isolated simple 
pendulum is equal to mga where mg is the force of weight of the pendulum and 
a is the angle of deviation of the pendulum). 


FIG. 384 


The appearance of a harmonic vibration in the system after the excitation 
corresponding to the initial condition shown in Fig. 384c is explained in a more 
complicated way. The restoring force characteristic of the middle pendulum is 
twice the corresponding restoring force of the left-hand or of the right-hand pen- 
dulum because the deviation of the middle pendulum is measured by the angle 
a while the deviations of the right-hand and the left-hand pendulum are equal 
to = . The additional force resulting from the actions of the two springs on the 
middle pendulum is twice as large as the force with which the right and the left 
springs act on the right-hand and on the left-hand pendulum respectively be- 


cause one of the springs receives an elongation proportional to = while the other 


spring undergoes a compression of the same magnitude (the springs are identical 
and have the same stiffness, the forces exerted by them being proportional to 
their deformations). Finally, the coefficients characterizing the restoring forces 
of the pendulums are equal because the masses and the lengths of the. pendulums 
are the same. It follows that the resultant force acting on each pendulum is 
proportional to its deviation from the equilibrium position with the same pro- 
portionality coefficient and hence the periods of the vibrations of the pendulums 
coincide. 

The oscillations of the system of the three pendulums generated by the ini- 
tial conditions shown in Fig. 384a, b, and c consist of three coherent harmonic 
vibrations of the three pendulums with one of the natural frequencies w,, @. 
and ws, respectively. 

As in the case of two pendulums, an arbitrary natural oscillation of the system 
of the three connected pendulums is representable as a superposition of three 
vibrations each of which corresponds to the coherent harmonic vibrations of 
the pendulums with one of the three natural frequencies @,, w,, and @3. Every 
combination of the coherent vibrations with frequencies w; (i = 1, 2, 3) is 
called a normal mode of vibration or, simply, a normal mode or a principal oscil- 
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lation of the whole system. Thus, any natural oscillation of the system is a sum 
of three normal modes. 

For a vibration system consisting of an arbitrary number of different pendu- 
lums or other oscillating bodies the situation is completely analogous. In the 
general case of arbitrary initial conditions the corresponding complex oscilla- 
tion of the system reduces to a superposition of the normal modes. The number 
of the different normal modes and the number of the natural frequencies coin- 
cide with the number of the degrees 
of freedom of the whole system con- 
sisting of the oscillating bodies. 

The analysis of the oscillation of 
a composite system we carried out 
in Secs. 134 and 135 was based on the 
assumption that the friction forces 
were negligibly small. When the action 
of small friction forces is taken into 
account the course of the oscillation of 
the system during a finite time inter- 

x2 val comparable with the period is not 

changed considerably. However, for 

a sufficiently long time interval the 

oscillation will be damped. The pres- 

ence of large friction forces must of 

course essentially change the charac- 

ter of the natural oscillations. For 

instance, when two coupled pendulums 

FIG. 385 connected by a spring with very 

small stiffness undergo the action of 

sufficiently large friction forces the diagrams representing the vibrations of the 

pendulums can be of the type shown in Fig. 385. As is seen from this figure, 

the oscillation of the first (excited) pendulum can be damped very fast before 

the excitation is transferred to the other pendulum which is not excited 
initially (cf. Fig. 382). 

When the friction forces become very large the motion of the pendulums is 
no longer oscillatory. The pendulum which is given an initial deviation will 
slowly approach the equilibrium position and will produce a slow motion of 
the same type of the other pendulums. The pendulums which are not strongly 
connected with the excited one practically remain at rest. 


od 


136. Forced Oscillations in Composite Systems 


Let us consider the oscillation of a system of two coupled pendulums (Fig. 386) 
under the action of a harmonic force F with frequency p applied to one of the 
pendulums. When a stationary oscillation regime arises each of the pendulums 
is in a forced harmonic vibration with the excitation frequency p. As in the case 
of a forced vibration of a system with one degree of freedom, the amplitudes of 
the two pendulums depend on the frequency. This dependence becomes partic- 
ularly noticeable when the damping in the system is small. The forced vibra- 
tions of both pendulums with the maximum amplitudes is observed when the 
frequency p of the external force F coincides with one of the natural frequencies 
of the system of the two coupled pendulums. In this case we speak of a resonant 
vibration of the system. Similarly, in a system consisting of m pendulums reso- 
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nance sets in when the frequency of the external force coincides with one of the 
n natural frequencies of the system. The resonance curve representing the depen- 
dence of the amplitude A, of the longer pendulum to which the external force 
F =a cos pt is applied (see Fig. 386) on the frequency p is shown in Fig. 387 
(it is assumed that the amplitude of the external force F remains constant as the 
frequency p is varied). We see two resonance peaks in Fig. 387 in the vicinity of 
the natural frequencies w, and w,. An essential role in the oscillation process is 
also played by the minimum amplitude corresponding to a certain value n, 


FIG. 388 


of the frequency p (see the figure). The importance of this minimum will be dis- 
cussed later. In the resonant oscillation (when p = @, or p = a@,) the action of 
the external force is balanced by the action of the friction forces. If the friction 
forces are very small and the external force is also sufficiently small the forced 
resonant oscillations in the system resemble the normal modes of vibration be- 
cause the frequencies of the forced oscillations are equal to the natural frequen- 
cies. 

In the resonance arising when p = w, the relationship between the amplitud- 
es and the phases is of the type shown in Fig. 388a. Both pendulums oscillate in 
one phase but the angle of the deviation of the longer pendulum is greater than 
that of the shorter one. The frequency w, is close to the natural frequency of 
the longer pendulum characterizing this pendulum when it oscillates separate- 
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ly without being connected with the other pendulum. When the pendulum: 
are coupled and are in the vibration regime shown in Fig. 388a the longer pendii- 
Jum oscillates with a frequency which is close to its own natural frequency. 
It makes the shorter pendulum follow the motion of the longer pendulum (the 
natural frequency of the shorter pendulum is greater than that of the longer". 
The force of the spring exerted on the shorter pendulum* varies periodically s: 
that it is cophasal with the oscillation of that pendulum. The spring receives the 
maximum elongation in the position shown in Fig. 388a; after a half-period time 
the spring undergoes the maximum compression. 


{ 
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FIG. 389 FIG. 390 


In the resonance characterized by the relation p = a, the oscillation of the 
pendulums is close to the normal mode with frequency w,. This oscillation 
regime is shown schematically in Fig. 388. The vibrations of the pendulums are 
in opposite phases and their common frequency q@, is close to the natural fre- 
quency of the shorter pendulum (characterizing it when it oscillates separately). 
In this case we can say that the shorter pendulum excites the longer one because 
the latter oscillates with frequency mw, exceeding its natural frequency. That is 
why the force exerted by the spring on the longer pendulum and the displace- 
ment of this pendulum vary periodically in opposite phases. When the external 
force F is small and the frequency p differs essentially from the resonant frequen- 
cies the amplitudes of the pendulums are very small so that they practically do 
not move. 

The phenomena taking ‘place in the forced oscillation of a system of two pen- 
dulums can easily be demonstrated using the device shown schematically in 
Fig. 389. The spring B must be very light and its stiffness must be sufficiently 
small while the radius R of the driving crank to which one of the ends of the 
spring B is attached must be much greater than the displacement of the other 
end of the spring during the oscillation process. 

The case when the frequency p of the external force assumes the value 7, (see 
Fig. 387) is of a particular interest because the amplitude of the vibration of 
the longer pendulum becomes very small. This phenomenon can be used for 
damping undesirable vibrations. The experiment and the theoretical analysis 
show that the frequency n, is equal to the frequency of the free vibration of the 
shorter pendulum (in the absence of the external excitation) coupled with the 
longer pendulum with the aid of a spring when the latter pendulum is at rest. 


* This force can be considered as an external force acting on the shorter pendulum. 
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In the case p = n, the shorter pendulum oscillates with frequency n, so that the 
force of the spring applied at the point C (see Fig. 389) balances the action of 
the external force f; that is why the longer pendulum does not move. 

The application of coupled oscillators for damping undesirable vibrations is 
possible when these vibrations have a constant frequency. For instance, to avoid 
horizontal vibrations of the bearing c of a machine depicted in Fig. 390 when the 
shaft supported by the bearing rotates making a constant number of revolutions 
n, a rod a carrying a mass m on its end is attached to the bearing. The mass m 
and the elasticity of the rod a must be such that the natural frequency of the rod 
is equal to m. When the machine works the vibration of the rod may achieve a 
large amplitude while the bearing remains almost at rest, which damps the un- 
desirable vibrations. Such a device is known as a dynamic damper. 

The construction of dynamic dampers used for eliminating dangerous torsion- 
al vibrations of the crankshafts in the internal combustion engines is based on 
the same principle. 

In the general case when a periodic external force is applied to a system with 
many degrees of freedom possessing many natural frequencies (whose number 
coincides with that of the degrees of freedom) the resonant vibrations can arise 
for every natural frequency. Therefore to avoid the undesirable consequences of 
the resonant vibrations the frequency of the external force must not coincide with 
any of the natural frequencies. When a machine is designed this requirement 
becomes particularly important if it is known that the friction forces are very 
small. On the contrary, when the friction forces are sufficiently large the reso- 
nant vibrations are not dangerous because they are damped very fast after they 
have been excited. 


CHAPTER 15 


Vibrations in a Continuous Medium 


137. Waves 


As was shown in Sec. 120, any variation of the pressure or the density at a cer- 
tain place in a continuous medium is transmitted with a definite velocity to 
neighbouring regions of the medium, which results in analogous variations of 
the pressure or the density in these regions; in this way a pressure wave or a 
density wave propagates in the medium. For instance, the vibration of the par- 
ticles of the air caused by the vibration of the vocal cords of a man is transmitted 
from one particle to another so that a sound wave propagates in the air. 

In a homogeneous medium the sound wave generated by a sound source prop- 
agates in a similar manner in all directions. At a sufficiently large distance 
from the sound source the particles of 
the air whose ‘vibration ,starts at a 
given instant owing to the propaga- 
tion of the initial perturbation lie on 
a surface of an almost spherical shape. 
That is why the waves of this kind 
are called spherical waves. A surface on 
which lie the particles of the homoge- 
neous medium oscillating in the same 
manner is referred to as a wave surface 
or a wave front. It is evident that 
a sphere at whose centre a sound source 
with very small dimensions is placed 
is a wave surface of the spherical wave 
generated by the source. 

The waves propagating on the free 
surface of a fluid are a_ well-known 
example of waves. The waves on the 
water surface travelling after a stone 
has been thrown into the water are an example of the circular waves. When 
a body immersed into the water oscillates harmonically with a given frequency 
its oscillation generates periodical circular waves propagating from that body. 
In this case the moving wave crests and wave troughs on the water surface are 
of circular form (Fig. 391). 

The simplest example of a wave motion is a wave propagating in one direction. 
For instance, such is the wave propagating in the air within a pipe along its 
axis which is generated by the vibration of the piston (see Fig. 392). The con- 
densation and rarefaction waves propagate from the piston in one direction and 


FIG. 391 
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FIG. 392 


all the particles of the air taking part in the wave oscillatory motion move along 
the axis of the pipe. A similar wave propagating in one direction can be generat- 
ed in an elastic rod by striking one of its ends in the axial direction. In these 
cases the wave surfaces are the planes perpendicular to the axis of the pipe and 
to the axis of the rod. That is why the waves of this kind are termed plane waves. 

A wave in which the particles oscillate along the direction of the propagation 
of the wave is called a longitudinal wave (an example of a longitudinal wave is 
seen in Fig. 392). A wave in which the particles move in the direction transverse 
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FIG, 393 


to the direction of the propagation of the wave is referred to as a transverse wave 
(the example in Fig. 391 shows a transverse wave). 

A transverse wave can propagate along a rope, a rubber cord, a Steines: etc. 

when they are taut (see Fig. 393). After a taut rubber cord is struck sharply we 
see that the wave disturbance propagates along it from the place where it has 
been struck. When the propagating disturbance passes a given part of the cord 
the particles in this part oscillate in the direction perpendicular to the cord. 

A simple example of a wave motion is a wave propagating along a taut string. 
Let us consider in more detail the propagation of an initial perturbation of the 
shape of a crest (see Fig. 394) along the string. The crest moves along the string 
with a definite velocity c which depends on the properties of the string and on 
its tension, the wave form remaining invariable during the propagation process. 
The quantity c is called the wave velocity (or the phase velocity of the wave). 
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FIG. 395 


One should distinguish between the phase velocity c of the wave and the velocity 
v of the motion of the given particle of the string (see Fig. 394). After an infinite- 
simal time interval dt the initial disturbance shown in the continuous line in 
Fig. 394 passes a distance dz and the string takes the form shown in the dotted 
line in the figure. The vertical line segment v dt is equal to the displacement of 
the given particle of the string while the horizontal line segment c dt is equal 
to the path of the wave crest during time dt. The velocity v of a particle of the 
string varies with time; it depends on the wave form and is different for differ- 
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FIG. 396 


ent particles while the wave propagation velocity c is constant and is the same 
for all the parts of the string. The quantity dz in the figure is the distance between 
two neighbouring particles of the string which have a common transverse dis- 
placement a at time instants ¢ and ¢ + dt. It is evident that c = = . Let the 
wave form of the taut string at a given instant t be as shown in Fig. 395. The 
wave form at the given instant does not provide any information on the direction 


of the propagation of the wave; such a wave can move either to the right or to 
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the left. The wave form only indicates that, for instance, the particles a and 
a’ are acted upon by forces F and F’ directed upwards while the particle b is 
acted upon by a force directed downwards (see Fig. 395). These forces are caused 
by the tension of the string and by its curvature; the greater the curvature of 
the string at a given place, the greater is the transverse force acting on the cor- 
responding particle. At the points of inflection (for instance, at the points c 
and c’) the transverse force turns into zero. 


(a) (5) 
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FIG. 397 


The appearance of the transverse forces can be explained as follows. Let us 
isolate mentally a small part of the string (see Fig. 396). The remaining parts 
of the string exert on the isolated part tensile forces T and 7’ perpendicular to 
the cross sections of the string. The resultant F' of these forces is directed almost 
perpendicularly to the string. Hence, the curvature of the string at a given 
place specifies both the magnitude and the direction of the forces acting on the 
corresponding part of the string. However, the form of the string at a single 
time instant ¢ provides no information about the direction of the propagation 
of the wave. The forces acting on the given part of the string only indicate in 
which way the velocity of the transverse motion of that part varies. 

In case the velocities of motion of the points of the string are known for a 
given instant we can determine the direction of the propagation of the wave. 
Let us suppose that the velocities of the particles of the string are as shown by 
the arrows in Fig. 397a. Then the force F’ acting on the particle a’will decelerate 
it and the velocity of the particle will decrease. It is evident that this distribu- 
tion of the velocities corresponds to a wave propagating to the left. 

Knowing the velocities of the points of the string at an instant ¢ we can con- 
struct the wave form of the string at time ¢ + dt. We see such a construction in 
Fig. 397c showing the wave form at time ¢ + dt for the disturbance having at 
time z the form depicted in Fig. 397a. It is also possible to solve the reverse prob- 
lem, that is to find the velocities of the various points of the string at a given 
instant when a wave of a known form propagates along the string without dis- 
tortion in a definite direction with a known phase velocity. Figure 3975 repre- 
sents the distribution of the velocities of the string for a wave propagating to 
the right. If we bent the string so that it takes the form shown in the figure and 
simultaneously gave the points of the string the initial velocities shown in the 
figure the wave pulse of the given form would propagate along the string to the 
right. 


478 OSCILLATIONS AND WAVES. SPECIAL THEORY OF RELATIVITY 


Displacement wave Dislacement wave 
B ee ek 
c ~ —S> «—--- tt dt << r 
if { Y Sf | > 
at : d S a ‘ 
TA ; | 
' i 
t___ 


Velocity wave | | | <— = | 


Velocity wave 


(2) (5) 


ee ee we oe a ee oe oe 
ew awe ee 
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The connection between the displacements of the particles in a wave and their 
velocities can easily be demonstrated for the wave disturbance (perturbation) 
of the form of a trapezoid shown in Fig. 398. In Fig. 398a we see two successive 
states of the string along which this wave pulse propagates to the right for time 
¢t (the continuous line) and for time t + d (the dotted line). During time interv- 
al dt the point c of the string moves to the position a while the point d moves to 
the position b. The line segments ca and db are obviously proportional to the 
corresponding velocities; all the points of the string on the left slant side of the 


FIG. 399 


trapezoid have the same velocity directed downwards and the points on the right 
slant side have the same velocity directed upwards. The velocity of a given point 
of the string changes in a jump-like manner when a corner point of the wave 
disturbance passes through it; fer instance, the velocity of the point A at time 
instant ¢t increases in a jump-like manner while the velocity of the point B re- 
duces up to the zero value. In Fig. 398b an analogous construction is shown for 
the wave propagating to the left. 

A wave of an arbitrary form propagating along the string to the right without 
distortion can be represented analytically in the general form 


y (x, t)=f(t—-=) (137.1) 


where the function y (z, ¢) is equal to the displacement of the point of the string 
having a coordinate x (reckoned along the string to the right) at time ¢. The 
displacement y is a function of the two variables z and ?#; the function f of the 


binomial ¢ — = represents the form of the string at an instant ¢ as the coordi- 


nate z varies along the string. 
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We can readily show that a wave of an arbitrary form described by a function 
f (¢ — =) propagates to the right with the phase velocity c. Indeed, let the 


form of the wave at an instant ¢, be as shown in the continuous line in Fig. 399. 
During the time interval from ¢, to t, (t, > t,) the wave form receives a displace- 
ment (without distortion) to the right and the form of the string becomes as 
shown in the dotted line in the figure. We see that the particle with coordinate 
x, has a displacement y (z., t.) at time t, equal to the displacement y (z,, ¢,) 
of the point with the coordinate xz, (x, < z,) at the earlier instant ¢,. It is evi- 
dent that the arguments of the function f must be equal for ¢, and 7,: 


It follows that 
Lg — 11=C (t. — t,) 


which means that the wave propagates with the phase velocity c in the direction 
of the positive z-axis. 

General expression (137.1) applies to any plane wave propagating alcng the 
positive direction of the z-axis; in such a wave a point with coordinate x receives 
at time ¢ a departure of magnitude y (z, t) from its equilibrium position. It 
can similarly be shown that the equation 


y(z, t)=f(t+—) 


describes a wave propagating with phase velocity c along the negative z-axis. 

The phase velocity of a wave propagating along a taut string can be found by 
using the following argument. Let a wave pulse of an invariable form propagate 
along the string. Imagine that a thin rigid tube sha: ed as the wave form of the 
string is put on the string and is moved along the string with the velocity c 
of the propagation of the wave (see Fig. 396). Then the tube exerts no forces on 
the string. Similarly, if the tube is fixed and the string is pulled through it 
with constant velocity c in the direction opposite to the direction of the propa- 
gation of the wave along the string the tube and the string do not exert any forces 
on each other either. For the wave propagates along the moving string with 
the same velocity c and its form remains fixed in space. If the (imaginable) 
tube were removed the wave crest would remain in the same position. Using 
this scheme we shall find the value of the velocity c for which the curved rigid 
tube exerts no action on the taut string pulled through it. Let R be the radius of 
curvature of the tube at a given place. The element of the string of length R da 
mentally cut out of the string is acted upon by forces 7 and 7” applied to its 
ends. These forces have equal magnitudes but their lines of action form an angle 
of x — da. Fora small value of the angle da the resultant of these forces is ap- 
proximately equal to 


T da 


and is directed towards the centre of curvature O. If we assume that the tube 
exerts no forces on the string then the centripetal acceleration of the element of 
the string of length R da moving with velocity c along a circle of radius R is 
only produced by the resultant of the forces 7 and 7’. Therefore we have 


Tda=pRda _ (137.2) 
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where p& da is the mass of the element of the string and 09 is the line density of 
the string, that is the mass of an element of the string having unit length. 
From (137.2) we find the expression for the phase velocity of the propagating 


Wave: 
T 
pies Ve 137.3 


Thus, the velocity of propagation of the wave is equal to the square root of the 
ratio of the tensile force T to the line density 0 of the string. Let us check that 
the dimensions of the terms in formula (137.3) are correct. Indeed, we have 


_ kg-m __ kg Tr) m 
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In the derivation of the formula for the velocity of propagation of the wave we 
assumed that the string was absolutely flexible, that is we regarded the string 
as possessing no flexural rigidity. When a real string is stretched (for instance, 
a string made of a steel wire possessing a considerable flexural rigidity) the magni- 
tudes of the forces producing the bending moment and the magnitudes of the 
tensile forces are of the same order. Therefore, the wave propagation process 
becomes more complex for such a string: the wave disturbance will undergo a 
distortion and, in the general case, the various wave forms will have different 
velocities of propagation. 


138. Sinusoidal Plane Sound Wave 


Let us consider a sound wave propagating in the air within a pipe (see Fig. 392) 
when the piston exciting the wave oscillates periodically with a frequency lying 
in the range of the acoustical frequencies (approximately from 16 Hz to 
20 U00 Hz), the amplitude of the oscillation of the piston being very small. 
The wave generated in this way is a sinusoidal plane sound (acoustic) wave 
propagating from the piston along the pipe. 

Let the harmonic oscillation of the piston be described by an equation of the 
form yy (t) = A cos wt where y, is the displacement of the piston and A is its 
amplitude. The particles of the air adjoining the piston have the same displace- 
ment as the piston itself. The particles of the air which are at a distance of 
x from the particles adjoining the piston (when the piston is at rest) oscillate 


with a time lag of magnitude t = = when the piston oscillates. It takes the 


wave the time tT = = to pass the distance x. The oscillation of these particles 


can therefore be described by the equation 


Wr 
y (zx, t)= Acosw(t—t) =Acos (wt ——*} (138.1) 


Formula (138.1) gives an analytical representation of a travelling (progressive) 
sinusoidal plane wave. For any instant ¢ this formula indicates the displacement 
from the equilibrium position for a particle lying at a distance of z from the pis- 
ton. The departure (displacement) y (z, t) of the particle from the equilibrium is 
a function depending both on z (z is the coordinate of the particle when it is 
in the equilibrium position) and on time ¢. All the particles are in harmonic 
vibrations with amplitude A and frequency w but the phases of the particles 
with different coordinates x are different. It is obvious that the wave front is a 
plane perpendicular to the z-axis. 
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Similarly, the equation 


o 
y = Acosw (¢ +=) 
describes a sinusoidal wave propagating along the negative z-axis. 


The displacement diagram for the time t = z( T = =) representing the 


displacements of the points in the sinusoidal wave described by formula (138.1) 


Displacement diagram y(t) =Acos wit-x/c) for t= ™/2w 
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FIG. 400 


is shown in Fig. 400a. The positive direction of the y-axis corresponds to the 
displacements of the points in the direction of the increase of the coordinate z. 

It is evident that at the point a there is a maximum compression and at the 
point 6 a maximum rarefaction. Behind the point a the particles receive a for- 
ward displacement and in front of the point a a backward displacement; in the 
vicinity of the point 6 the situation is reverse (see Fig. 4000). At the points c 
and d the density does not change since the particles in the vicinity of this point 
have almost the same displacement. 

The particles located at the points a and 0 have the maximum velocities; at 
the point a the velocity is directed forward and at the point b backward 
(Fig. 400c). The velocity wave is described by the equation 


v (z, == — Aw sin (ot —=) (138.2) 


The diagram representing this distribution of the velocity for time ¢ => is 
shown in Fig. 400c. 


The shortest distance between two points in the wave which oscillate in one 


phase is called the wave length (we denote it A). The phase difference for two 
points spaced at a distance of s is equal to 


Ws 27s 
= eS 9 
Qs, c cT (128. 3) 
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where T == is the period of the harmonic vibrations of the particles in the 


sinusoidal wave. It follows that for two points oscillating in one phase and lyine 
at a distance of A from each other we have 
Qe nt (138.4 


Cc 


whence 
Xr = cT (138.5) 


Formula (138.5) enables us to state an alternative definition of the wave length: 
the wave length A is equal to the distance which the wave passes during a time 
interval equal to the period T of the vibration. It is evident that the distance 
between two successive points of maximum compression (or rarefaction) is also 
equal to A. 

Sinusoidal displacement and velocity waves of the same type can propagate 
along a long taut homogeneous string; in this case y (z, t) is the transverse dis- 
placement of the point with coordinate x at time t¢. 

The analysis of the processes in a sound wave (see Fig. 400) shows that a 
displacement wave is always accompanied by a density wave; the latter is 
obviously connected with the propagation of the corresponding waves of the 
pressure, of the velocity, of the acceleration, etc. In other words, all the quan- 
tities involved are harmonic functions of time (that is they oscillate harmonical- 
ly) and their oscillations propagate in space with the phase velocity c. The 
wave processes in a taut string can be described analogously. Thus, we can say 
that a wave motion is the propagation in space of the variations of the pressure 
and the other quantities characterizing the physical state and the motion of the 
particles of the medium. 

The propagation of a travelling wave is of course connected with the transfer 
of energy from one particle to another. We see that a wave motion is one of the 
forms of the propagation of energy in space. 


139. Energy of Sound Wave 


A particle of the medium in which a sound wave propagates oscillates and 
possesses both the kinetic energy and the strain (potential) energy. The parti- 
cles which are at a given instant in the places with the maximum compression or 
rarefaction possess the maximum strain energy (the potential energy of defor- 
mation) and the maximum kinetic energy because the velocities of motion in 
these places also have maximum values (see Fig. 400c). The particles which are 
in the places where the density is constant possess neither the potential nor the 
kinetic energy. 

The kinetic energy of the particles in unit volume of the medium (the density 
of the kinetic energy) is given by the expression 


Ein = oth (139.1) 
where p, is the density of the medium in the absence of the wave motion, po 


is the increment of the density arising because of the compression or rarefaction 
in the propagating wave, and v is the particle velocity. The variation of the 
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density in a sound wave is usually very small and therefore p is negligibly small 
in comparison with py. On neglecting p we obtain from (139.1) the approximate 
formula 


p2 
Exin & —— (139.2) 


The substitution of the expression of the velocity v given by formula (138.2) 
in (139.2) yields the expression for the density of the kinetic energy in a harmon- 
ic wave: 
1 : 
Exin = oe 09" A? sin? (wt — = 


(139.3) 


To determine the density of the 
strain energy, that is the amount of 
the potential energy (connected with 
compression or rarefaction of the me- 
dium) contained in unit volume, it is 
necessary to find the increment p of 
the pressure. Let the pressure in the 
state of rest be p,. The variations V 
and p of the volume and of the pres- 
sure are connected by the relation 


(Pot p)(VotV)* = poVe (139.4) 


characteristic of adiabatic processes FIG. 401 

(see Sec. 105). Here V, is the volume 

of a given particle in the state of rest (the increment V of the volume appears 
owing to the wave propagation). It follows from (139.4) that 


p= —%= (139.5) 
0 


(in the derivation of (139.5) we take into account that V is small relative to 
V, use the relation 


(Vo+ Vi = VE (1 +7-)"=V (1 +x) 


V 
for small values of T- and neglect the terms of the second order of smallness 
0 


relative to the quantities = and =) 


0 0 
Let us determine the variation of the volume in the wave. To this end we con- 
sider the volume V, = S dx where S is the cross-section area of the pipe in 
which the sound wave propagates (see Fig. 401). Because of the wave displace- 
ments the particles contained in the volume V, are expanded or compressed and 
occupy a new volume 


VotV=a=8 (dz + dz) 
(see Fig. 401). It follows that 
_ 9 9 
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On substituting (139.6) in (139.5) we obtain the expression for the variation of 
the pressure arising in the propagating wave: 


p= — 4% 220 are, oy dx= —% et S 2) de = —xpy) (139.7) 


We see that the increment of the pressure at a given place is proportional to 
minus the derivative of the displacement y with = to the coordinate zx. 


Since the sound velocity in the medium is c= VY «2 2 (see Sec. 120) expression 
(139.7) for the variation p of the pressure can be ‘aitten in the form 


Oy 
—— 22 


Consequently, the variations of the pressure produced by the propagating wave 
(determined by formula (138.1)) describing the displacements of the particles 
in the sinusoidal acoustic wave are represented by the formula 


Wr 


AQ@ .. : 
p(z, t)= — pyc? — sin (ot) = — 0,Awe sin (or— =} (139.9) 


Hence, the oscillation of the pressure and the oscillation of the velocity of the 
particle are always cophasal (cf. (138.2) and (139.9)). In the places where the 
density of the kinetic energy achieves its maximum value at a given instant f 
the density of the strain energy also attains its maximum. 

The potential energy (the strain energy) is equal to the work which must be 
expended on the increase (decrease) of the pressure of the air by a small quantity 
p. We can also say that this work is expended on the corresponding increase 
(decrease) of the volume V, by an amount of V. For small variations of the pres- 


sure and of the volume (that is for = < 1 and mle Kx 1) it is always allowable 
0 0 


to assume that the pressure variation p is proportional to the volume variation 
V (see (139.5)). In this case the work expended on the increment V of the volume 


V, is equal to =f .* Therefore the density of the potential energy can be 


written in the form 
pV 


Foot = 26 


(139.10) 


The substitution of the value of V given by formula (139.6) and of the value of 
p given by (139.8) in (139.10) results in the expression for the density of the 
strain energy: 


1 Oy \2 
Eyot => Pot? (=) (139.11) 
Consequently, the formula describing the variation of the potential energy in 


the wave has the form 


Enot= > pot? | A cos (wt —- = ) di; — > 0) Aw? sin? (wt —*=} (139.12) 


* Indeed, the variation of the pressure is equal to p = —aV where a is a constant. The 
work is therefore equal to 
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The comparison of (139.12) with the expression of the kinetic energy (see 
(139.3)) shows that for any instant ¢ for every point z the densities of the kinetic 
and the potential energy of a particle in a progressive acoustic wave are equal 
to each other. Therefore the density of the total energy transferred by the wave is 


E = Exin + Epot = Po 42m? sin2 (wot _= (139. 13) 


During a small time interval At the wave propagates through a distance equal 
to c At. Consequently, the amount of energy transferred through a unit plane 


Condensation Rarefaction 


FIG. [402 


area perpendicular to the direction of the propagation of the wave is equal to 
AU, = Ec At (139.14) 
The ratio of the amount of energy passing during time Az across unit area to 


At is called the energy flux. In the case under consideration the energy flux is 
expressed by the formula 


__ AUe 
Ue= At 


= Ec = pp A*w?e sin? (wt — —) (139. 15) 


The energy flux is usually represented by a vector indicating the direction of 
the propagation of the energy, the length of the vector being equal to the amount 
of energy passing through unit area in unit time. This is the energy fluz vector. 

In Fig. 402 we see the graphs representing for a given instant the space dis- 
tribution of the displacement, of the velocity and of the pressure in the wave 
and also the distribution of the energy density and of its flux along the direction 
of the propagation of the wave. As is seen from Fig. 402, the average energy den- 
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sity* equals half the maximum value of the density of the total energy (see 
(139.13)): 


| + 0p Aw? (139.16) 


Consequently, the mean density of the total energy is equal to the maximum 
value of the density of the kinetic energy (which coincides with the maximum 
value of the density of the potential energy). 

We have investigated the motion of the particles of the air and the propaga- 
tion of energy in a plane sound wave along the pipe. Since the diameter of the 
pipe can be quite arbitrary it follows that all we have established applies to any 
plane harmonic progressive (travelling) sound wave. 


140. Plane Waves in a Gas and in a Homogeneous 
Elastic Medium 


The front of a plane wave isa plane surface normal to the direction of the prop- 
agation of the wave. We considered plane sinusoidal waves propagating in a 
cylindrical pipe. However, in such a pipe there can also exist progressive plane 
waves of any other form as in the case of a string. In this section we shall derive 
the general equations describing arbitrary plane waves of type (137.1) propagat- 
ing in a gas or in an elastic medium. 

Let us consider a cylindrical volume of gas shown in Fig. 403. Denoting by 
dz the altitude of this cylinder and using the notation of ‘Secs. 138 and 139 we 
can write the — 


S—(p+2 dz) S= PS da SY > 


expressing the second law of dynamics. This equality implies 


_ 9p o2y 
aT 1 = Po AE (140.1) 
Using expression (139.8) we find 
Op é"y 
“OL Poe CY ar “Ox™ 


The comparison of the last expression with (140.1) leads to 


2 ee, eee as 
esti (140.2) 


Relation (140.2) is the wave equation describing the propagation of the plane 
waves in a gas. 


* By the average (mean) density of the total energy can be meant either the mean value 
of E taken with respect to time ¢ for a given point z = const or the mean value with 
respect to the spatial coordinate z for ¢ = const. The former is computed according to 

T 


1 
the formula Eee = \ E dt for x = const and the latter according to the formula 
0 


A 
E* => E dz for t = const where 7 is the period and A is the wave length. It is 
0 


obvious that EX, = El, = Eay. 
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It can easily be verified that any function y (z, t) of the form 
y(z, t)=f(t+—) 
is a solution to this equation. Indeed, we have 


O*y —_ " O*y er 
“Ox? Saawl ot? = 


where f” is the second derivative of f with respect to the argument ¢ + = . The 


function fcan be quite arbitrary (it is only required that it should be differen- 
tiable twice). It specifies a wave form propagating without distortion with the 
constant phase velocity c. All the 
particles lying on the wave front 
(which is a plane perpendicular to the 
z-axis) corresponding to an arbitrary 
value of the coordinate x receive the 
same displacement y, are under the 
same pressure p, have the same den- 
sity p, etc. at any given instant f. 

In an elastic medium there can also 
exist waves in which disturbances of 
deformation, of stresses, of displace- 
ments, etc. propagate. 

We shall suppose that the contin- 
uous medium occupying some region 
in space is homogeneous and isotropic. 
The laws governing the propagation FIG. 403 
of elastic waves are rather complex 
even when the substance is homogeneous and isotropic. When a non-homo- 
geneity of the deformation is caused in some place there appear non-homo- 
geneous stresses; they produce deformations and displacements of adjoining 
particles of the medium which, in their turn, transmit the motion to other 
particles, and so on. As a result, there appear elastic waves propagating in 
the medium. 

To set the equation of motion of a particle of an infinitesimal volume dv under 
the action of non-homogeneous stresses let us determine the force exerted on 
this volume by the surrounding medium. The stresses at every point depend on 
the coordinates z,, z,, and z; of the point,and on time ?. Let us find the component 
of the force (acting on the particle) along axis 7 (axis 7 corresponds to the coordi- 
nate z,; see Fig. 404). This component is equal to the sum of all forces acting on 
the particle dv in the direction of the x,-axis. According to Sec. 85, this sum can 
be written in the form 


aF, = (out Baar he at dz) dz dxr3—O1, (es dz, + 


+ (O12 +- = én) dz3 dz, —O 49 ax, ax, + (13 + a dx dz, AX. — O13 dz, dz, = 
_ { 901 0019 0018 
—- ( ae + an oe a, dx, dx_dzxz 
Consequently, the force density along axis 7 is 


qFy 004; 
Ox, gee 


O02 
Oz, 


a 


aged | (140.3) 
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For the other two axes we find in just the same manner 


0051 
Or, 


O00 
OX» 


00 00 00 = 
23 and 6f,;= eae + ae + —33 (140.4 


fo= 


+ Se 4 om 


By the second law of dynamics, the force acting on the volume dv equals it: 
mass 0 dv times the acceleration. Therefore, we have 


f.dv=pdv-2 and f,dv=pdv 2  (140.: 


fy dv =p dv ~ ae ae 


i] : 


FIG. 404 


where ¢ is the density of the substance and the quantities s,, s,, and ss are the 
components of the displacement vector of the particle located originally at the 
point (x4, Te, Z3). 

To derive the sought-for equation we must express /,, f,, and f,; in terms of 
the components s,, s,, and s, of the displacement vector s. In the general case 
the structure of equations (140.5) is complex and the analysis of the equations 
is rather intricate. That is why we limit ourselves to the simplest case of a plane 
wave. 

For definiteness, let us consider a plane wave propagating along the z,-axis; 
in this case all the quantities involved depend only on the coordinate z, and on 
time ¢ and all the derivatives with respect to x, and x, are equal to zero. From 
(140.3) and (140.5) it follows that 


004, 0*s, 
h= an, aa (140.6) 
By (87.15), we have On = 26(e Goon 3e | where ¢€, =< and 3e = 
9% 1 8% | O89 
Oy + OX, 0x3 
Therefore 


ou = =26 | + aon = (3e) |= 26 [ si ers iH | 


We can now rewrite (140.6) in the form 


2 2 
) ches Oy (140.7) 


6x2 ot? 


G(1+5+ 
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The equation we have obtained is the wave equation describing the propagation 
of a longitudinal elastic wave because the particles taking part in the wave 
motion receive displacements s, only along the z-axis in the direction of which 
the wave propagates. Equation (140.7) belongs to type (140.2) and therefore the 
phase velocity of the displacement wave described by the variation of the quan- 
tity s, as function of the coordinate z, and time ¢ is given by the formula 


We see that the velocity c, depends on £, p and u. 
For the displacements s, and s; along the directions of axes 2 and 3 we can 
similarly derive from (140.4) and (140.5) the equations 


0051 0"S5 005, 07s. 
—= eon ——ey — jane .9 
he az, ° oP ane Ts Ox, at? aa 
By (87.6), we have 0,, = Gy,, =G (2 + 2} whence 
2 1 
00g, 0755 
Ox, = ox? 


On substituting the last expression in equation (140.9) we obtain for s, the equa- 
tion 
0S, 0*s, 


Ox? =p Ate (140.10) 
For s, we similarly obtain 

d*sg ss O*Sg 

6x2 * at? 


The phase velocity of the waves described by the last two equations is 


G E 
C= V <= V ao (140.11) 


The waves with phase velocity c, described by the last two equations are trans- 
verse because the displacements s, and s,; are normal to the direction of the 
propagation of the waves along the z,-axis. 

For the longitudinal waves in a rectilinear elastic rod the wave velocity is 


c= ee (140.12) 
0 


Indeed, let the axis of the rod coincide with axis 7; theno,, = 03, = 0 and from 
the general equality (87.1) it follows that «, = + [0,, — pt (Og. + G35)] whence 


OS, 
Ox, 


O4,=— He, that is On,=—E 


Therefore, equation (140.6) takes the form 


2 2 
O°s; ss * Sy 


E 0x2 == ot2 


(140.13) 


It turns out that for such waves the phase velocity is less than the propagation 
velocity of the longitudinal waves in the medium (with parameters E, p, and 
ww.) discussed earlier and is greater than the phase velocity of the transverse waves. 
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For we have 


i—p 1 
CF aay >! > TF (140.14) 


because . >pS 0. 


The dependence of the wave velocities c, and c, on Poisson’s ratio pw is demon- 
strated by the diagrams in Fig. 405. We see that in all these cases the sinusoidal 
waves of any frequency propagate with the same velocity. This means that for 
the waves of this kind the medium is 
not dispersive, that is the wave veloc- 
ity is independent of the frequency. 

It should be noted that the plane 
waves propagating in an unbounded 
spatial region we have considered here 
are an abstraction because in reality 
such waves propagate along a pipe, 
in arod, etc., that is in a bounded 
part of space. For instance, longitu- 
dinal (or transverse) plane waves can 
be observed in a region near the 
surface of a piston in a pipe exciting 


y V4 We the corresponding vibrations or on the 
water surface in a bounded basin 

where the waves are generated by a 

FIG. 405 vibrating body immersed into the 


water. 
When a wave generated by a point source propagates in a gas (we speak of 
a point source if the dimensions of the source are very small) the wave can be 
regarded as being plane in regions whose dimensions are sufficiently small in 
comparison with the distance from the source and which lie sufficiently far from 
the source. In this case every sufficiently small part of the spherical wave 
generated by the source can be considered approximately as being plane. 


141. Superposition (Interference) of Waves 


Experiments show that when there are several waves propagating simulta- 
neously in a medium every particle of the medium takes part in several simul- 
taneous vibrations and that for the acoustic waves there holds the superposition 
principle. The superposition principle states that every constituent wave prop- 
agates in the medium irrespective of the presence of the other waves, that is 
the course of every constituent wave process is such as if there were no other 
waves at all. It follows that in order to determine the resultant motion of a 
particle of the medium we should determine the motion of the particle in each 
of the waves separately and then add together all these motions. 

The phenomenon of superposition of two or more wave motions is called the 
interference of waves. 

Let us consider the interference of two sound waves propagating in a pipe. 
Suppose that in a pipe there are two waves of one frequency propagating simul- 
taneously in opposite directions. Let one of these waves propagate along the 
positive z-axis and be determined by the equation 


yy= Acos@ (¢—=} 
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and let the other wave propagate in the opposite direction and be described by 
the formula 


Y2= Bcosw (1 +=) 


To determine the resultant wave motion we use the evident fact that at any 
instant ¢ the deviation y of every point from the equilibrium position is given by 
the relation 


Y =¥i + Ye 


The wave y. can always be represented as a sum of two travelling waves in the 
form 


y2= Acoso (t-+—) + (B—A) cosa (t +=} (144.4) 
Therefore the resultant vibration y (x, t) can be written as 
Y= 4, +Yy2= Acoso (t=) + Acosw (t +=) + (B— A) cos (t +=) = 
=2Acos cos wt+(B—A)cosw(t+—) (141.2) 


We see that the resultant wave motion consists of two parts one of which is the 
standing wave 


2A cos = cos wt (141.3) 


while the other is a travelling wave of the form 
(B— A) cos (¢ +=) (144.4) 


In case B = A when the two travelling waves propagating in the opposite 
directions have equal amplitudes the resultant wave motion reduces to standing 
wave (141.3) alone. | 

The motion of the particles in standing wave (141.3) can be interpreted quite 
visually for the case A = B if we perform the graphical addition of the devia- 
tions of the particles taking part in the two constituent travelling waves for equi- 
distant time instants as it is done in Fig. 406. The dash-line in the figure repre- 
sents the wave form propagating to the left, the dot-line represents the wave 
form propagating to the right and the continuous line shows the position of the 
particles in the resultant standing wave (for the sake of convenience in Fig. 406 
is shown a standing wave whose initial phase is equal to —z/8). 

As it follows from formula (141.3), the particles in a standing wave oscillate 
either in one phase or in opposite phases and that, generally, the amplitudes of 
different points are different. This is clearly seen in Fig. 406 where the particles 
located at the points O, O’, O”, . . . are at rest all the time, the particles which 
are located at the points A, A’, A”, ... (marked by the small circles) in the 
state of equilibrium oscillate with the maximum amplitude when the standing 
wave arises and all the other particles have amplitudes ranging between zero 
and the maximum value. The points O, O’, O", ... whose amplitude is equal to 


zero are called the nodes of the standing wave. The nodes lie at a distance of * 
from one another, that is at a distance equal to half the wave length. 
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Taking into account that }=cT = ae we can rewrite expression (141. 


for the standing wave in the form 


2A cos aad cos wt (141 


A 
whence it is seen that the nodes of the wave have the coordinates z = aie : 


o_ 


where 7 is an integral index. 


FIG. 407 
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The points A, A’, A”, ... are called the antinodes of the standing wave. The 
coordinates of the antinodes are z, = no where n is an integer (this follows 


from representation (141.5) of the standing wave). 

In Fig. 407 are shown the successive positions of the particles lying between 
the two nodes O and O’ for the time instants corresponding to the curves in 
Fig. 406. We see that the particles lying between two neighbouring nodes oscil- 
late harmonically in one phase (they simultaneously attain their extreme posi- 
tions, simultaneously pass through the equilibrium position, etc.) but their am- 
plitudes are different. 

Since the particles located at the nodes are permanently at rest there can be 
no transfer of energy through the nodes. Only those particles which lie between 
any two neighbouring nodes exchange their energies; as a whole, the motion of 
the particles in a standing wave is not connected with the transfer of energy 
along the wave although this wave results from the superposition of two trav- 
elling waves with equal amplitudes each of which, when considered separately, 
is accompanied by a transfer of energy. 

When the amplitudes of the travelling waves propagating in the opposite 
directions are not equal the resultant wave motion consists of standing wave 
(141.3) and travelling wave (141.4). The amplitude of the travelling wave de- 
scribed by (141.4) is equal to the difference between the amplitudes of the con- 
stituent travelling waves. The quantity 


_ |A—B| 


kg = 


(144 .6) 
is called the travelling-wave ratio. When this ratio is different from zero the ener- 
gy is transferred in the direction of the propagation of the wave whose amplitude 
is greater. 


142. Reflection of Waves 


Standing waves usually appear when a travelling wave is reflected from the 
surface bounding the medium in which the wave propagates. The same occurs 
when a travelling wave is incident on the interface between two different media 
and, generally, when the properties of the substance in which a wave propagates 
change sharply. In all such cases there appear reflected waves whose superposi- 
tion with the original waves may result in the appearance of standing waves. 

To demonstrate the mechanism of the phenomenon of reflection of waves we 
consider the reflection of a local wave disturbance propagating along a taut rub- 
ber cord (or along a string, a rope, and the like). 

Let a wave pulse propagate along a taut rubber cord as was shown in Fig. 393. 
When this pulse achieves the fixed end of the cord (see Fig. 408) it is reflected and 
then travels in the backward direction. The experiment shows that the reflected 
pulse has the same wave form as the incident one but the oscillations of the par- 
ticles in the incident wave and in the reflected wave are in opposite phases. If 
the incident wave disturbance is of the form of a crest the reflected pulse is 
shaped as a trough and vice versa. 

During the period of reflection of the wave pulse the fixed end of the cord is 
acted upon by a force perpendicular to it. The action of this force not only makes 
the particles of the cord adjoining the fixing remain at rest but also generates 
the reflected wave in which the direction of the deviation is opposite to that of 
the deviation of the particles in the incident wave (see Fig. 408a). If, for instan- 
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ce, the wave form of the incident pulse is a crest convex upwards the force exert- 
ed by the rigid fixing is directed downwards and its action is equivalent to < 
downward impact producing a wave-form trough convex downwards and trav- 
elling in the opposite direction as shown in Fig. 408b. 

The particles of the cord adjoining the fixing are permanently at rest and there- 
fore the energy of the wave motion cannot be transferred through the point 
of fixing. Therefore, by the energy conservation law, the reflected wave pulse 
must be of a shape similar, to within the symmetry, to the shape of the incident 


FIG. 408 


wave. This qualitative argument can be confirmed by the exact theoretical com- 
putations (under the assumption that the energy loss connected with the defor- 
mation of bending of a cord or of a string is negligibly small). 

The variation of the wave form during the reflection process can be easily 
determined if we imagine that the incident pulse (see Fig. 409) propagates 
without distortion further to the right of the point of rigid fixing while there 
simultaneously appears a reflected wave pulse propagating in the opposite di- 
rection whose shape is symmetric to the incident pulse with respect to the axis 
of the cord. At every instant the resultant deviation of the particles of the cord 
adjoining the point of fixing is equal to zero because this deviation is equal to 
the sum of the two deviations corresponding to the two (imaginary*) wave dis- 
turbances which have equal magnitudes and opposite directions. The real dev- 
iation of any other particle of the cord can also be found as the result of the 
superposition of the two waves. 

The dotted lines in Fig. 409 represent the (imaginary) incident and reflected 
wave forms for different instants and the continuous line shows the position of 
the particles of the cord for the same instants. It is assumed here that the wave 
velocity is equal to c and that the length of the pulse is equal to a, the shapes of 
the incident and the reflected pulses being shown in Fig. 409 for the instants 


ba tS 2S ee, FS and t = 8t where 21 =~. 


The wave form of the pulse in Fig. 409 is such that the particles lying on the 
steeper side of the wave crest possess the velocity which is four times that of the 
particles on the slanter side. Knowing this fact we can determine not only the 
form of the resultant wave but also the velocities of the particles of the cord by 


* To avoid misunderstanding it should be noted that the term “imaginary” is used hcre 
in a conditional sense because only those parts of the two waves which are on the right 
of the rigid fixing do not exist in reality while their parts on the left of the fixing are 
quite real and their superposition results in the appearance of the reflected wave imposed 


on the incident wave. 
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adding together geometrically the velocities of the particles corresponding to 
the incident and the reflected pulse. For example, it can readily be seen that the 
rectilinear part of the cord adjoining the point of fixing has a zero velocity dur- 
ing the time interval from ¢ = 2t to ¢ = 6+. The velocity of the particles of the 
cord lying on this part becomes non-zero after the instant t = 6t. During the 
time interval from ¢ = 8t to t = 101 (Fig. 409 does not show the form of the 
cord for t = 10t) there appears a second corner point moving from the former 
corner point towards the point of fixing. The second corner point (which moves 
towards the fixing) is seen in the figure 

showing the form of the cord for the t=0 > 

instant t= 8t. After time t = 101 the 
reflected wave takes its final form 
(symmetric to the original incident 
wave form about the axis of the cord) 
which propagates to the left of the 
fixing. 

The analysis of Fig. 409 shows that 
the vertical velocity of a particle 
changes at the moments when the 
corner points of the wave form pass 
through the point where the particle is 
located; at these instants the particle 
undergoes jerks which change its veloc- 
ity. For the resultant of the tensile 
forces applied to the particle of the 
cord from the left and from the right 
has a non-zero vertical component 
only at these moments of time. The 
vertical force applied to the particle 
of the cord is proportional to the 
variation of the angle of inclination 
of the wave front at the given place. 
This analysis of the reflection of the 
propagating wave perturbance from 
the fixed end of the cord shows that 
during the reflection process the form 
of the incident pulse undergoes a de- 
formation and that the reflected pulse 
propagating in the opposite direction 
has the similar form and only its phase 
changes to the opposite. 

The same law governs the reflection of FIG. 409 
a sound wave from a fixed wall. Suppose 
that there is a travelling sound wave propagating along a pipe which is of the 
type of a moving local disturbance of the air. Every particle in the propagating 
sound pulse is compressed under the action of the neighbouring particle located 
behind it, receives a definite velocity, and then transmits this action to the 
neighbouring particle located in front of it, and so on. Near the fixed wall the 
situation changes: the particles adjoining the wall undergo compression but 
cannot receive a non-zero velocity and therefore their compression must be great- 
er than that of the other particles. This additional compression generates the 
reflected wave of the opposite phase propagating from the wall in the backward 
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direction. In Fig. 440a we see the graphs representing the distributions of the 
displacement, of the velocity and of the pressure in a sound wave pulse propagat- 
ing to the right (the variations of the pressure characterize the corresponding 
variations of the density of the air). In Fig. 4400 the graphs representing the 
same quantities are shown for the same wave pulse after it has been reflected from 
the fixed wall. The graphs indicate that the condensation is always located in 
the front part of the wave and that the velocity and the pressure in a travelling 
wave are always in one phase. 


FIG. 411 


The situation becomes quite different when a travelling wave is reflected from 
a free boundary of the medium. For instance, when a sound wave propagating 
along an elastic steel rod achieves its end it is reflected backwards because the 
density of the surrounding air is very small in comparison with the density of 
the steel and therefore the motion of the particles of the air cannot affect notice- 
ably the motion of the particles of the rod. In other words, the particles of 
the steel adjoining the surface of the rod move as if the rod were placed in vac- 
uum. Therefore, the energy of the wave cannot be transferred through the ter- 
minal cross section of the rod, the wave is reflected and then propagates in the 
Opposite direction. 

The reflection of a transverse wave from a free end of a rubber cord can be 
demonstrated in the experiment whose scheme is shown in Fig. 441. Here a suf- 
ficiently thin and light thread is attached to an end of the cord, the other end 
of the thread being fixed. In the experiment we observe the wave pulses propagat- 
ing along the stretched cord which are excited by striking the cord. It is readily 
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seen that the pulses are reflected from the point B to which the thread is attach- 
ed and then propagate in the backward direction in the same phase; for instance, 
a wave disturbance in which the particles receive downward displacements re- 
tains the direction of the displacements after it has been reflected. The end of 
the rubber cord to which the thread is attached can be considered free because 
the line density of the thread is much less than that of the cord while the ten- 
sion is the same for both the cord and the thread. Therefore, only a very small 
part of the energy carried by the incident wave can be transferred to the thread; 
almost the whole energy is reflected and is carried in the backward direc- 
tion by the reflected wave. The end 
of the thread moves under the action 
of the cord as if there were no other 
transverse forces between the points 
A and B: at any instant the thread 
retains a rectilinear form (see Fig. 411). 
The angle £8 characterizing the angular 
deviation of the thread from the hori- 
zontal line is negligibly small in com- 


parison with the angle which various t=2t —> <— 

parts of the cord form as the wave “OU 

pulse propagates along it. Therefore, 7 Ae 

the transverse component of the ten- pee ene 


sile forces in the thread is negligibly 
small in comparison with the trans- 
verse force connected with the bending 


of the rubber cord. Laos jaa 

The wave reflected from the free a 
boundary and the incident wave have fy 
one phase. To account for it let us come : Nn ----- 


back to the example of a steel rod along 
which a sound wave _ propagates. 


A particle of the rod adjoining its ioe ae oe 

free end cannot be compressed because Lo 

the free end of the rod exerts no force fon 
on the particle. Therefore, the action 

of the neighbouring particle only gives 

a certain velocity to the former par- t=8t — = 

ticle and hence the displacement of 7 

the particle near the free end of the JN va ~~. 

rod must be twice the displacement of $$ —/____N¥------ Ses 


any other particle. This displacement 
(which is twice as large as the displace- 
ment in the incident wave) generates FIG. 412 
a reflected wave propagating backwards 
from the free end of the rod. The amplitude of the reflected wave must 
be equal to the amplitude of the incident wave, which follows from the law of 
conservation of energy. 

In Fig. 412 we see successive stages of the reflection process when a wave 
disturbance of a triangular form achieves the free end of the rubber cord. The 


moment the maximum displacement of the incident wave achieves the free end 
the latter receives a doubled displacement. 


32—0776 
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As was shown earlier, the superposition of two sinusoidal travelling waves 
with equal amplitudes and frequencies propagating in opposite? directions re- 
sults in a standing wave. When a sinusoidal sound wave propagating along a 
pipe is reflected from the closed (or open) end of the pipe there always appears a 
standing wave in the pipe provided that the reflection process is not connected 
with energy losses. Hence, in a pipe with two closed ends there may arise harmon- 
ic vibrations of the air of the form of a standing wave having nodes of displace- 
ment at the closed ends of the pipe. An analogous standing wave may arise in a 
taut string with rigidly fixed ends. 

In a standing wave there is no propagation of energy along the wave because 
the energy cannot be transferred through the cross sections of the pipe (or of 
the string) in which the nodes of the displacement wave are located. The partic- 
les lying in such a cross section remain at rest all the time and cannot transmit 
energy from one particle to another. It is only in the intervals between any two 
neighbouring nodes that the exchange of energy between the oscillating particles 
may take place. 

Indeed, the moment the particles pass through the equilibrium position (for 


instance, at the instant ¢ = is > Tin Fig. 407) they all possess the kinetic energy 


solely. The particle lying at ne midpoint between two neighbouring nodes pos- 
sesses the greatest velocity and, consequently, at this moment the density of the 
kinetic energy attains the greatest value (equal to the density of the total energy) 
at the midpoint and gradually reduces to zero in the directions towards nodes. 
The aouene the particles achieve their extreme positions (for instance, at the 


instant t= i6 T in Fig. 407) they have zero velocity and therefore their energy 
reduces to . potential energy of strain. The — at the midpoint undergoes 


no deformation at this moment because we have ot = = Q for this point and, by 


formula (139.6), the variation of the pressure also turns into zero at this point. 
At the same time, the particles lying closer to the nodes undergo deformation: 
the smaller the distance between a particle and a node, the greater is the defor- 
mation. Consequently, the particles near the nodes possess the greatest amount 
of the potential energy. Thus, in a standing wave the energy stored between two 
neighbouring nodes is transferred from the nodes to the midpoint twice during 
the period of the oscillation. 

The particles lying between two neighbouring nodes of a standing wave oscil- 
late as if their motion were completely independent of the motion of all the other 
particles. If some rigid walls were placed into the pipe (in which a standing 
sound wave exists) in the cross sections of the pipe where the nodes are located 
this would not affect the oscillation of the particles of the air in the pipe. Sim- 
ilarly, if a string with a standing wave were fixed at the points where the nodes 
of the wave are located the course of the oscillation process would continue as 
if there were no fixing at the nodes. 


143. Natural Vibrations of a String and of the Air 
in a Pipe 

Let us consider a string fixed at its two ends or an amount of air contained in 
a pipe whose both ends are closed. If an initial disturbance (perturbation) makes 
the particles of the string depart from the equilibrium position there arise 
oscillations of the string. Similarly, if the piston in the pipe produces an ini- 
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tial compression or rarefaction of the air (after which the piston is kept fixed) 
there arise longitudinal vibrations of the particles of the air in the pipe. 

The vibrations appearing after these perturbations should be called natural 
vibrations (of the string or of the air in the pipe) because their course is determin- 
ed solely by the forces produced by the system in question. In the general case 
when the initial perturbation has an arbitrary form the resultant natural vibra- 
tions can be of a rather complex character: the particles of the string or the parti- 
cles of the air oscillate periodically (provided that the damping can be neglected) 


FIG. 413 


but different particles take part in different vibration processes. The periodic 
character of the vibrations can be confirmed by the following simple argument. 

Suppose that the initial disturbance of the string results in a local wave pulse 
propagating to the right (as is shown in Fig. 413a for an instant ¢ = ¢,). On at- 
taining the right end of the string this wave disturbance undergoes reflection 
and starts to move in the opposite direction (see Fig. 413b). Then at an instant 
t = t, it is again reflected from the left end of the string after which it propagates 
to the right (Fig. 413c); at a certain instant the pulse will occupy the same posi- 
tion as at the initial instant ¢ = ¢,. The further course of the vibrations of the 
particles of the string will exactly repeat their motion during the time interval 
from t, to ¢t,, and so on. Therefore, 7 = t, — t, is the period of the oscillation 
of all the points of the string. It is obvious that 7 = ¢t, — t¢, is equal to the time 
during which the wave disturbance passes a distance of 21, that is the doubled 
length of the string.* Consequently, if the wave velocity is c then the natural 
period of the oscillation of the string is equal to 


T= = (143.1) 

When the perturbation is of a more complicated nature and does not reduce 
to a simple wave pulse it can always be represented as a superposition of simple 
pulses for each of which our conclusion concerning the period of the oscillation 


remains valid. 
* It should be stressed that our considerations are only applicable when the wave form 
of the pulse does not undergo distortion during the propagation and the reflection. 


2% 
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FIG. 414 


Here we must make an important remark: the period 7 determined by formula 
(143.1)‘is the’greatest period of the oscillation and there can exist some special 
tnitial perturbations for which the oscillation period is twice, three times, four 
iimes, etc. as small as 7. For instance, suppose that at an initial instant ¢ = t, 
the perturbation creates two pulses of the form shown in Fig. 413d propagating 
in opposite directions. These pulses have the same shape and are in opposite 
phases (they are symmetric with respect to the midpoint of the string). It can 
readily be shown that in this case every particle of the string oscillates with 


FIG. 415 


period 5 We can also easily construct initial distributions : several pulses 


for which the period of the oscillation of the string is equal to — = ; Es , etc. 


In the general case a natural oscillation of the particles of the string (or of 
the particles of the air in the pipe) is periodic but non-harmonic, that is the de- 
pendence of the coordinate of every particle on time is not described by a si- 
nusoidal law. 

However, there are some special initial perturbations of the string which gene- 
rate harmonic natural oscillations. For instance, suppose that the initial depar- 
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ture of the string from the equilibrium position obeys a sinusoidal law as is shown 
in Fig. 414a. It can easily be proved that when the string is allowed to oscillate 
on its own after this initial disturbance the particles of the string move as in 
the case of a standing wave with wave length A = 21. 

Indeed, let us imagine a sufficiently long string whose tension and line density 
are equal to the tension and the density of a shorter string of length / with its 
two ends fixed. If there is a standing harmonic wave in the long string such that 
the distance between the neighbouring nodes is exactly equal to the length / of 
the short string and the maximum deviation of the particles in the standing wave 
coincides with the maximum initial deviation of the short string the particles 
of the short string and of the long string will move in just the same way because 
these motions arise under the same initial conditions and under the action of the 
same forces of tension. Therefore, every particle of the short string will oscillate 
harmonically in one phase according to a sinusoidal law (see Fig. 41446 and c). 

As we know, the wave length A and the period of the oscillation 7 are connect- 
ed with the wave velocity c by the relation 


ee (143.2) 
c 
The oscillation period, the wave length, and the natural period are independent 


of the amplitude of the wave. From relations (143.1) and (143.2) we find that the 
greatest natural period (the furdamental period) of the string is 


where / is the length of the string (see Fig. 414a). 
A similar argument shows that the initial deviation of the string shown in 
Fig. 445a generates a harmonic natural oscillation with period 


l 
255 
because in this case A = l. 

It is also evident that the initial perturbation of the form shown in Fig. 4156 


produces a natural harmonic oscillation with period 


because A = =. 
Thus, a string with fixed ends can be in natural harmonic vibrations with the 
different periods 


21 2d ae (443.3) 


l;=—, iT2= > D3= yo 7898 nr yne 
depending on its initial state. Hence, the string possesses an infinite number of 
natural periods to which there corresponds an infinite number of the natural 
frequencies’ 
_ 2a __ fan __ ane 

re en ap net 
where n = 1, 2, 3, .... When the string oscillates with an arbitrary natural 
frequency w, the particles of the string at every instant lie on a definite curve 
representing the corresponding wave form. For a given number n the wave form 
is a sinusoid whose half length is n times as small as the length of the string. 
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FIG. 416 


When the oscillation of the string is excited in some other manner, that is 
when the particles of the string are given some arbitrary initial deviations from 
the equilibrium position and some arbitrary initial velocities, the resultant com- 
pound oscillation is representable as a superposition of a finite or infinite number 
of natural harmonic vibrations with different natural frequencies. 

It is rather difficult to observe a pure natural oscillation of a real string with 
one definite frequency because the motion of the particles of the string is damped 
rather fast. It is therefore simpler to observe natural vibrations of a string in 


FIG. 417 


anauto-oscillation regime. As was said in Sec. 134, in an auto-oscillation proc- 
ess the.frequency of a vibration is close to a natural frequency and therefore 
the corresponding wave form is close to the form of a natural oscillation. 
The wave form corresponding to a natural oscillation of a taut rubber cord 
can be demonstrated by the experiment whose scheme is shown in Fig. 416. 
The auto-oscillation of the taut rubber cord (which is usually a rubber pipe of 
a diameter of 3-5 mm) whose length is of several metres is excited by an air jet 
flowing out of a small nozzle (having a diameter of 1-2 mm). The action of the 
jet excites an auto-oscillation process in the cord with one of the natural frequen- 
cies. The cord can be made to oscillate with a given natural frequency by fixing 
the string at the initial instant at the point corresponding to a node of the cor- 
responding standing wave. Practically, when the cord is sufficiently long it is 
possible to obtain stable vibrations with frequencies ranging from the first to 
the seventh natural frequencies. The way in which the natural vibrations of the 
strings of the violin are excited with the aid of the fiddle-stick is, in principle, 
analogous to what has been said about the oscillation of the rubber cord. 
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The natural oscillations of the air column within a pipe are quite analogous 
to the natural oscillations of a string; the only distinction is that the particles 
of the string are in a transverse vibration (that is their displacements are per- 
pendicular to the direction of the propagation of the waves) while the particles 
of the air are in a longitudinal vibration (they move in the direction of the 
propagation of the waves). 

In Fig. 417 we see the graphs revresenting a natural oscillation of the air in 


a pipe with its both ends closed for the lowest natural frequency o = ~ (the 


fundamental frequency). For this oscillation (called the first oscillation mode) 
Fig. 417a represents the graph of the displacements of the particles, Fig. 417) 
shows the variation of the density, Fig. 417c demonstrates the variation of the 
pressure, and Fig. 417d represents the graph of the velocity (for three different 
instants during one oscillation period). At the initial instant t = O all particles 
have zero velocity and obtain their maximum deviation to the right of the equi- 


librium position. After a quater-period (for i= =) all particles receive their 


maximum velocities directed to the left; at this instant all particles pass through 
the equilibrium position and the pressure and the density are the same for all 


of them. At the instant ¢ = cs all particles achieve their maximum deviations 


to the left of the equilibrium position, and so on. 
When the particles of the air oscillate with the fundamental frequency o, = 


— 


= they alternatively undergo compression in the direction towards the left 


and towards the right end of the pipe. The compression of the particles near the 
right end of the pipe at the instant ¢ — O is shown in Fig. 417a. During the time 


interval from ¢ =Otot => the compression decreases, the particles move in 


the direction towards the rarefaction near the left end and at the instant ¢ = . 
the compression disappears and the density becomes uniform. At this instant 


the particles have the greatest velocity; next, beginning witht = z , the parti- 


cles move by inertia and at the instant = = the compression of the air arises 
near the leit end of the pipe, and so on. 

At the ends of the pipe there are nodes in which the particles have zero dis- 
placements and do not oscillate, their velocities being equal to zero all the time. 
However, these particles are located at the antinodes of the pressure and the 
density waves and they undergo the greatest variations of the density and of 
the pressure. At the same time, the particles located at the antinode of the dis- 
placement wave (at the midpoint of the pipe) oscillate with the greatest ampli- 
tude but undergo no variation of the pressure and the density because the anti- 
node of the displacement coincides with the node of the pressure and the density. 

At the instant ¢ = 0 all particles possess the potential energy of compression 
solely, the particles near the ends of the pipe having the maximum energy. In 


a quater-period (at the instant ¢ = =) all particles lose their potential energy 


and possess only the kinetic energy. At this instant the density of the particles 
is as if the air were in the equilibrium state; the potential energy of compression 
is equal to zero and the maximum kinetic energy is attained by the particles 


near the midpoint of the pipe. For O<iti< zr the particles possess both the 
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kinetic and the potential energy and during this time interval the energy i: 
transferred from the ends of the pipe (from the antinodes of the‘pressure) t« 
the midpoint (where the antinode of the displacement is located). 

In a pipe there can exist natural vibrations with different periods. In a pipe 
whose both ends are closed the possible natural vibrations are such that for each 
of them the length of the pipe is an integer multiple of half the wave length. In 
this case the first oscillation mode has two nodes of displacement, the second 
has three nodes of displacement, etc. Between any two neighbouring nodes cf 


Displacement ee 


Density 


Displacement 


Density 


FIG. 418 


displacement the course of any natural oscillation is as in the case of the first 
oscillation mode (see Fig. 417). 

The natural vibrations in a pipe with one of its ends open are of a completely 
different character. In Fig. 418 we see the graphs of the displacement at the in- 
stant when the maximum deviation from the equilibrium state is attained. The 
upper graph corresponds to the first oscillation mode and the lower one to the 
second mode. In this case at the open end of the pipe the antinode of the displa- 
cement is always located and therefore the pipe is an even number of times as 
long as the quarter wave length. The natural frequencies of the oscillation of 
the air in such a pipe are in the ratio 1:3:5:7:.... 

We conclude this section with the general remark that the number of natural 
frequencies always coincides with the number of degrees of freedom of the system 
in question. A system with one degree of freedom (for instance, a pendulum) 
possesses one natural frequency and has only one natural oscillation mode. A 
system with two degrees of freedom (for instance, two coupled pendulums) pos- 
sesses two natural frequencies, and so on. Similarly, a string consisting of an 
infinite number of particles is a system with an infinite number of degrees of freedom 
and has an infinite number of natural frequencies ,, @., .. .. 


CHAPTER 16 


Elements of Acoustics 


144. Basie Phenomena 


The sensation of hearing arises as a result of the action of mechanical oscillations 
on the human organs of hearing. A human ear can perceive oscillations of suffi- 
cient intensity whose frequencies are approximately within the limits from 16 Hz 
to 20 000 Hz. This is the audio-frequency range; mechanical vibrations with these 
frequencies which can be perceived by a normal ear are called sound or acoustic 
oscillations. 

Any body which is in a mechanical vibration whose frequency belongs to the 
audio range is a source of sound. For instance, a string, a membrane, a plate 
oscillating with such a frequency generate longitudinal oscillations in the sur- 
rounding medium and are sound sources. Not only a rigid body but also 
a gas or a fluid can serve as a sound source. The oscillation of an amount 
of gas or fluid contained in a definite volume or flowing in some vessels can 
produce sound waves. A sound source generates oscillations of the density 
(or of the pressure) of the particles of the medium surrounding it and these 
oscillations are transmitted to the other particles of the medium so that the 
variations of the density and of the pressure propagate as waves in all direc- 
tions. 

The character of the propagation cf a sound wave from a given sound source 
is specified both by the properties of the source and by the properties of the sur- 
rounding medium. When the dimensions of a sound source are small in compari- 
son with the wave length A of the sound wave generated by the source (we remind 
the reader that 41 —cT where c is the speed of sound in the medium and 7 is 
the oscillation period) it can be regarded as a point source: when placed in a homo- 
geneous medium, such a source generates a spherical acoustic wave. 

As an example, let us consider the sound wave with frequency 350 Hz pro- 
duced by a sound source whose dimensions are of the order of 1 cm. The formula 


X =cT where T =+ (v is the frequency) readily shows that for the frequency 


of 350 Hz the wave length of a sound wave in the air is approximately equal to. 
4m and we can therefore regard this wave as a spherical wave propagating from 
a point source. 

When the dimensions of a sound source are large in comparison with the wave 
length the wave form becomes more complicated; in the general case it can be 
determined by using the Fresnel-Huygens principle. According to this principle, 
every small part of the wave surface radiates, at a given instant ¢, an elementary 
spherical wave and the position of the wave surface at the following instant 
t + dt coincides with the envelope of all these elementary waves. This envelop- 
ing wave surface results from the interference of the elementary waves. When 
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the surface of an oscillating body is a plane plate whose all points oscillate in 
one phase and when the dimensions of the plate are large in comparison with the 
wave length this sound source radiates a plane wave propagating in the direction 
perpendicular to the plate. Near the edges of the plate and at a certain distance 
from them the plane wave is of course distorted by the interference of the ele- 
mentary waves. 


145. Reflection of Sound Waves 


When a sound wave is incident on the interface between two media whose 
mechanical properties differ it undergoes reflection. For instance, when a sound 
wave passes from the air into the 
water or from the water into the air 
most of the wave -energy is reflected 
and only a small part of the energy 
is transmitted to the other medium. 

Sound waves propagating in the air 
are also reflected from rigid bodies, 
for instance, from the surface of the 
Earth; this often results in the appear- 
ance of the well-known phenomenon 
of echo. In the reflection of sound 
waves an essential role is played by 

id the variation of the density p ‘of the 

medium and of the acoustic velocity 

c; more precisely, the character of the 

reflection is specified by the variation 

FIG. 419 of fthe quantity co. The greater the 

variation of co when a sound wave 

passes from] one medium into another, the greater is the part of the energy 
of the sound wave reflected from the interface between the media. 

We shall derive the laws governing the reflection of sound waves for the sim- 
plest case of a plane wave incident in the normal direction on the plane interface 
between two media. 

Let us consider a long pipe (Fig. 419) filled with two different substances along 
whose axis a plane sound wave propagates. Suppose that the sound source is 
placed in medium / far from the interface and that it generates a travelling plane 
sound wave in which the displacements of the particles are described by the 


equation y,; =a, cos ( wot '— =) where a, is the amplitude, z is the coordinate 
ne | ; 


~ 


reckoned along the axis of the pipe, w is the frequency, A, is the wave length and, 
y, is the displacement of the particle of the first medium (with coordinate z 
at time ¢) in the incident wave. Then wave reflected from the interface which 
is describad by an equation of tha form y,—=a, cos ( wt + uae On ) will pro- 
L ] 
pagate in the first medium in the backward direction and the transmitted wave 
: 2 ; 
described by an equation ys; = @3 COS ( ot — one. Do ) will propagate along 
‘ 2 a c 


the z-axis in medium 2. Here y, is the displacement of the particle of the first 
medium (with coordinate z at time ¢) in the reflected wave and y, is the displace- 
ment of the particle of the second medium in the transmitted wave. For rt = ¥ 
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{this is the coordinate of the interface between the two substances) the conditions 


Yi + Y2 = Ys (145.1) 
and 


Pi + Po =DPs (145.2) 


must be fulfilled for any instant ¢ where p,, p., and py, are the deviations of the 
pressure from the static pressure py (i.e. from the pressure in the media when 
there are no sound waves) in the incident, reflected, and transmitted waves, 
respectively. Condition (145.1) expresses the continuity of the displacements of 
the particles on the interface and condition (145.2) means that the pressure is 
the same on both sides of the interface. On substituting z = O in the expressions 
of y; (i = 1, 2, 3) we obtain from (145.1) the following equality: 


a, cos wt + a, cos (wt + @,) = a3 cos (wi + @,) (145.3) 


According to (139.7), we have the equation p= — xo for the pressure p 


in a plane wave where x is the adiabatic exponent. On substituting y, for y 
and p, for p in this equation we obtain 


2x 
i) 


The corresponding expressions for p, and p, are derived in an analogous manner. 
Now the substitution of these expressions in a ce (145.2) results in 


2m 
Piz —%*1Po0, 4 Sin (ot — 
1 | 


ae L{ —a, sin of +a, sin (ot + 9,)} = — 5 Fa; sin (wt + ) . §(145.4) 


Since sian (145.3) and (145.4) must hold for any value of ¢ we can transform 
(145.3) and (145.4) by using the well-known addition formulas of trigonometry 
and then equate the coefficients in cos wi and sin wi on both sides of these equa- 
lities to zero. This yields the following system of four simultaneous equations 
with the four unknowns qj, d., @,, and Q,: 


A, + a2 COS Dy = a3 COS Po \ 


Ay 
— 4+ 22008 Qy = — aes A; COS Qo 
ic cies (145.5) 
a,/sinkp, = a3 si Qe 


a, sinlp, = — 1 


Ko ° 
3 SiN Qo 
%1 


Let us solve these equations. The subtraction of the fourth equation from the 
second one gives 


a, (1 + A) sin 9g, = 0 


where A = pe O and A> 0. The last equality can only be satisfied when 


Q, =kn eh ‘ke =Q, 1, 2, . Now from the second equation we find that 
@,; = mx where m — 0,1, 2, . because a, = 0. On subtracting the third 
equation from the first one we , obtain 2a, =a, (1 + A) cos gy. Since a; > 0 
and A > 0 we have cos mg, = + 1 whence g, = 0, 2n, .. .. Consequently, the 
amplitude a, is given by the formula 


2 
iia 


a3—= a, (1455.6) 
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Substituting (145.6) in the first equation and taking into account that cos g, = 
= -+ 1 we derive the relation 

Qo COs Gy = aa (145.7) 
By what was established earlier, the quantity cos @, must be equal either to 
+41 or to —1. Therefore, it follows from (145.7) that 


TOS Q, =—-+ 1, Q, =—-Q0 forA< i 
and 


cos g@, = — 1, 9g, =x forA>1 


because all the other quantities involved are positive. 

Let us analyse the results we have obtained. The condition mo, = 0, 2n,... 
means that the transmitted wave and the incident wave are in one phase, that 
is the interface does not affect the phase of the transmitted wave. The last two 
equalities imply that the phase of the reflected wave can be either equal to zero 
or to x, that is the reflected wave and the incident wave can be either in one phase 
or in opposite phases depending on whether A exceeds unity or is less than unity. 
The quantity A characterizes the physical properties of the media which deter- 
mine the reflection process. 


Since cy = = , that is cipy = *,p,, the quantity A van be written in 
11 
the form 
A Ay%_ _ CyXq _—CyX Pq CoP (445.8) 


Noh.  — CaXy Cok Pg Cy 

The product pc is called the acoustic wave resistance of the medium. We see that 
the relationship between the phases of the incident and the reflected wave de- 
pends on which of the two media has a greater wave resistance. If the wave resis- 
tance of the second medium is less than that of the first medium the reflection 
does not change the phase of the wave; if, conversely, the wave resistance of the 
second medium exceeds the resistance of the first medium the incident and re- 
flected waves have opposite phases. 

The relationship between the amplitudes of the reflected and transmitted waves 
depends on A, that is on the ratio of the acoustic wave resistances of the media. 
For instance, we have oc ~ 43 g/(cm?-s) for the air and pc ~ 14.2 x 10* g/(cm?-s) 
for the water; consequently, when a sound wave passes from the air into the water 
14.2 
“43° 
a,, that is the amplitude of the transmitted wave is about 1/1500 of 


we have A = 10 ~ 3300. It follows that in this case a, = a, ea ~~ 


4 
~ 1650 
the amplitude of the incident wave. For a sound wave passing from the water 
into the air, we obtain 


2 


As;=A, ~ 2a, 


1 
=e 3300 


This means that the amplitude of the transmitted wave is approximately twice 
as large as the amplitude of the incident wave. 

When both media possess the same wave resistance we have A = 1, that is 
a, = Oanda, = as. Thus, in this case there is no reflection and the whole energy 
is transferred from one medium to the other. 
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We now consider the transfer of energy through the interface between two 
media for the general case. The variation of the amplitude of the wave passing 
from one medium into another which we have already investigated does not 
specify completely the energy flux across the interface and an additional analys- 
is is therefore needed. 


As was shown earlier, the average (mean) energy flux in a (harmonic) plane 
wave is equal to 


+ pcan? 


where a is the amplitude of the displacements of the particles of the medium 


(see Sec. 139). Therefore, taking into account (145.6) and (145.8), we can write 
the expression 


__ sf 2002 Pets ee _ 2 4A 
Bay Part a par Faz Oe = ae 
for the mean value of the energy flux corresponding to the transmitted wave 
where £, is the mean energy flux of the incident wave. We see that the relative 


value of the energy passing through the interface does not depend on the direc- 
tion of the propagation of the waves because 


5 4A A 
~ (4+A) (+A? 
i 
4 
wheres A’ = 7. 


As an example, let us consider a wave passing from the water into the air 
(or in the backward direction) perpendicularly to the interface between the me- 


dia. On substituting the quantity A’ ~ — in the formula expressing the ratio 


E/E, we find that only ~ x oe of the energy passes through the interface, all 
the rest being reflected. 


146. Propagation of Sound Waves - 


The propagation of a sound wave in real conditions can be a rather complex 
phenomenon. A sound wave incident on an obstacle can easily go around it 
when the wave length is much greater than the dimensions of the obstacle and 
it is reflected from the obstacle (in approximately the same way in which the 
light is reflected) when the wave length is much less than the dimensions of the 
obstacle. 

The observation of the reflection of sound from a rock, a wall, and other ob- 
stacles of considerable dimensions shows that the angle of incidence is equal to 
the angle of reflection. In case the dimensions of the obstacle are of the order of 
the wave length the propagation of the sound wave near the obstacle becomes 
more complicated and the phenomenon is accompanied both by reflection and 
by diffraction (diffraction is a process in which a wave goes around an obstacle). 
It should be noted that any surface on which the magnitude oc of the wave re- 
sistance of the substance changes is an obstacle for a sound wave. For instance, 
a wave can be reflected from a layer of the air of higher temperature, from 
a cloud, and so on. 

The refraction and the reflection of sound on the interfaces between tie layers 
of the air having different temperatures make the phenomenon of the propaga- 
tion of sound in the real atmosphere very complex. For instance, the investigation 
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of the propagation of explosion sound waves shows that the sound is reflected 
from the layer of the atmosphere lying at an altitude of 4050 km,because of 
which the explosion can sometimes be audible at a very large distance and com- 
pletely unaudible in a place located not far from the explosion since the direct 
explosion wave does not achieve that place. This phenomenon gave rise to the 
hypothesis that the temperature of the air starts growing at the altitude of 
40-50 km. Direct measurements carried out in recent years completely confirmed 
this hypothesis. 


147. Hearing 


A normal human ear perceives the oscillations of the air of definite frequency 
and intensity. By the sound intensity is meant the amount of energy passing across 
an area of 1 m? in unit time. The sound intensity is usually measured either 
in W/m? (in the SI system) or in erg/(cm?-s) (in the cgs system). 

For a given frequency there is a minimum sound intensity for which the sound 
can be perceived by the human ear. This minimum sound intensity (generally 
speaking, it is different for different frequencies) is called the threshold of audi- 
bility. The normal human ear does not hear a sound whose intensity is less than 
the threshold of audibility. 

In Fig. 420 the curve representing the variation of the threshold of audibility 
is shown for the whole audio-frequency range. The human ear is most sensible 
to the frequencies close to 3000 Hz; for this frequency the sound intensity of 
10-12 W/m? is sufficient for the sound to be audible. For the frequency of 50 Hz 
the threshold of audibility is 10-7’ W/m?; we see that in this case for the sound to 
be audible the intensity should be increased about 100 000 times. 

When the sound intensity exceeds a certain maximum value the ear can no 
longer perceive it normally and the feeling of pain appears. This maximum in- 
tensity is called the threshold of pain. As is seen from Fig. 420, the threshold of 
pain corresponds to the sound intensity which is approximately equal to 1 W/m? 
for all the audio frequencies. 

The range of the sound intensity which can be perceived by the ear is very 
large: from 10-!* W/m? to 1 W/m?. That is why it is practically preferable to 
characterize the sound intensity by means of another unit, the decibel (denoted 
dB; see the left part of Fig. 420) which measures the levels of sound intensity 
instead of measuring the energy flux (as is shown in the right part of Fig. 420). 

If a sound intensity J, is taken as an initial level then to some other intensity 
I, corresponds the difference between the levels of these intensities measured by the 


quantity 10 log = dB. In other words, the number of decibels measuring the 


difference between the levels of sound intensities divided by 10 equals the com- 
mon logarithm of the ratio of the sound intensities. As J, is usually taken the sound 
intensity corresponding to the threshold of audibility for the frequency of 
1000 Hz; then the level of the intensity corresponding to the threshold of pain 
is about 120-130 dB. When the levels of sound intensity are measured in decibels 
the threshold of audibility for the frequency of 50 Hz corresponds, approximate- 
ly, to 50 dB. As was said, the threshold of audibility varies with frequency. The 
loudness (or volume) of sound also varies when the frequency changes; the curves 
representing the sound intensities corresponding to equal values of the loudness 
for different frequencies are shown in continuous lines in Fig. 420. 

For instance, a sound whose level of sound intensity is equal to 20 dB for the 
frequency of 1000 Hz is of the same loudness as a sound of 90 dB for the frequency 
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of 100 Hz. The measurement of the levels of sound intensity in decibels is widely 
used in engineering and physics because it is simpler. But the curves of equal 
loudness correspond to different levels of sound intensity measured in decibels 
and it is therefore more convenient to characterize the loudness of a given sound 
by means of the loudness level for which a new unit called the phon is used. If 
the loudness level of the given sound is N phons this means that the sound of 
frequency 1000 Hz whose level of sound intensity exceeds by N dB the‘ level of 
sound intensity corresponding to the threshold of audibility (for the same fre- 
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quency of 1000 Hz) is as loud as the given sound. For the same loudness, low fre- 
quency sounds (with frequencies less than 1000 Hz) are of greater intensity 
than high frequency sounds (of 1000-3000 Hz). As examples, we give here the 
loudness levels for some sounds: the noise in an underground car moving with 
a high velocity—approximately 90-95 phons, a loud conversation heard at a 
distance of 0.5 m—approximately 30 phons, a whisper—about 10 phons. 


148. Ultrasonic Vibrations 


A mechanical vibration of a body or of a medium whose frequency exceeds 
20 000 Hz is referred to as an ultrasound. Ultrasounds are not heard by a human 
ear. Mechanical vibrations of such a high frequency are usually obtained by 
using the piezoelectric effect or the magnetostriction. 

The piezoelectric effect is based on the property of a crystal to undergo a 
deformation in the presence of an electric field and, conversely, to become elec- 
trified under the action of a deformation. The magnetostriction is an analogous 
phenomenon arising under the action of a magnetic field. 

A plate oscillating with a high frequency under the action of an alternating 
electric or magnetic field of the same frequency can also serve as a source of 
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ultrasound (an alternating electric or magnetic field can be obtained with the 
use of an alternating electric current from an electromagnetic generator). 

When analysing the character of the propagation of a wave generated by an 
ultrasound source one should take into account that the length of such a wave 
is very small. For instance, to a frequency of 350 kHz there corresponds an ultra- 
sonic wave whose length is of the order of 1 mm and to a frequency of 3 MHz 
there corresponds a wave length of about 0.1 mm. When the dimensions of an 
oscillating plate serving as an ultrasound source are Jarge in comparison with 
the wave length the plate generates a plane wave propagating as if there were 
parallel rays issued from the surface of the plate (as in the case of a light propa- 
gating from a projector). This makes it possible to use ultrasonic rays for meas- 
uring distances in the water. 

To this end an ultrasound source placed on a ship sends at a certain instant an 
ultrasonic wave pulse into the water which propagates in a definite direction. 
When this pulse is incident on an obstacle it is reflected and in some time the 
reflected wave achieves a receiver on the ship. The measurement of the time in- 
terval between the instants when the pulse is sent and received makes it possible 
to determine the distance to the obstacle from which the ultrasound has been 
reflected. 

This method of measuring the distances in the water with the aid of ultrasonic 
pulses is used in the construction of a fathometer meant for measuring the depth 
of the sea and also in various hydrolocation devices measuring the distances to 
submarines, icebergs, etc. Ultrasound oscillations are also widely used in modern 
fields ‘of engineering, medicine, etc. 


CHAPTER 17 


Fundamentals of Special Theory 
of Relativity 


149. Galileo’s Principle of Relativity 


A reference system (reference frame) for which Newton’s laws of dynamics hold 
is called inertial. All the reference systems which are in uniform motion relative 
to each other and relative to an inertial system are also called inertial. Newton’s 
laws of classical dynamics are valid for all the inertial reference systems. This 
assumption is Galileo’s relativity principle which is the fundamental principle of 
classical mechanics. Inertial reference systems are also called the Galilean sys- 
tems; from the point of view of dynamics they all are equivalent although the 
kinematic description of a motion is obviously different for different inertial 
systems. 

Knowing the law of motion of a point in a reference system A we can readily 
derive the law of motion of the same point in an inertial system B provided that 
the velocity of the motion of system B relative to system A is known. 

Suppose that system B is in a translatory motion relative to system A with 
a constant velocity v. Then the relationship between the coordinates z, y, and 
z of an arbitrary point in system A and the coordinates x’, y’, and z’ of the same 
point in system B is written as 


, 


r=>:r—_— ro (149.1) 


where r (xz, y, 2) and r’ (z’, y’, 2’) are the corresponding radius vectors of the 
point (see Fig. 421). The relationship between the velocities is 


u’ =u — OD 


where u =2 ,u = ia , and v = a If r, =O at the initial instant ¢ = 0 
then r, = vi and the relation connecting the coordinates takes the form 

r' =r — ot - (4149.2) 
It is evident that the accelerations in both systems are equal: 

du’ _ du 

dt dt 


To simplify the further calculations let us assume that system B moves with 
velocity v relative to system A so that the axes xz and 2’ are in one straight line, 
have the same (positive) directions and besides, at the instant t = 0, the ori- 
gins of the systems coincide (Fig. 422). Then a point whose coordinates in system 
A at time ¢ are z, y, and z has coordinates x’, y’, and z’ in system B expressed by 
33—0776 
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the formulas 


z’=xz—vt 
y’=y (149.: 
Z=2 


In the derivation of formulas (149.3) it is tacitly implied that the time ¢ :- 
absolute, that is it is the same for all reference systems. This intuitive assumptio:. 
is taken for granted in classical mechanics. It is considered natural and not re- 


FIG. 424 : FIG. 422 


quiring any proof. All the experiments and phenomena in mechanics and engi- 
neering in which the velocities of the bodies are much less than the speed of 
light c (ec =3 xX 10° m/s) do not contradict this assumption. 
If we denote (quite formally, at present) the time in system B by t’ then we 
can write the equality 
t' =t (149.4) 


which always holds in the Newtonian mechanics. Formulas (149.1) and (149.2) 
express the Galilean transformation. When a point has coordinates z, y and z 
at time instant ¢ we can regard this fact as an event (z, y, z, t). Using this termi- 
nology we can say that the Galilean transformation establishes the relationship 
between the coordinates z, y, z, t of an event in system A and the coordinates 
x’, y',2, t' of the same event in system B. 

The Galilean transformation implies the well-known law of addition of veloc- 
ities in the classical mechanics: 


dx’ _ dz _ ) 

dt dt e 

dy’ _ dy 

ap ae (149.5) 
dz’ _ dz 

dt ~—s tt 


Thus, the velocity of a body along the z-axis relative to system A is equal to the 
sum of the projection of the velocity of the same body on the z’-axis in system 
B (as was assumed, x || x’) and the velocity v of system B itself. 

All these simple relations are well known from the classical mechanics. As 
will be shown, Ejinstein’s relativity principle establishes a more general rela- 
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tionship between the coordinates of an event in different inertial reference systems 
from which the formulas expressing the Galilean transformation follow for v — 0 
(v << c) as a special case. 

When coordinates are transformed there are some quantities depending on 
them which remain invariable under the transformation. Such quantities are 
termed invariants. For instance, the distance between any two points is an in- 
variant of the Galilean transformation. Among the mechanical quantities there 
are some which vary under the Galilean transformation (for instance, the coor-- 
dinates, the velocity, the momentum, the kinetic energy) while some other quan- 
tities are invariants. 

Let us consider the variations of the fundamental mechanical quantities un- 
der the (Galilean) transformation from one inertial reference system to another 
and the connection between these variations with the laws of dynamics and with 
the conservation laws for the momentum and the energy of a system of particles 
(or bodies). 

When we pass from an inertial system A to another inertial system B both the 
momentum and the kinetic energy of a system of moving particles (bodies) 
change. 

Let uw; denote the velocity of the ith particle in system B and u,; denote the 
velocity of the same particle in system A. Then, by (149.1), we have 


U,=Uj4+YV (149.6) 


The total momentum of the system of particles relative to system A can be 
written as 


K = >) mu,-= >) mu, t+ >) mv =K'+mv (149.7) 


where K’ = % m,u; is the momentum of the system of particles relative to B 
and m = 2 m; is the total mass of the system of the particles. Equality (149.7) 
holds in all the circumstances. It implies that if the momentum in system A 
does not depend on time it also remains constant in system B because m and v 
are invariable. This applies to any other inertial system as well. Thus, the iner- 
tia law is valid for all the inertial systems of reference. 

The kinetic energy of the system of particles is expressed in the reference sy- 
stem A by the formula 


T= > m,ui = > DS m;(ujtv)?= 
4 ; ; 1 F 1 
=5 >) mui? + > Mj UV + =v" >») m=7'+ Kv ++ mv’ (149.8) 


where 7” is the kinetic energy in system B. Equality (149.8) describes the var- 
iation of the kinetic energy under the transformation from one inertial system 
to another; it holds in all circumstances. 

When a system of particles or bodies is isolated (closed), that is it does not 
interact with the bodies not entering into the system, the momentum K’ does 
not depend on time and remains constant. If there are only elastic interactions 
between the particles of the system (for instance, elastic impacts) the kinetic 
energy 7’ also remains constant and, consequently, the kinetic energy 7 in the 
other inertial reference system A is also constant. Hence, if the law of conserva- 
tion of kinetic energy holds for a given system of particles or bodies in one inertial 
reference frame it holds for all the other inertial reference frames as well. 

The momentum of an isolated system of particles remains constant in all 
cases even when the interaction is inelastic, that is when the particles undergo 
33* 
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plastic impacts. When there are plastic impacts the kinetic energy decrease:. 
however, as it follows from equality (149.8), the quantities 7 and T' decrea= 
by the same amount for a closed system of particles in all the inertial referenc- 
frames. Thus, this decrement of the kinetic energy is an invariant. 

It should be noted that it is also possible that a system of particles is not is 
lated but nevertheless K’ remains constant. This case is realized when the resu.- 
tant (the vector sum) of all the external forces (that is of the forces exerted o-. 
the given system by the bodies not entering into the system) is equal to zer¢ 
In such a case the kinetic energy can vary in the course of time and, as it follow: 
from equality (149.8), the decrease of the energy is the same for all the inertiz. 
reference systems and is an invariant. 

There are systems in which the interaction forces between the particles de- 
pend solely on the distances between them and are directed along the lines joir- 
ing the particles (see Sec. 36). Then to every configuration of the particles «‘ 
the System there corresponds a definite value of the potential energy U. The 
distances between the particles are not changed under the transformation from 
one inertial reference frame to another and therefore the potential energy U 
does not change either. On adding the term U to both members of equality (149.§ 
we obtain 


T+U=T'4U+K'v+ 5 my (149. 


We see that if the interaction between the particles of a closed system is suct. 
that the sum of the kinetic and potential energies is constant in one inertial 
reference system it is also constant in all the other inertial reference systems. 
Hence, if the mechanical energy is conserved for a given closed system of particles 
in one inertial reference frame the law of conservation of energy is valid in all the 
inertial frames. 

The interaction forces between the particles or between the bodies may depend 
on their mutual positions and on their relative velocities. Since the distances 
between the particles or the bodies and the relative velocities are invariants we 
conclude that a force is also an invariant. 

Consequently, in the general case the kinetic energy and the momentum change 
under the transformation from one inertial reference system to another while 
the potential energy, the mass, and the forces are invariants. In the special 
cases indicated above the variations of the energy are also invariants. 

It is obvious that all the three fundamental laws of dynamics are valid for all 
the inertial reference systems. 


150. Constancy of Speed of Light 


The study of the nature of light and the investigation of the laws governing 
the propagation of light were the most important problems of physics in the 
nineteenth century. As early as the times of Newton the Danish astronomer 
O. Roemer determined approximately the speed of light proceeding from the 
data obtained in his observation of the eclipses of the Jupiter satellite. According 
to the ;wave theory, the propagation of light is a wave process resembling the 
propagation of sound waves in a medium. In this connection in the second half 
of the nineteenth century there arose the question concerning the medium in 
which the light propagates and the reference system with which this medium is 
connected. 

Suppose that there is a special medium, the ether (connected with the Sun) 
in which the light propagates (this assumption is known as the ether hypothesis 
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which proved to be incorrect). Then the velocity of light on the Earth must de- 
pend on the velocity of the motion of the Earth relative to a reference system 
connected with the Sun. If the velocity of the Earth in this system is v and the 
speed of light relative to the medium isc then, according to the classical rule for 
the addition of velocities, the speed of light must be equal to c — v in the di- 
rection of the Earth’s motion and to c + v in the opposite direction. 

Although the velocity of the motion of the Earth (v = 30 km/s) is very large 
in comparison with the velocities we deal with in everyday life it is negligibly 
small in comparison with the speed of light (c = 3 x 10° km/s). Therefore, the 
observation and the measurement of the influence of the Earth’s motion on the 
speed of light encounters many experimental difficulties. That is why the rea- 
lization of such an experiment requires high precision devices in order to verify 
the addition rule for the velocities of the light and of the Earth. First experiments 
of this kind were carried out by A. A. Michelson and E. W. Morley in 1887. 
Later the results of their famous experiments were checked and confirmed in 
many analogous modified and more precise experiments. It turned out that none 
of these experiments detected any influence of the velocity of the Earth’s motion 
on the magnitude of the velocity of propagation of light. 

Since the assumption that the speed of light remains constant only relative 
to the Earth contradicts astronomical and many other observations the scientists 
came to the conclusion at the beginning of the twentieth century that the speed 
of light in vacuum is constant and is independent of the motion of the light source or 
receiver. This conclusion was drawn after a thorough analysis and lengthy dis- 
cussion of all the results of the experiments and observations. 

This conclusion obviously contradicts Galileo’srelativity principle from which 
the ordinary addition rule for the velocities follows. To overcome these diffi- 
culties A. Einstein suggested in 1905 a completely new hypothesis that the ex- 
perimental failure in the detection of a uniform motion relative to an “absolute 
reference system” simply meant that there were no such system at all. According 
to this hypothesis all the inertial reference systems are completely equivalent 
in the sense that the courses of all natural phenomena (and not only of the me- 
chanical ones) are the same in all the inertial reference systems and are described 
in the same manner in all such systems. This new approach to the problem makes 
it necessary to revise the basic concepts of space and time on the basis of the 
following postulates expressing Ejinstein’s hypothesis which is universally 
recognized in modern science: 

1. All the inertial reference systems are equivalent. 

2. The speed of light in vacuum is independent of the motion of the light source 
or receiver. 

These postulates should be understood as consequences of the known experi- 
mental facts and of the laws established in the theory of the propagation of 
light. The first postulate expresses the fundamental principle of Einstein’s 
special relativity theory according to which all the laws governing the physical 
phenomena are invariant in all the inertial reference systems. From the first 
and the second postulate it follows that the light propagates in vacuum with the 
same constant velocity in all the directions. 


151. Simultaneity of Events 


Before proceeding to the analysis of the corollaries following from Einstein's 
postulates we must consider in more detail the definition of the simultaneity 
of two events occurring in defferent places. When two events occur in approxi- 
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mately the same place (that is close to each other or, as we say, “at one point” 
their simultaneity can be detected by means of a simple observation (for it- 
stance, by taking photographs and the like). However, when two events take 
place at different points their simultaneity can only be established by using < 
signal transmitting information from one place to the other. Since the speed oc? 
light is very large (in nature there are no signals whose speed exceeds the speec 
of light, at least modern science knows nothing about such signals) and is con- 
stant A. Einstein suggested that light signals should be used for this purpose. 
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If the speed of light were infinite the simultaneity of events occurring in 
different places could be determined, in principle, in the same way as it is done 
for events taking place at one point. This approach is in fact used in non-rela- 
tivistic physics where time intervals are considered absolute. When the veloci- 
ties we deal with are small relative to the speed of light which is very large this 
approach does not contradict experimental data. However, since the speed of 
light, although very large, is finite it is necessary to take into account the finite- 
ness of the speed of light for bodies moving with very large velocities when the 
general definition of the simultaneity of events is stated. 

Let us consider two identical reference systems A and B moving with constant. 
velocity v relative to each other (Fig. 423a). In the figure these systems are shown 
as two parallel straight lines placed very close to each other; the systems move 
in the direction of these lines, system B moving to the right relative to system 
A. Let a light pulse be emitted by a light source placed at the point O in system 
A at acertain instant and let this event be observed at the point O’ in system B. 
the points O and O’ being very close to each other or even coincide the moment 
the light flashes. The light signal emitted from the point O’ simultaneously 
achieves the two points C and C’ lying at equal distances from the point O in 
system A. These two events (the observations of the light flash at the points C 
and C’) are simultaneous in system A because the speed of the propagation of 
light is the same in both directions (see Fig. 423b). But it can readily be seen 
that these two events which are simultaneous in system A are observed at diffe- 
rent instants at the corresponding points D and D’ in the moving sys- 
tem B because the speed of light has the same value relative to system B as 
well. 

- Indeed, it takes the light signal some time At to propagate from the point O 
to the point C (or C’) in system A. During this time system B receives a displa- 
cement to the right and the point O’ undergoes the same displacement. Therefore, 
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the light signals achieving the points C and C’ are observed at the corresponding 
points D and D’ in system B at different instants (relative to system B) because 
the points D and D’ are at different distances from the point O’ in system B, 
the speed of light being constant and equal toc in both systems. Hence, because of 
the constancy of the speed of light we must conclude that relative to system B 
the event at D’ occurs earlier than the event at D. In other words, the simulta- 
neity of events is relative and, consequently, the time intervals between two 
events depend on the reference system in which they are observed. 

When we pass from one reference system to another it is necessary to take into 
account the variation of time because there is no absolute time. It can readily 
be seen that the time lag of the events at the point D in system B relative to the 
events at the point D’ depends on the distance CC’, that is on the difference 
between the coordinates of the events in system A. Therefore, when the events 
occurring in system A are described by an observer moving together with system 
B (the observer is at rest relative to B and moves relative to system A) it is 
necessary to take into account the variation of time and its dependence on the 
coordinates. 

It is also important to note that the argument we have presented is reversible. 
the events which are simultaneous in system B are not such in A. Indeed, let 
us take two points M and M’ in system B lying at equal distances from O’ 
(Fig. 424). Then the light signal emitted at an instant from a light source at 
point O’ simultaneously achieves the points M and M’ in system B but these 
events are not simultaneous at the points N and N’ in system A which are not 
at equal distances from O (the points N and N’ correspond to M and M", res- 
pectively). When speaking about the simultaneity of the events occurring at the 
points O and O’, M and N, M’ and N’, etc. belonging to different reference 
systems (these points are close to each other or even coincide at certain instants) 
it is necessary to take into account that the distances between the points which 
are equal in system B (e.g. MO’ = O'M') are not equal in system A (e.g. NO< 
< ON’). 

It is readily seen that in case v < c the points O and O’ practically gain no 
displacements during a finite time Az and then the events which are observed as 
simultaneous in A are also simultaneous in system B. This corresponds to the 
assumption of the existence of absolute time (which is the same for the moving 
reference systems) in the Newtonian mechanics. We see that the concept of 
absolute time can be regarded as an adequate approximation to reality for the 
motions whose velocities are much less than the speed of light. 

To visualize the variation of time we consider the following instructive exam- 
ple. Suppose that in each reference system there are sets of equidistant clocks 
placed sufficiently close to one another. Using light signals we can synchronize 
the clocks in each of the systems. The synchronization is carried out by emitting 
a light pulse from a light source placed at the midpoint between two clocks. The 
rates of the synchronized clocks must be such that the light emitted by the light 
source placed at the midpoint achieves the two clocks simultaneously, that is 
both clocks must read the same time the moments the light signals achieve them. 
It is evident that if a clock a is synchronized with a clock 6b and the clock b 
is synchronized with a clock c then the clocks a and c are also synchronized with 
each other, and so on. In this way it is possible to synchronize all the clocks 
in each of the systems. It is of course supposed that the distances are measured 
with the aid of the same standard in each system. We can now state the principle 
of the relativity of simultaneity in the following manner: the clocks which are 
synchronized in system A do not read the same time when they are watched by 
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observers who move together with system B and are at rest relative to B at 
different points belonging to B. Similarly, the clocks which are synchronized ir 
system B do not run synchronously when observed from system A. What ha: 
been said will be discussed in more detail after the general relativistic transfor- 
mation laws from one inertial system to another have been established. 

It should also be noted that if the clocks are placed on a straight line perpen- 
dicular to the velocity v of the relative motion of the systems then the clocks 
synchronized in A are also synchronized relative to B and vice versa. Indeed. 


FIG. 425 


during the time interval At (it takes the light signals emitted from O the time 
At to achieve the points C and C’, see Fig. 425) system B passes a distance equal 
to v At in the direction of v, which does not affect the distances from the point 
O’ to the points C and C’ which remain equal to each other. Therefore, these 
events (the observations of the light flash at C and C’) are simultaneous in sys- 
tem B as well. Thus, the change of time under the transformation from one iner- 
tial reference system to another inertial system moving relative to the former 
with velocity v depends solely on the coordinate reckoned along the direction 
of v. 


152. Lorentz Transformation 


In this section we state and solve the basic problem concerning the changes 
of the coordinates and of the time under the transformation from one inertial 
reference system to another. As before, we consider two identical reference sys- 
tems A and B in which the standards for measuring distances and time are the 
same. System B is supposed to move with constant velocity v relative to sys- 
tem A along the directions of the axes x and x’ (the z-axis and the x’-axis are in 
one line and are directed similarly) so that at the initial instants ¢ —t’ = 
the origins of the reference systems are at one point. 

Suppose that at the initial instants t — t’ = 0 a light source placed at the 
origin emits a light pulse. Then during the time interval from tf = 0 tot > 0) 
the light signal passes a distance of ct in system A and, similarly, in system B 
during the corresponding time interval from t’ = 0 to t’ > 0 the light signal 
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passes a distance of c’t’. In both systems the points which are achieved by the 
light pulse at the instants t > O and t’ > 0 respectively lie on spherical surfaces 
of radii ct and c’t’. The wave surface in system A is described by the equation 


ge y® + 2% — ct? (152.1) 
and in system B by the equation 
xi? $y" 4 2'? = '2p"2 (152.2) 


This follows from Einstein’s postulates. 

The space and the time are considered homogeneous, which is equivalent 
to the assumption that between the coordinates and the time in different sys- 
tems there are linear relations. Therefore, the coordinates z and z’ are connected 
by a linear relation which can be written in the form 


xz’ =y (x — vt) (152.3) 


where y is a constant (yet unknown). Relation (152.3) follows from the fact that 
the point xz’ =O (the origin of system B) moves with the velocity v relative to 
system A and that the points z=0 and x’ =0 coincide for t=0. The unknown 
constant coefficient y is dependent on v and onc and it must turn into unity for 
v— 0 (v < c), which is the case in the Galilean transformation. 

Since the systems only move in the direction of the x-axis (or the x’-axis) the 
coordinates y, y’ and z, z’ must not change, that is in this case, as in the Galilean 
transformation, we have 


y’ =yandz’ =z (152.4) 


The time ¢’ in system B depends linearly on the time ¢ and the coordinate x 
in system A; therefore, we put 


t’ —at-+ bz (152.5) 


where a and 0 are unknown constants which must satisfy the conditions a — 1 
and b> 0 for v—> 0 (uv € c). 
On substituting (152.3), (152.4), and (152.5) in (152.2) we obtain 


y? (x — ut)? + y? 4+ 2? = c? (at + bz)? (152.6) 


The values of the coefficients y, a, and b should be chosen so that relations 
(152.1) and (152.6) coincide identically. Therefore, the following equalities 
must hold: 


vy? — cb? = 1, y%v-+ cab = 0 and c?a? — yy? = c? | 


Expressing b from the second equality and substituting the result in the first 
one we obtain, taking into account the third equality, the relation 


2 _ ye 
Therefore, the third equality yields 
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We now deduce from the second equality the relation 


b= —y— 


c2 


The physical meaning of y and a indicates that these quantities are positive and 
therefore (see Fig. 426) 


p2 


y=a=(1-4) 7” (152.7) 


We have thus arrived at the following transformation from system A to 
system B satisfying Einstein’s pos- 


tulates : 
Y VI 
3 eh ekg) 
4 x’ = (x—vt) (152.8) 
3 y'=y 
Z=2 
- 2\= 1/2 
; where y = (4 —<) . Relations 
(152.8) express the famous Lorentz 
: transformation. H. Lorentz derived 
0 0.5 is this transformation formulas in con- 


nection with the study of electromag- 

netic phenomena. It was A. Einstein 

FIG. 426 who pointed out that this transfor- 

mation has a universal character 

because it involves only spacial coordinates and time. As is readily seen, for 

v—c(v < c) the Lorentz transformation goes into the Galilean transformation. 

Equalities (152.8) can be resolved with respect to the quantities ¢, z, y, and z 

characterizing system A to find the inverse transformation from B to A which 
has the form 


t=y( +) 


c2 
r= y(zr' +t’) (152.9) 
y=y' 
Z=2' 


We see that the inverse transformation expressed by (102.9) only differs from 
(152.8) in the sign in front of v. Formulas (152.9) also express a Lorentz trans- 
formation (of type (152.8)) because —v is nothing but the velocity with which 
system A moves relative to system B (A moves relative to B in the direction of 
the negative x’-axis). 

Expression (152.7) of the coefficient y shows that the velocity v is always less 
than c. Since reference systems are connected with some material bodies it fol- 
lows that relative velocities of any bodies cannot exceed the speed of light. 
We have thus come to one of the fundamental inferences of the relativity theory: 
the speed of light is the maximum (limiting) velocity of motion. That is why 
c is said to be the ultimate speed. 
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153. Analysis of Lorentz Transformation 


The analysis of the Lorentz transformation makes it possible to draw a num- 
ber of important consequences following from the relationship between the 
coordinates and the time. 

For our further aims it is more convenient to express the Lorentz transfor- 
mation (formula (152.8)) and its inverse (formula (152.9)) in terms of the incre- 
ments of the variables involved. Since all the relations in (152.8) and (152.9) 
are linear they retain the linear character for the increments as well and we thus 
come to the equalities 


At’ = y (At—= Az) 


At=y(At'+— Az’) 


Az’ = y (Ax—v At) (153. 1) 
Az = y (Az’ + v At’) 

Ay’ = Ay 

Az’ = Az j 


1. Relativity of simultaneity. Earlier we presented some qualitative consi- 
derations concerning the relativity of simultaneity. Now, using (153.1), we can 
estimate quantitatively the difference between time intervals measured in 
different inertial reference systems. For the sake of simplicity we again consider 
the two reference systems A and B which move along the parallel coordinate 
axes z and 2’; in this case the course of time is connected with the coordinates x 
and x’ solely. 

Suppose that two events occur simultaneously in system A at a distance of 
Ax from each other; At = 0 for these events. We now pose the following ques- 
tion; what value of At’ corresponds to these events in system B, that is what 
is the time interval between the two events occurring simultaneously in sys- 
tem A when they are recorded physically by an observer who is at rest relative 
to system B and moves together with the latter? 

The substitution of A¢ = 0 in the first equality (153.1) yields 


At’ = —y— Az (153.2) 


Consequently, the events which are simultaneous in A are not simultaneous in B 
and are observed from system B as occurring at different instants. It also evi- 
dently follows that the event which takes place at a point with a greater coor- 
dinate z in system A (as before, we reckon z along the direction of motion of B 
relative to A) is observed in system B as occurring earlier. In other words, the 
event at a point in A which lies farther in the direction of motion of B relative 
to A occurs earlier in B, the time difference increasing together with the velocity 
v and with the distance Az. 

Similarly, two events occurring simultaneously in system B (At’ = 0 for 
them) for which Az’ = 0 are not observed simultaneously from A and havea time 
separation ; 


At = y— Az’ (153.3) 
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This conclusion follows from the second equality (153.1). We again see a quite 
similar situation: the event in B at a point which lies farther in the direction of 
motion of system A relative to system B occurs earlier in A. 

It can readily be shown that clocks synchronized in system B and moving to- 
gether with B are observed from system A as running non-synchronously. Sup- 
pose that in each of the systems from system A there are identical synchronized 
clocks placed sufficiently close to each other along the axes x and x’ respectively. 
The synchronization of the clocks in each system can be performed with the aid 
of light signals as was indicated in Sec. 151. Let us consider two clocks a and b 
in system A placed at a distance of Ax from each other. At a given time regis- 
tered by the synchronous clocks a and 0 in system A there are two corresponding 
clocks moving together with system B which go past the clocks a and b. Accor- 
ding to (153.2), these moving clocks show different time; the clock placed far- 
ther in the direction of motion of B advances more slowly (see Fig. 427). 

The same situation takes place for two clocks in system B lying at a distance 
Ax’ from each other if we register with the aid of these clocks the data shown by 
the corresponding clocks in system A (Fig. 428). 

Suppose now that we take two clocks in system A and register the time shown 
by the corresponding clocks in system B passing by these clocks in A at different 
instants t = 0 and t = At (see Fig. 429). The time difference At can always be 
chosen so that the clocks in system B going past the clocks in system A show 
the same time (that is At’ = 0). From the first equality (153.1) it follows that 
this time difference is equal toi 

At =— 


oy Ax 

This means that for the clock in system A placed farther along the direction of 
motion of system B relative to system A the registration of the time shown by 
the corresponding clock moving together with system B should be made later, 
the time lag At being expressed by the above formula. Hence, the events which 
are simultaneous in system B are recorded physically at different instants in 
system A. We see that the relativity of simultaneity is completely similar for 
both systems A and B. 
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2. Length contraction. Let us consider a definite line segment 1, = Az’ in 
system B. It can be understood as the length of a rod lying along the x’-axis 
which is at rest in the reference frame B. The length of the rod in system B (the 
rest length) can simply be determined by finding the coordinates of the ends of 
the rod and computing the absolute value of their difference. As to the measure- 
ment of the length of the same rod in system A relative to which the rod moves, 
it can be performed as follows. Let us measure the coordinates zx of the ends of 
the rod 1, = Az’ in system A at the same instant shown by the synchronized 
clocks in that system. Then the length J,, = Az of the rod in system A is equal 
to the absolute value of the difference between these coordinates. It is now re- 
quired to find the relationship between 1, = Ar’ and 1, = Az for At = 0. 
From the third equality (153.1) it follows that 


Az'’=vyAz, that is l,= = (153.4) 


where J, is the rest length of the rod (measured in system 8) and l,, is the length 
of the same rod in system A relative to which it moves. Since y > 1 it follows 
that the rest length of the rod is greater than its length as viewed from system A 
relative to which the rod moves. In other words, the rod moving parallel to 
its length undergoes length contraction. We see that the length is relative and 
depends on the reference frame in which it is measured. 

Analogous considerations show that a rod of length Az = l, which is at rest 
in system A is viewed from system B (relative to which the rod moves) as having 
a shorter length. In this case the length Az = I, is determined for At’ = 0 and 
the fourth equality (153.1) implies 


Az==yAz', that is l,=— (153.5) 


We again see the length contraction of the moving rod. 

There is no contradiction between formulas (153.4) and (153.5) because they 
correspond to different measurements performed in each system although the 
measurement procedure is completely the same in every system. For each of 
the systems we obtain the same result: like the time, the length is relative and 
this property is reciprocal for both systems. 

It is evident that the lengths measured along the axes y and z (or along y’ 
and z’-axes) do not change under the transformation from system A to system B 
and under the inverse transformation from B to A. Only the differences between 
the coordinates along the axes z and 2x’ going in the direction of the relative 
motion of the reference systems change under these transformations. 

3. Time dilation of moving clocks. Let us consider a clock which is at rest 
relative to reference frame B and moves together with B relative to reference 
frame A. Suppose that the clock in system B measures a time interval At’ while 
another clock which is at rest relative to system A measures the corresponding 
time interval Az. Let us determine the relation between the time intervals At 
and At’ measured by the clock which is at rest in system A and by the clock 
which moves relative to A respectively. 

During time At the moving clock gains a displacement of Az =v At along 


the z-axis and Ax’ = 0 for this clock. Therefore, the first equality (153.1) im- 
plies 


Ai’ =y (At— At) =» (1-4) At= (153.8 
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because ? (1— 5) = 1. We see that the time At’ shown by the moving clock 
is less than the corresponding time At shown by the clock which is at rest. Hence. 
the moving timepieces lag behind the timepieces in a state of rest. This is what 
we Call the time dilation of the moving clocks. 
It should be noted that relation (153.6) can be obtained directly from the 
second equality (153.1) by substituting Ar’ = 0 in it. 
Analogous considerations concerning a clock which is at rest relative to sys- 
tem A and moves relative to system 
B together with A imply that 


At == (153.7) 


GA t=0 where Az is the time read by the 

ZZ moving clock. We again see that the 
moving clock runs more slowly. 

At The dilation of time can also be 

a illustrated by the following (imagi- 


: nary) experiments with clocks. Let us 
1g \¥—_(}— t=At consider a clock moving relative to A 

- and compare the time shown by it 
with the time shown by synchronized 

FIG. 430 clocks which are at rest in system A 

(see Fig. 430) at different instants. 

Suppose that at instant t = 0 the clocks in A and in B read the same time. 
During a time interval At the moving clock undergoes a displacement dnd 


shows time At’ = = different from that shown by the clock which is at rest 


and is placed opposite the former. 

In Fig. 431 we see a unified picture showing the data read by several synchro- 
nized clocks moving together with system B which are observed from system A. 
The clocks are depicted for equal time intervals At = 2 s. The numbers in the 
circles indicate the number of seconds for each of the clocks at definite instants 
of time measured by the clocks in A. The time and the distances are calculated 
for y = 2, which corresponds to v ~ 0.87 s. Every inclined line joins the same 
clock moving together with system B. The computations are carried out accor- 
ding to the formulas Az = v At, At’ => , and At; = —13 Az = (1 — y?) At’. 


Consequently, 
At'’=1s, At=2s, At);= —3s, and Arw5.2x 105 km 


Figure 431 demonstrates both the dilation of time and the non-simultaneity 
shown by the moving clocks. The reader should pay attention to the magni- 
tudes of the distances and of the variations of time. If we depicted an analogous 
scheme for At = 2 us we would obtain Az ~ 520 m. 

The dilation of time accounts for a comparatively long lifetime of moving 
mesons. Mesons are elementary particles generated when fast particles collide 
with a substance. They are observed in cosmic rays and in experiments with 
charged-particle accelerators. It was found that a meson (we mean the American 
or mu meson) is an unstable particle whose mean proper lifetime is of the order 
of 10-® s (more precisely, 2.2 x 10-® s). 
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Mesons are observed at an altitude of 10-20 km and at the same time they are 
found in cosmic radiation laboratories at the Earth’s surface. If the mean life- 
time remained invariable a meson would travel a distance of the order of 300 m 
during that time even if it moved with a velocity very close to the speed of light. 
The existence of mesons near the Earth’s surface is accounted for by the dila- 
tion of the lifetime of a moving meson. To the mean lifetime At’ ~ 2 x 10° s 


At=1s At=-3s At=2s 
Axx 5.2:10°km 


FIG. 431 


of a meson which is at rest in system B there corresponds a time interval Ar 
measured by a clock which is at rest relative to the Earth (here the Earth plays 
the role of system A). These time intervals are connected by the equality At — 
= At’ (see (153.6)). 

During time At the meson can reach the Earth’s surface provided that y is 
sufficiently large. For mesons in cosmic rays we have y ~ 50 and therefore during 
time Az¢ the meson can travel a distance of the order of 


s~cAt=cy At'’=3 x 108 x 50x 2x 10°°=30 km 


It should be noted that for y ~ 50 the particle moves with a velocity which 
is approximately by 60 km/s less than the speed of light. 

Physicists can judge on the phenomenon of time dilation for moving particles 
by the results obtained from the analysis of the observation data concerning 
the mesonic decay in the accelerators. These observations also indicate th» 
increase (approximately 100 times increase) of the path of the particles whic:. 
can only be explained by the time dilation. The results of the experiments wit}, 
accelerators and of some other experiments with fast particles (whose velocity 
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is close to c) confirm the validity of the inferences following from the fundamen- 
tal principles of the special relativity theory. 

4. Transformation of velocities. Suppose that a particle moves with a velocity 
u'(Ux, Uy, Uz) in system B*. The velocity in system B is expressed by the usual 
formula 

,_ dr'a{ dz’ dy’ dz’ 

aaa (ar dt’ ? 7) 
where 7(x’, y’, 2’) is the radius vector of the particle in system B. Let us deter- 
mine the velocity of the same particle relative to system A. It is obviously given 
by the relation 
sere. Be. ae 

war (a dt’ =) 
where r (z, y, 2) is the radius vector of the particle in system A. Equations 
(153.1) imply the relationship between the differentials of the quantities in- 
volved for different inertial reference frames: 


dt'=¥ (dt —— dz) 


dx’ == (dx —v dt) (153.8) 
dy’ = dy 
dz’ = dz 
Taking into account these relations we can write 
, dx" p(dz—vdt) _— uy—v _ 
an | as v _ UxV = 6 (uz —v) 
y(a—ar) 1-43 
’ dy’ dy Uy 6) 
Ca — = — il, (153.9) 
a y (d¢——ar) y(1-=* } ¥ 
, dz’ Ons 
te? abe y # 
where 
ux \~-1 
§=— (1 — +s ) (153.10) 


We remind the reader that y? (1 — 5) = 1. It can similarly be shown that 


U, = 98 (U,+v), ly = Uy, and Uy = Us (153.41) 
where 
a s -—{ 
= (1 ate “x (153.12) 


The comparison of (153.9) and (153.11) shows that 
66’ = vy? (153.13) 


* Here and henceforth we write the components of a vector in the brackets after the letter 


denoting that vector. 
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It should first of all be noted that the transformation law for the velocities we 
have derived essentially differs from the ordinary addition rule for the velocities 
known from the Newtonian mechanics. Indeed, for the Newtonian mechanics 
we have the Galilean transformation (valid for v < c) according to which 


Ux =Ux+V, U,=Uy and u,—Uu; 


while in the relativistic case (when v ~ c), as is shown by formulas (153.11), 
the sum of the components of the velocity along the z-axis is multiplied by the 
quantity 6’ dependent on wx, v, and c. The components of the velocity along 
the y- and z-axes also change because, although the differences between the coor- 
dinates y and z remain invariable, the time intervals change and dt > di’. 

It should also be noted that the Newtonian addition rule for the velocities 
does not apply to the speed of light. If we have u;, = c for the speed of light in 
system B then in system A we also have u, =c. Indeed, according to (153.11), 
in this case 


pies Ux+tv — e+v ae 
aaa USD vo 
Pig oh 


Of course, this result simply coincides with what is asserted by the basic prin- 
ciples of the relativity theory. 

By the way, when a light signal in system B propagates along the y’-axis then, 
as it follows from formulas (153.11) if we put u, =c, ux =0, and u; = 0 in 
them, the components of the velocity of light in system A are 


C 
Uy = Ue =v and u, =O 


Consequently, a ray of light which is normal to the z’-axis in system B has 
another direction in system A. As to the magnitude of the speed of light, it re- 
mains of course constant and is equal to c: 


Vui+uz=c 


Generally, using formulas (153.11) we can readily show that the angle 
formed by a ray of light with the z-axis in system A is determined by the for- 
mula 
sin Q’ 


tan @ = ——_+__ 
7 (cos @' +=) 

where g’ is the angle between that ray and the x’-axis in system B. This change 

of the direction of the rays of light accounts for the aberration of starlight (which 

is an observed seasonal change in the position of stars) appearing owing to the 

orbital motion of the Earth. For a star at the zenith the angular deviation is 

of the order of 40” per half a year. 

All these facts, unusual as they might appear at first glance, are a natural 
consequence of the equivalence of all the inertial reference systems and of the 
constancy of the speed of light in all of them. 

Let us also establish a relation connecting the absolute values of the velocities 
in systems A and B which is important for our further aims. Since 


w—uz+uz+uz and w2@=u?+u7?+u; 
34-0776 
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it follows from (153.9) that 
u’2 — §2 | (ux —v)? + = (uj +u2) | (153.14) 


12 
We calculate the quantity 1 — 5 (some simple transformations are omitted 


below): 
"2 4 1 1 
1—-, =8 |e (Ux —v)? — 5 (uj + ut) |= 


= (1—4")’-4u,-o— 4 (1-4) wtup]= 


cz 


— §2 (1-+) (1—4) => (1-4) (153.15) 


We will frequently use this relation; it can be written in the shortened form 
da’ = ya (153.16) 
where 
2A 172 2 \ -—1/2 
a=(1—-+] and a’ =(1—+_} (153.17) 
c 


c2 


(all the quantities in (153.16) are positive). Taking into account (153.13) we 
can also show that 
S’'a = ya’ (153.18) 


We conclude this section by presenting the Lorentz transformation in the 
vector form. Denoting the unit vectors along the axes z, y, and Z aS e,, €2, and e, 
respectively we can write the expressionsr = xe, + ye, + ze,andr’ =z’'e, + 
+ y’e, + 2’e, for the radius vectors in systems A and B, respectively. Using 
this notation we obtain the relation 


r’ =y(r—vt) e, + ye. +2e,-4+ xvey—xe, =r + (y — 1) re, — yute, (153.19) 


which expresses the transformation of coordinates by one vector formula. Let 
us write the following obvious relations 


TU 
e=— r= vre;=— and vri=vr 
v’ v 


We can now rewrite (153.19) in the general form 
r= 7 +(y—1)— v—yot (153.20) 
The transformation formula for time can be written as 


t'=y (¢— a) (153.21) 


Formulas (153.20) and (153.21) represent the Lorentz transformation for any 
direction of the vector v and for any point r; it should only be remembered tliat 
system B is supposed to be in a uniform translatory motion relative to system A 
and that r’ =r =O for t =?t'’ =O. The transformation law is completely 
specified by the direction and the magnitude of the velocity vector v. The com- 
ponents of the vector r normal to v do not change and only the projection of 
the vector r on v and the vector v itself are involved in the relationship connect- 
ing the spatial coordinates and the time. For y > 1 we obtain from (153.20) 
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and (153.21) the Galilean transformation in the vector form: 
t’—>t and r'>r — vt 


The Lorentz transformation shows that time and space are inseparable. Al} 
the physical phenomena and all the processes in the world take place in space 


and time which form a unified complex of conditions for any motion of the sub- 
stance. 


154. Momentum 


A motion with a velocity comparable with the speed of light was first encoun- 
tered in physics in the investigation of a flow of charged particles (electrons) 
emitted by a radioactive substance. The investigation makes it possible to 
determine the velocity and the mass of an electron because the laws describing 
the action of electric and magnetic fields on a moving charged particle are known. 

The experiments carried out at the beginning of the twentieth century showed 
that there is a dependence of the inertial mass on the velocity or, more precisely, 
on the ratio of the velocity of motion to the speed of light. First it was assumed 
that this was a property characteristic of charged particles only because of the 
inertia of the electromagnetic field generated by an electron (in this connection 
the notion of the electromagnetic mass was introduced). However, as was shown 
jater by A. Einstein, the dependence of the mass on the velocity is a property 
of all material bodies and the mass-variability is one of the corollaries following 
from the postulates of the theory of relativity. 

In mechanics every body (a solid, a fluid or a gas) is thought of as a collection 
of interacting moving particles or, in other words, as a system of particles. For 
this approach it is of no importance whether these particles are sufficiently small 
parts of the body or molecules and the only important assumption is that the 
dimensions of each particle are sufficiently small in comparison with the dimen- 
sions of the body (of the whole system of particles). 

The law of conservation of the momentum of a closed (isolated) system of 
particles (of an isolated body) can be interpreted as a consequence of the inertia 
law. Irrespective of the variation of the velocities of some particles (entering 
into the system) because of their interaction the velocity of the isolated system 
regarded as a whole (the velocity of the translatory motion) remains constant. 


The momentum of a system of particles is equal to the sum of the momenta 
of the particles, that is 


K = >) mu; (154.1) 


This definition is used in both non-relativistic and relativistic mechanics 
although in the latter the mass m; of a particle is assumed to be variable. Using 
this definition we can introduce the notion of the mean velocity of motion 
u of a system of particles by putting 


patel 


(154.2) 
> mi 


The velocity u can be interpreted as the velocity of motion of the system of par- 
ticles as a whole and is equal to the mean momentum per unit mass. 

In the Newtonian mechanics (in which m; = const) definition (154.2) implies 
that wu is the velocity of the centre of mass of the system of particles. In relativis- 
tic mechanics this is not necessarily so because in this case m; are variable quan- 


34* 


u 
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tities (dependent on time). That is why relation (154.2) will merely be regardeé 
as a formal definition of the mean velocity u. The quantity u dt will be inter- 
preted as the translatory displacement of the system of particles as a whole (th 
displacement of the body) during time dt. In what follows we conditionally ca!. 
u “the velocity of the centre of mass of the system”. 

For an isolated system the conservation law for the momentum can be writter 
in the form 


K = >) m,u; — u>)m; = mu = const ~ (154.3 


where m = >) m,. 

It should be stressed that for an isolated system m = >) m; is always invar- 
iable although in the general case each of the masses m; can vary. Only for the 
constant quantities AK and m is the velocity u constant; in other words, for the 
inertia law to hold for the isolated systems it is necessary to assume that the 
total masses of these systems should be invariable. 


155. Dependence of Mass on Velocity of Motion 


The aim of this section is to investigate the dependence of the mass on the 
velocity of motion. To this end we use the natural requirement that under the 
transformation from reference system B to reference system A the equality 


. Y o e , 
SY mjiujz =u’ > m; 


should go into the equality 
Di miu; =U a mi (155.1. 


where mj; is the magnitude of the mass of the ith particle in system B. It is of 
course assumed that u; and w’ are transformed into u; and wu, respectively, in 
accordance with formulas (153.9) expressing the Lorentz transformation. The 
conditions we have stated make it possible to determine the dependence of the 
mass on the velocity and then to find the transformation laws for the mass and 
the momentum corresponding to the passage from system B to A. 
- To simplify the calculations we consider a system consisting of only two 
particles. For the same reason we assume that the momentum relative to B is 
equal to zero, that is 

M1U4~ 5 MpUox =0 

MiUiy + Moo, = 0 (155.2) 

M447 + M2U3, = 0 
This assumption means that the velocity of the centre of mass in reference frame 
B is equal to zero and therefore the velocity of the centre of mass relative to refe- 
rence frame A is equal to the velocity v of motion of B relative to A. This can 
also be readily verified using formulas (153.11): since u,=0 and uy=u,;=0 
it follows that u, =v and u, =u, = 0. 

Let us consider the component of the momentum of the system of particles 

along the z-axis. In system A this component is equal to 


Uy x + MzWox = (M+ Ms) V (155.3: 


On substituting the components of the velocity relative to system A given by 
formulas (153.9) in the first equality (155.2) we find that 


5m} (Uy, —V) + 69m) (Ug, — v) = 9 


CH. 17 FUNDAMENTALS OF SPECIAL THEORY OF RELATIVITY 533 


Equality (155.3) can be rewritten as 
My, (Uyx —V) + Mz (Ugz— Vv) = 9 (155.4) 


We have thus obtained two homogeneous simultaneous equations in two un- 
knowns (the unknowns are the expressions in the brackets). For these equations 
to possess non-zero solutions it is necessary and sufficient that 


5,mim,— 5.msm, = 0 (155.5) 
The substitution of the values of 6, and 6, given by formula (153.16) in (155.5) 


results in 


a ; fo] ; 
y — MMs = mes mom, 
Oy Ae 


On cancelling the last equality by y we rewrite it in the form 
2G Soa (155.6) 
Xm, AgMe 
The left-hand member of (155.6) involves quantities which depend on the prop- 
erties and characteristics of the first particle solely while the right-hand mem- 
ber is completely specified by the corresponding properties and characteristics 
of the other particle. Consequently, for equality (155.6) to hold it is necessary 
that each of the members should be equal to the same constant. On denoting 
this constant as D we arrive at the relations 
my —) Ae and my — a 
my Oy Me Xe 
Using expressions (153.17) for a, and a, we can write the first of these relations 
in the form 


, 2 
V ced U 
! 2 


™, fe (155.7) 


whence the dependence of the mass of the particle on the absolute value of the 
velocity can be found. 

Suppose that for system B we have u;, = 0, that is the particle is at rest in B, 
its mass m, being equal to m4, (7m) is the rest mass of the particle). Then it follows 
from (159.7) that the mass of the first particle in system A is given by the for- 
mula 


m, = = — (155.8) 


This general relation must hold for the case u, < c as well (that is for the New- 
tonian mechanics) and therefore D = 1 because in the limiting case of the New- 
tonian mechanics we have m, = mj, . For the other particle we also obtain an 
analogous equality. 

Consequently, any particle moving with a velocity wu relative to A possesses 
a mass of magnitude 


m = ——.— = moa (155.9) 
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where m, is the rest mass of the particle (which coincides with the mass of the 
particle when it moves with a velocity u < c) and wu is the absolute value of the 
velocity. 

In what follows we shall simply use the letter m (instead of the symbol m,, 
for denoting the rest mass of a particle. The mass of a particle moving with < 
velocity u relative to A can be written as the product 


ma = ——$== (155.10 


ie 


while the mass of the same particle in system B is equal to the product 


nea! =—____—— (155.44 

u’2 

Via 
The dependence of the mass on the velocity is one of the fundamental facts 
of Einstein’s relativistic mechanics. According to this principle, the inertial 
mass depends on the absolute value of the velocity or, more precisely, on the 
ratio of the absolute value of the velocity to the speed of light. The inertial mass 
of a body increases together with the velocity and tends to infinity as u—c. 

It follows that none of the bodies with m > 0 can reach the speed of light c. 

The experiments with accelerators in which the motion of fast particles 


(whose velocity is very close to the speed of light) is studied confirm the existence 
of the dependence of the mass on the velocity and the validity of formula (155.9). 


156. Transformation Laws for Momentum and Mass 


The dependence of the mass on the velocity is a consequence of the transfor- 
mation law for the projection of the momentum of a system consisting of two 
particles on the z-axis along which the reference systems move relative to each 
other. Knowing this dependence we can easily investigate the change of the 
momentum under the transformation from one inertial reference frame to an- 
other. To this end we must take into account that, in the first place, the compo- 
nents of the velocity of the centre of mass along the y’- and z’-axes are equal to 
zero in system B and retain the zero values in system A and, in the second place. 
the mass depends on the velocity in accordance with formula (155.10). These 
properties, as will be shown later, imply that the components of the momentum 
of each particle along the axes y’ and z’ remain invariable under the transfor- 
mation from system B to system A. 

Since the dependence of the mass on the velocity is described by formula 
(155.10) the momentum of a particle with rest mass m in system A is expressed 
by the formula 


K =nau=—__—— (156.1) 
/ u2 
V te 
In system B the momentum of the same particle is expressed as 
K' =ma'u’ (156.2) 


Now, using the transformation formulas for the velocity we can find the trans- 
formation law for the components of the momentum K as corresponding to the 
passage from system A to system B. The component A;, of the momentum in sys- 
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tem 8 is expressed by the formula 
K;.=mea'u,, 


Using the expressions u;, = 6 (u, — v) and § = es and taking into account 
(153.16) we obtain 


K;, =ma'd (u,—v) = yma (u, —v) 
that is 
Ky = y(K,—vma) (156.3) 


We see that the transformation formula for the component K, is analogous to 
the formula for the coordinate x’ and can be obtained from the latter by substi- 
tuting K, for x and ma for t. 

Let us proceed to the transformation of the components AK, and K;. Since 
their roles are quite equivalent it suffices to investigate one of them, for in- 
stance, AK,. By definition, we have 


r t_i°e 
Ky=ma'u, 


Remembering that uy = —u, and taking into account (153.16) we find 


<|o 


Ky = ma! —u, = mau, = K, (156. 4) 


We see that, like the coordinate y (z), the projection of the momentum of the 
particle on the y-axis (z-axis) does not change. Consequently, the projections 
of the momentum are transformed like the coordinates when we pass from sys- 
tem B to system A (of course, the same applies to the inverse transformation 
from A to B). The only distinction between the formulas is that the transforma- 
tion of the momentum involves the mass ma instead of time f. 

We can now investigate the relationship between ma’ and ma and derive the 
transformation law for the mass. This can readily be done by replacing the 
corresponding quantities in accordance with formulas (153.10) and (153.16), 
which yields 


ma! =m + = yma (1 — =<} 


c2 


that is 


ma’ =y¥ (ma — as (156.5) 
Here, as should be expected, the same analogy takes place, that is ¢ and x are 
replaced by ma and K,, respectively. 

Thus, both the mass ma and the momentum K are relative and depend on the 
reference system with respect to which they are considered. This is a new result 
of the theory of relativity which was unknown in prerelativistic physics. 

Let us write down all the transformation formulas for the mass ahd for the 
momentum in one group: 


ma’ = yy (ma — ee 
Ky, = y(A,—vma) (156.6) 
K,=K, 
KK, 


The time ¢ and the position vector r (x, y, z) change under the transformation 
from system A to system B and the mass ma and the momentum K of every par- 
ticle also change. It is evident that the formulas expressing the inverse transfor- 
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mation from B to A have the same form with the only distinction that —v 
should be replaced by + v. 
By analogy with (153.20), we can write (156.6) in vector form: 


Kv 
Cc" 


K! =K +(y—1) 42 v— yma 


ma’ =¥ (me. — 
(156.7) 


When considering a translatory motion of an arbitrary body we can regard 
the body as a particle; accordingly, the momentum of the body is equal to 


K =mau 


where m is its rest mass (that is the 
mass of the body for u < c) and wu is 


madu its velocity. For a motion of a body 
ak relative to an inertial reference frame 
madu, the second law of dynamics is stated 


in relativistic mechanics in the same 
way as it was done by Newton in 
——> classical mechanics (see Sec. 19): the 


muda madu, . force is equal to the derivative of the 
momentum with respect to time, 
that is 
FIG. 432 dK d d : 
P= = = (mau) = m——-(a wu) (156.8) 


Using this law we can study a motion of a body moving with a large velocity 
provided that the force acting on the body is known. As it follows from (156.8), 


jn the general case the directions of the force F and of the acceleration ate do not 


coincide because 


da du 
Fr=mu qt mesz (156.9) 


From (156.9) it follows that the vectors representing the force, the acceleration 
and the velocity lie in one plane. To examine the connection between the force 
and the acceleration it is expedient to resolve these vector quantities into com- 
ponents (lying in this plane) perpendicular (or parallel) to the velocity wu (see 
Fig. 432; the subscripts _| and || denote the components perpendicular and those 
parallel to u, respectively). We obviously have 


F,dt=madu, and F,dt=muda+madu, (156.10) 


Since du, is equal to du (that is to the increment of the absolute value of u) 
and 


2\—~3/2 3 
da = (1-+) : = Sudu (156.14) 


c* 
The second equality (156.10) can be written in the form 
Fiat = ma (1+a7—) du, =medu, 


We see that the directions of the force and of the acceleration coincide only when 
the force is perpendicular to the velocity or parallel to it. 
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0 a 

0 a 

With the aid of this matrix the relationship between the components of the 
force and of the acceleration can be written in the form 


Fi Joml 


Relation (156.12) proves useful when it is required to determine the force for 
given values of the mass and of the acceleration and, conversely, when the latter: 
quantities are found for a given force. 


Let us introduce the matrix 


(du, y 


(156.12). 


du, 
Ll dt J 


157. Energy 


From the general expression 


u2 \ -1/2 
ma =m ( —+) 
Cc 


of the mass of a body moving with a velocity u we can draw some important 
conclusions concerning the law connecting the mass and the energy. Since the- 
mass increases together with the velocity it is natural to expect that there is a 
connection between the mass and the kinetic energy. 
We start with the investigation of this connection for small values of u/c. To 
this end we expand a in series in powers of u/c: 
1 mu? 3 mut 


MO = My a gee eee (157.1) 


It follows that for small values of the ratio u/c we have 


14. mu? 
Ma ~~ Mm + 5 


=m-+ a T (157.2). 


mua 
aa 
ity u (here is meant the notion of the kinetic energy as it was defined in the 
Newtonian mechanics). According to the relativity principle, any law holding 
in one of the inertial reference systems must hold for all the other inertial sys- 
tems moving with arbitrary velocities, however large. Therefore, the kinetic 
energy for large velocities of motion must satisfy a relation analogous to for- 
mula (157.2) which we have derived for the case u/c < 1 when the Newtonian 
mechanics is applicable. This means that in the general case 


where T = is the kinetic energy of the body with mass m moving with veloc- 


T = mac? — mc*® = mc (a — 1) (157.3). 


Taking into account expansion (197.1) we can write the kinetic energy for any 
value of u/c (of course, it is assumed that uw < c) in the form 


Opes aa 


These expressions for T show that T — oo for u—c because ma — oo. 


T = 
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The quantity mac? = E is called the total relativistic energy of the movinz 


body and mc? = E, is referred to as the rest energy of the body. Equality (157.3 
can be written as 


E=£E£,+T (157 


Thus, the total relativistic energy is equal to the sum of the kinetic energy 7 
and the rest energy Ep. 

The notion of the rest energy was unknown in prerelativistic physics. In mo- 
dern physics it plays a fundamental role. It follows that a body having an iner- 
tial rest mass m (coinciding with its mass for u < c) possesses a definite amount 
of energy proportional to m, this amount being by far not small in com- 
parison with the kinetic energy when u < c. 


Before proceeding to the discussion of the physical significance of the funda- 
mental formula 


on 


E =mac (157.6: 


we present an alternative derivation of the basic relation for T. 

Let us assume that, as in the Newtonian mechanics, the work of a force applied 
to a free body is expended on the increase of its kinetic energy. Taking into 
account that the force satisfies the equation 


where a is the factor appearing because of the relativistic change of the mass 
we obtain 


dT =Fdr = dr=dKu 
because u = - . On substituting dK =m d(au) in this relation we get 


dT =md(au)u=mdauu+maudu= mu? da-+mad (=) (157.8) 


According to equality (156.11), we have da = aa d (5) whence it is seen that 
ad (+) men | eee (1——) da = (c? —u2) da 


The substitution of the last expression in (157.8) results in the following simple 
relation: 


dT =mc* da 
The integration of this relation yields 
T=me’a +C 
where C is an arbitrary constant. Now, assuming that for the state of rest we must 
have T =Oanda =1we find from the last relation the value of C: C = —mc’. 


Hence, we have again arrived at expression (157.3). 

The relation EF — mac? shows that there is an invariable simple directly pro- 
portional dependence between the energy E of a body and its inertial mass ma. 
The energy and the inertial mass are different quantities: the former character- 
izes the ability of the body to perform work and the latter is a measure of the 
inertia of the body. However, there is a universal relationship between these 
quantities. If it is known that the inertial mass gains an increment of magnitude 
A (ma) then the energy increases by c?A (ma) and, conversely, an increase of 
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the energy of a physical object by AE is accompained by the increase of its 
inertial mass by AE/c?. 

It should be noted that this principle must apply to any form of energy, for 
instance, to the kinetic, potential, electromagnetic forms of energy and the 
like. As early as 1905 A. Einstein showed by means of a simple example that 
an amount E of the electromagnetic radiant energy possesses an inertial mass 
of magnitude E/c?. This principle is sometimes referred to as the equivalence 
of mass and energy. The equations describing the transformation of the mass 
and of the momentum (formulas (156.6)) can be written in an alternative form 
if we replace the mass m by the quantity E/c? equal to the former. Then the trans- 
formation formulas take the form 

E’'=y(E—vK,) and Ki=y (K.—->) (157.9) 
The general transformation of the energy and of the momentum can obviously 
be written in vector form: 


Bb’=y(E—vK) and K’'=K-+(y—1) 


Ke y—ysv (157.10) 
Equalities (157.10) have been obtained from (156.7) by substituting E/c? for 
ma. These equalities show that the conservation laws for the energy and for 
the momentum are interrelated. If the energy E and the momentum K are cons- 
tant in system A they are also constant in system B. 

The rest energy E, (this quantity was unknown in prerelativistic physics) is a 
particularly important notion. It follows that a heated body possesses a mass great- 
er than the mass of the same body when it is cooled, the mass of a spring increases 
when it is contracted, after a chemical reaction accompanied by energy loss 
the substances taking place in the reaction have a smaller total mass than before 
the reaction, and so on. However, in everyday practice these mass variations 
can never be registered because they are very small since the quantity AE/c? 
{here AE is the increment of the energy) is usually negligibly small in compari- 
son with the mass m of the bodies involved. In other words, the measurement 
precision is usually insufficient for the detection of such variations. 

On the contrary, in nuclear physics in which are studied subnuclear processes 
and phenomena taking place in the collision of fast nuclear particles the corre- 
sponding mass variations turn out to be sufficiently large and therefore measur- 
able, which makes it possible to obtain reliable estimates for the energy released 
or absorbed in such processes and phenomena. The variation of mass is particu- 
larly evident in the annihilation (or birth) of a pair of particles of equal masses 
and opposite electric charges. When two such particles (for instance, an electron 
and a positron) collide their mass goes into the electromagnetic radiant energy. 
More precisely, according to the conservation law for the energy of interacting 
particles, the energy of the electron-positron pair goes (after the collision) into 
an amount of radiant energy possessing a mass equal to the total mass of the 
colliding particles. Experiments carried out in atomic and nuclear physics 
confirm the inferences of the theory of relativity; many such experiments were 
designed and performed on the basis of the facts established in this theory. 

Let us discuss an example of this kind. As is known, in a perfectly inelastic 
(plastic) impact of two bodies, in accordance with the laws of classical (prerel- 
ativistic) mechanics, the momentum is preserved while the mechanical energy 
is not. It turns out that in relativistic mechanics both the momentum and the 
«amass remain invariable in such an impact although the rest mass after the im- 
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pact exceeds the sum of the rest masses of the colliding bodies before the impact. 
In this phenomenon a part of the kinetic energy (or the whole energy) goes into 
the rest mass. Suppose that two identical particles move with equal velocities 
towards each other and undergo a perfectly inelastic impact. Then a mass whose 
magnitude is equivalent to the kinetic energy of the particles is transformed into 
the rest mass of one particle appearing after the impact. That is why the resul- 
tant rest mass exceeds the sum of the rest masses of the particles which they 
possess before the collision. 

There are a number of extremely important practical conclusions following 
from the equivalence of mass and energy established in the relativity theory. 
The factor c? = 9 xX 10!° m?/s? is very large and therefore it follows that ordi- 
nary substances store huge amounts of energy: calculations show that 1 mole 
of a substance contains an amount of energy of 9 x 10! J. At present only 
a very small part of these amounts of energy contained in substances is used 
practically in atomic power stations which have many important advantages 
over the ordinary steam electric stations. In particular, it is highly important 
that the former consume much less fuel. 


158. Momentum and Energy of System of Particles 


In mechanics it is in most cases allowable to consider a given body as a sys- 
tem of particles which interact only when they get into direct contact or collide. 
In this approach the gravitational forces between the particles of the body are 
neglected. Of course, in the study of cosmic phenomena where the gravitational 
interaction plays an essential role this approach is inapplicable. However, these 
questions are a subject of the general relativity theory which we do not consider 
here; the study of these questions falls outside the frames of the special relativ- 
ity theory we deal with in our course. So, in what follows we shall neglect the 
gravitational! interaction. It should also be mentioned that in nuclear physics 
are studied collisions of fast charged particles which interact at a distance from 
one another but it turns out that in ordinary circumstances the energy of this 
interaction is small in comparison with the total energy mac? and it is therefore 
allowable to neglect the former and to regard the particles as interacting only 
when they get in direct contact (that is when they collide). As will be seen, in 
relativistic mechanics the total energy of colliding particles remains invariable 
(in contrast to classical mechanics where the mechanical energy decreases during 
a plastic impact). 

Since the total energy of every particle consists of the energy localized within 
the particle itself (the rest energy) and of the kinetic energy, the total energy of 
a system of particles can be written as the sum of the energies of the constituent 
particles in the form 


cma; = cma (158.1) 


where m is the mass of the system of particles as viewed from the centre-of-mass 
reference frame which moves with the velocity 


>, MjQjuj 


= >» MjQ; 


We remind the reader that a? (4 — =} = 1. Therefore, the total momentum of 


Uu 


a system of particles (of a body) can also be represented as a momentum of one 
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particle: 
K =mau = >, Mm ;OL;U; (158.2) 


All the equations expressing the transformation laws for energy and momentum 
corresponding to the passage from system A to another inertial system B are 
of the same form as in the case of a single particle (see formulas (156.6) and 
{156.7)). 

Let us consider the conservation laws for a closed (isolated) system of parti- 
cles. Transformation formulas (156.6) indicate that the conservation laws for 
the momentum of an isolated system of particles and for its energy (mass) are 
inseparably connected with each other. 

Suppose that an isolated system of particles has a constant (time-independent) 
momentum relative to an inertial reference frame A. Then the same system of 
particles retains a constant momentum relative to another inertial reference 
frame B only on condition that both the momentum and the energy (mass) of 
the system is constant in A: K =const and E = const. Thus, the conservation 
law for the energy (mass) of an isolated system and the law of conservation of 
its momentum are inseparable. 

In the classical Newtonian mechanics the mass is considered constant in all 
circumstances; that is why the importance of the law of conservation of mass 
of an isolated system of particles was not stipulated in prerelativistic me- 
chanics. 

To demonstrate the difference between the approaches of relativistic mechan- 
ics and of the Newtonian mechanics let us consider the following simple exam- 
ple. Suppose that two particles collide. Then the law of conservation of momentum 
implies 

N4Q4 Uy + Mohs = Mrafut + myaz uz 


where the asterisk marks the quantities after the impact. This relation is valid 
both in classical mechanics and in relativistic mechanics. At the same time, in 
prerelativistic mechanics the mass of each of the particles is invariable while 
in relativistic mechanics only the sum of the masses is preserved: 


mm * py * * 
M424 Moy = MA, + Ma, 


In the former case each of the particles retains its mass while in the latter case 
only the total mass of the system of particles is invariable. From the relativistic 
point of view each particle taken separately is not isolated and only the whole 
closed system does not interact with other bodies and therefore its mass remains 
constant. 

In other words, an isolated body (or system of particles) or a single isolated 
particle can only move by inertia with a constant velocity and its momentum 
and mass are constant. For these isolated objects the inertia law holds both in 
prerelativistic mechanics and in relativistic mechanics. As to a non-isolated 
system, in relativistic mechanics (in contrast to prerelativistic mechanics) 
not only the momentum but also the mass of the system may change. 

The same conclusion can be drawn in the general form from the definition of 
the mass of a system of particles expressed by the relation. 


ma = > Mm ;Q; 


where m is the rest mass of the system and m; is the rest mass of the ith particle. 
If we pass to another reference system moving with a constant velocity u with 
respect to the former (wu is the velocity of the centre of mass of the system of 
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particles) then we have K’ — 0 and uw’ = 0 for the momentum and for the ve- 
locity in the centre-of-mass reference system. Consequently, a’ = 1 and 


m= >) mje; 


Therefore, m > > m; because a; 21. Thus, the rest mass of a system of par- 
ticles is greater than or equal to the sum of the rest masses of the constituent 
particles. The equality of these quantities takes place only when a; = 1, that is 
when a; = @’ for all the particles. Since this can only be the case when uj; = wu’ 
for all particles we see that the rest mass of the system equals the sum of the 
rest masses of the particles only when all particles are at rest relative to one 
another. 

It should be noted that a collision of two particles may result in a change 
of the rest masses of each of the particles or in the appearance of one or more than 
two particles instead of the two original particles. It can also happen that the 
rest masses of each of the particles remain invariable after the impact. For this 
case we speak in relativistic mechanics of an elastic impact; in all the other cases 
the collision phenomenon is spoken of as an inelastic impact. When two particles 
merge and form a single particle in the collision the impact is referred to as 
perfectly (completely) inelastic. However, we see that, as was mentioned at the 
beginning of this section, in relativistic mechanics (in contrast to the classical, 
prerelativistic case) the total energy is preserved for all possible kinds of impact.. 


159. Invariants 


According to the Lorentz transformation, the coordinates and time are rela- 
tive and change under the transformation from one inertial reference frame 
to another. However, there also exist physical quantities which do not change 
under such a transformation and remain, invariable and which play an extreme- 
ly important role in the theory; as was mentioned, these quantities are called 
invariants. Therefore, one of the primary tasks of the relativity theory is to 
study the invariants under the transformation from one reference system to 
another. That is why the relativity theory can also be spoken of as the theory 
of invariants. 

The relativity theory is based on the fundamental fact that the speed of light 
is an invariant. Another important invariant is the interval (we denote it s). 
For an event (z, y, Zz, t) the square of the interval is defined as 


P=? — (2 + ys 27) = ct? —r’ (159.1) 


The quantities y? and z? do not change when we pass from system A to system B 
(we mean the reference systems with which we deal throughout this chapter). 
Therefore, for these reference systems we have 


c2t? — x72 = c2t’2— x” (159.2) 


The last relation can readily be verified using formulas (192.8) for the transfor- 
mation of time and of the coordinate z: 


a AA ea | ¢ (1— 5)" —(2—vt? | =e (1 —=) (c#t2 — x) = c*l* — 2? 


For a given event the interval s remains invariable in all the inertial reference 
systems. 
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It can similarly be readily checked that, according to formulas (157.9) express- 
ing the transformation laws for the energy and for the momentum, the quantity 


2 2 

5 — KK? ==> —(Ki+ K+ K) (159.3) 
remains invariable. Indeed, we see that (159.3) can be obtained formally from 
the invariance relation for expression (159.1) by substituting E/c? for t, K,, for z, 
K,, fory, and K, forz. As we know, this very substitution brings the transformation 
formulas for time and spatial coordi- 
nates to the transformation formulas 
for energy and momentum (see Secs. 
156 and 157). That is why to equality 
(159.2) there corresponds the relation 


F2 FE’ 


—- — Ky =e 74 — Kk}? 
whence it follows that the quantity 
E? E” ’ 
ae — Kk? = C2 — K 2 (159.4) 


is an invariant of the transformation 
from one inertial frame of reference 
to another. 

From what has been established it 
follows that there is an important rela- FIG. 433 
tionship between the energy FE and 
the momentum K which we are going to derive now. Suppose that a given 
body is at rest in system B; then K’ =OQOand E’ = E, where E, is the rest 
energy of the body. Therefore (159.4) implies 


k2—c?k2 = Et 
whence 
Ek? = ¢?K?-+ EF (159.5) 
Thus, the square of the total energy of a body is equal to the square of the 
rest energy of the body plus the product of c by the absolute value A of the 


momentum (see Fig. 433). The expression E, = mc? of the rest energy makes 
it possible to rewrite equality (159.5) in the form 


E? — cK? = mct (159.6) 


whence it is seen that the rest mass m and the rest energy E, are invariants, 
which is in a complete agreement with the physical meaning of these quantities. 

Equality (159.6) implies the following connection between the total energy 
of a body moving with a velocity v and the rest mass of the body: 


E =myc? (159.7) 
Indeed, for the momentum we have the expression K =< v. On substituting 
v4 
it in (159.6) and taking into account that y? (4 — =) = 1 we arrive at (159.7). 
The kinetic energy 
T =E — mec 
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is expressed in terms of the absolute value K of the momentum by means of 


the formula 
Pama (Yt a1) 


which can readily be established using (159.6). 
For K < mc we can expand the square root in the last formula into series in 


2 
powers of 5 and pass to the limit for c — oo, which results in the well-known 


non-relativistic equality 


K2 
T x =~ (159.8) 


160. Four-vector. Space-like, Time-like, and 
Light-like Intervals 


It is convenient (particularly in the study of dynamical problems concerning 
particles moving with very large velocities) to pass in relativistic mechanics 
from the SI system of units to a special system in which the speed of light is 
taken as a basic unit: c = 1. The matter is that most of the formulas of the rela- 
tivity theory involve c and therefore the elimination of this factor considerably 
simplifies the formulas. Since we put c = 1 it only remains to choose two more 
basic units. As these units we can choose units of length and of energy. For the 
sake of simplicity, let us choose 1 metre (1 m) and 1 joule (1 J) (of course, we 
can also take 1 metre and 1 newton or 1 second and 14 joule, and the like). Then 
time is measured in derived units; let us choose as unit time the time interval 
during which a light signal (propagating with speed c = 1) travels a distance 
of 1 m; it is evident that this new unit of time is equal to 1/3 x 10-8 s. 

Let us again write down the basic relations connecting the mass ma of a mov- 
ing body,: the energy FE (as we know, ma = E/c?), and the momentum K = 
= mau = Eu/c?: 


d (aw) 
dt 


K*—c?K*=mct, T=E—mc? and F=m 


Putting c = 1 in these relations we obtain the corresponding formulas in the 
system with basic units 1m, 1J, andc =1. 

Marking temporarily the values of the corresponding quantities in this system 
of units by an asterisk we compile the following table giving the relationship 
between the values of the quantities in the SI system and in the units of the 
new system (for which c = 1): 


Dimension | 


Dimensionless 
System quantities 


of units 
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The symbol w denotes the acceleration ; the notation of all the other quan- 


tities in the table is already familiar to the reader. From the table it is seen that 
the energy H, the length, the force, and the dimensionless quantities a@ and y 
do not change their values. The rest mass and the momentum are measured in 
the new system in the units of energy while the velocity is dimensionless (its 
magnitude in the new system equals the ratio of the absolute value of the velocity 
to the speed of light). 

For a given relation involving quantities measured in the new system of units 
it is quite easy to pass to the corresponding quantities measured in the SI sys- 
tem: to this end we must simply replace the quantities with the asterisk by 
the corresponding quantities measured in the SI system which are placed in the 
table above the quantities marked by the asterisk. As to the transition from 
the SI system to the new system of units, this is performed quite elementarily: 
it simply suffices to put c = 1. In what follows we shall omit the asterisks for 
the quantities in the new system of units and retain the previous symbols bear- 
ing in mind that all the quantities are meant to be measured in the new system 
with the basic units 1m,1J, andc =1. 

It should be noted that, as in the SI system, for the momentum we have K = 
= mau but at the same time in the new system K — Eu and E = ma (we see 
that in the last two cases the relations in the new system differ from those in the 
SI system in the factor c?). 

As an example, let us write down the Lorentz transformation and the energy- 
momentum transformation in the new system of units: 


‘= y(t —v2z) 

xz’ = (r—vt) 

y= 

Z=2 

E' = (E—vK,) (160.1) 
K;, a) (K,—vE) 
Kk,=K, 

K,=K, 


where y? (4 — v’) = 1. 
In the new system of units the invariants expressed by (159.1) and (159.4) 
go into the following expressions: 


3 =t?—r? and m? = EF? — K? (160.2): 


We see that for the new system of units the transformation formula for the coor- 
dinate z (for the component K., of the momentum) is quite analogous to the trans- 
formation formula for the time ¢ (for the energy Z) and that these formulas go 
one into another under the change t’—> z’,t > z, anda t (E’ > Ki, E> K,, 
and K,-—» E); of course, as before, we assume that the positive z-axis and the 
velocity v are parallel and go in one direction. 

Every event is characterized by four numbers: the time ¢ and the spatial coor- 
dinates z, y, and z (this simply means that the event takes place at a point with 
the radius vector r (z, y, z) at instant t). An ordered collection of four numbers 
(coordinates) can be regarded as a point belonging to a four-dimensional space 
of all such ordered 4-tuples. We therefore interpret every event as a point in 


i/g 350776 
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four-dimensional space-time. When we pass from one inertial reference frame 
to another the coordinates of an event change according to the Lorentz transfor- 
mation formulas which express a mapping of space-time onto itself. 

As before, we consider a simplified model of two inertial reference systems A 
and B whose z- and x’-axes go along the velocity v of the relative motion of the 
systems; as we know, in this case the coordinates x and 2’ and the quantities t 
and ¢’ are in relations described by the formulas established in the previous sec- 
tions. The coordinate x’ depends on z and ¢ in the same way as the coordinate t’ 
depends on ¢ and z (this dependence is similar to the one which takes place when 
Cartesian coordinates in a plane are rotated through an angle). The coordinates 
along the axes normal to v do not change. 

Let us introduce the radius vector R (in four-dimensional space-time) whose 
components are ¢, z, y, and z (or, in the contracted notation, ¢ and r). We write 
the vector R as R (t, z, y, z) or R (t, r). The vector R is called a four-vector 
(4-vector). When Cartesian coordinates in the ordinary three-dimensional (geo- 
metrical) space are rotated the length of the radius vector r, that is the square 
root of the scalar product rr (of the scalar square of the vector r) remains inva- 
riable. More generally, under the rotation of Cartesian coordinates the scalar 
product of any two vectors remains invariable. As was shown in Sec. 158, under 
the Lorentz transformation of space-time (which is a four-dimensional space) 
the magnitude of the interval does not change. The square of the interval can be 
written in the form 


saf—rP af —rr at — (224+ y? + 2) (160.3) 


The interval s between two events R (0, 0) and R (#, r) (the former occurs at 
the origin at time ¢ = 0 and the latter at the point r at instant t) retains the 
same value under the transformation from t andr to?’ andr’. The square of the 
interval can be (formally) interpreted as the scalar product in space-time of 
the vector R by itself; hence, we simply put s? = RR = #? — rr. In the ordi- 
nary three-dimensional space we have 


r=2+ y+ 2. 


The scalar product of r by itself is simply equal to the sum of the squares of the 
components of the vector r in the Cartesian coordinate system. The square of 
the interval is also an algebraic sum involving the squares of the components 
of the vector R but the signs in front of ¢? and in front of x, y?, and z? are diffe- 
rent. This fact reflects a significant physical distinction between time and spatial 
coordinates and shows that space-time differs from an ordinary four-dimensional 
Eucledian space considered in mathematics. 


The interval s =V RR between R (0, 0) and R (t, r) is a (positive) real 
number when ¢? > r? and is a pure imaginary number when ?#? < r’. 
Let us denote by s, the modulus of the interval s when s is an imaginary num- 
ber; then 
s=isy and sj=t?—r? 


When the interval s between two events R (0, 0) (in what follows we often 
use the simplified notation R (0, 0) =0) and R (t, r) is a real number these 
events can be in a causal relationship with each other, that is one of them can 
affect the other. Indeed, a body (or a signal) can pass from point O (here we 
mean the point r = 0) to the point r (or from the point r to the point 0) moving 
with a constant velocity of magnitude 


u =rlt<1 


CH. 17 FUNDAMENTALS OF SPECIAL THEORY OF RELATIVITY 547 


along the radius vector r. That is why events occurring at these points can affect 
each other. In this case (for a real s) we can always choose a reference frame B 
moving with velocity u (| u | = uw) parallel to the radius vector r such that the 
origin of B coincides with the point r = 0 for ¢ = 0 in the case ¢ > 0 and with 
the point r in the case t <0. In this frame both events 0 and R occur in one place 
at different instants ¢ = 0 and t ~ O. For t > 0 the directions of the velocity u 
and of the vector r coincide and for t < 0 the directions of u and r are opposite. 
In the former case the origin of the reference system B passes during time ?¢ 
from r = 0 tor, which means that both events 0 and R occur at one place in 
system B characterized by the radius vector r’ = 0. In the latter case the origin 
of B goes from the point r to the point r — 0 during time ¢ and coincides with 
the origin of system A at instant ¢ — 0. The time interval ¢’ (in system B) sepa- 
rating these two events can be found from the constancy condition for the inter- 
val which is written as 


t'2 — 2 _— t2 — r2 
Since r’ = 0 we obtain 
f= VP—ratVi-wa— 
because r = ut, 

An interval whose value is a real number is said to be time-like; this term is 
accounted for by the fact that for such an interval between two events it is 
always possible to choose a reference frame in which the interval between the 
two given events reduces to a pure time interval. 

When the interval between two events R=O (that is R= R(O, 0)) and 
R(t, rv) has an imaginary value, that is when t?<7? then there can be no 
causal relationship between these events because none of the bodies (and 
none of the signals) can have a velocity of magnitude u=r/t>1. In other 
words, the event R=0O cannot affect the event R(t, 7) and vice versa. In 
this case it is always possible to choose a reference frame in which both 
events occur simultaneously at different places. This possibility is a conse- 
quence of the constancy of the interval whose square of modulus is 


sia r?—t?=r?—t'2>0 
This relation shows that there always exists a reference system B for which 


t’=0, which exactly means that in system B both events occur simultane- 
ously at a distance of} 


r’ = Vr — tt 


from each other. Indeed, let us take a reference system B moving along r with 
a velocity v. Then the time in system B is expressed as t’ = y (t —rv). If we 
choose the velocity v of system B so that 


t 
p= 


(it should be taken into account that in the system of units we are using here the 
velocity v is dimensionless; in the SI system we would have v = (ct/r) and 
r® > c*t”) then ¢’ = 0. In other words, in this reference system B both events 
occur simultaneously. The distance between the events in this system is 


rf =Vr—f=Vr—rv=rVY1—v= = 


35* 
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{it should be stressed again that v < 1). An interval between two events whose 
value is an imaginary number is called a space-like interval; this term is accounted 
for by the fact that in this case there is always a reference frame in which these 
events occur simultaneously at different places. 

A zero interval s = 0 between two events R =0 and R = R (t, r) (in this 


case VY RR = 0; for such an interval we have i? = r®) is referred to as a light- 
like interval. This term is accounted for by the fact that any two events with 
a zero interval between them can be connected by a light signal. The points in 
space-time representing all the events 
with zero (light-like) interval (relative 
to the event R =O) lie in a surface 


| —yy specified by the equation 
tty of Mp GOI GED, 

7 Vj Tey, e—r? — ? — 2 — y* — 22 — 0 (460.4) 
Ui Lp! This is a conical surface which divides 
ij iif space-time into the regions of events 
‘ with space-like and time-like inter- 
> vals. The vertex of this cone in space- 
x time lies at the origin R= O and its 
Y, Ys axis coincides with the f-axis. This 
Yi ge i>» conical surface is spoken of as the 

Ye a, light-cone. 
Yj Yj In Fig. 434 is shown the section of 
Yi Lj Md the light cone by the coordinate plane 


(x, t) (whose equations are y —0, z -==0). 

A section of the same shape is formed 

FIG. 434 in the intersection of the light cone with 

any other plane passing through the 

t-axis. The events occurring at instants t<0 (the points corresponding to them 

lie within the lower shaded part of the light cone in Fig. 434; this part is called 

the past light cone) may, in principle, affect the event at the point R—0, that is 

there may exist a causal relationship between these events. This part of the 

cone is the absolute past (relative to the event R = 0). The event at the point 

R = 0 may affect the events lying within the upper shaded part of the light 

cone corresponding to ¢t > 0. This part is the future light cone and the events 

within it are the absolute future for the event R — 0. Finally, the events whose 

representing points are outside the light cone lie in the region of space-like in- 

tervals and can neither be affected by what occurs at R = 0 nor have an effect 
on the event AR = 0. They are absolutely separated from R = 0. 

Up till now we considered an interval between the event R = 0 and an arbi- 
trary event R = R (t, r). However, in just the same sense we can speak of 
the interval between any two events R, and R,. To this end we put, by defi- 
nition, that the interval s between R, and R, or, more precisely, its square is 
given by the relation s? — (R, — R,): 


S? = (By — Ry)? = (t2 — ty)? —(4%2—- 11, P2— 11) = 
= (t,— t4)? — [(%2 — 24)? + (Yo — Ys)? + (22 — 24)? ) 
It can easily be shown with the aid of simple calculations that 
s? = (R,— R,)* = (RR, — R;)* (160.5) 


This means that s? is an invariant of the Lorentz transformation and so is the 
interval s itself. The interval between R =O and R (t, r) is a special case of 
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the general interval defined by (160.5) (in this special case Ry = 0 and R, = 
= R (t, r)). Similarly, the square of the infinitesimal interval ds between two 
events R and R -+ dR is equal to 


d? —dRdR = dt? —drdr = dt? — dr 


Using the general definition of an interval we can consider the light cone with 
vertex at an arbitrary point R, lying in space-time. The surface of the cone di- 
vides all the events in the world (relative to the event R,) into the region of the 
past, the region of the future and the region of events absolutely separated 
from R. 


161. Relativistic Mechanics 


We call R a 4-vector (four-vector) in order to distinguish between the vector R 
in space-time and the 3-vector (the three-dimensional vetor) r lying in the ordi- 
nary geometrical space. Generally, any physical quantity completely specified 
by three numbers which change under a rotation of Cartesian coordinates in 
the same way as the components of the vector r is called, by definition, a vector 
quantity in a three-dimensional space or, simply, a three-dimensional vector 
(3-vector). Similarly, by a 4-vector in space-time is meant any ordered 4-tuple 
of numbers representing some physical quantities which change according to 
the Lorentz formulas under the transformation from one inertial reference fra- 
me to another. The scalar product of two 4-vectors R, (¢,, r1) and Ry (ts, ra) 
is defined as 

RR, = tt. — rir. (161.4) 


The scalar product is an invarient of the Lorentz transformation, which can 
easily be checked directly by means of calculations according to formulas (160.1). 
The vector R is the position vector of a point in space-time relative to an iner- 
tial reference system (for definiteness, relative to system A). 
Let us proceed to the definition of the velocity 4-vector. When a particle moves 


in space with a velocity u = the 4-vector R varies as function of time. It 


is evident that during time dt it gains an increment dR (dt, dr) which is a 4- 
vector, the length of this vector by which is meant the corresponding interval ds 
is invariable under the Lorentz transformation. However, the ratio of dR to dt, 


that is the quantity (4, =) is not a 4-vector (see the general definition above) 


because the numbers 1, u,, u,, and wu, do not change like the numbers ¢, z, y, 
and z under the transformation from system A to system B. 

That is why in relativity theory instead of the increment of time dt is taken 
the increment of another quantity called proper time and denoted t. By 
definition, the differential dt is defined by means of the equality ; 


dt? = dt? — dr (161.2) 
The quantity dt? is nothing but the squared interval between the evenis (¢, r) 


and (¢ + dt, r + dr). Below we present an interpretation of the quantity dt. 
Let us consider an inertial reference system moving with a constant velocity 


“u= = relative to system A. Suppose that there is a clock in this system which 


is at rest relative to the system and moves together with it and that this clock 
reads time dt while the corresponding time interval in system A is equal to dt. 
Then the position radius vector r’ in the moving system is constant and dr’ = 0. 
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Let us write down the invariance condition for the elementary interval in 
these two reference systems: 


dt? — dr’? — dt? — dr? 
Now, putting dr’ = 0 we obtain 


dr=at / 1—(=)’ dt VI—-w 


For the sake of brevity, we can rewrite the last relation in the form 
adt=dt (161.3) 


where, as before, a = (1 — u’?)-1/3, It is obvious that, like the interval ds cor- 
responding to dR the quantity dt is an invariant of the Lorentz transformation. 
The increment of the proper time t is the time interval measured by a clock 
at rest relative to a reference system moving together with the body with a 
constant instantaneous velocity u. When the velocity wu varies the relationship 
between dt and dt changes since the quantity a changes. It follows that the 
proper time should be defined in the general case by means of the formula 


te ts its 
soc a ea tal V 1—u2dt (161.4) 


ty th 


It is obvious that the proper time t, — 1, is always less than ¢, — ¢t,, that is 
the time interval measured in the moving frame of reference is longer than the 
time interval in reference frame A (the time dilation). 
We can now define the velocity four-vector in space-time by putting 

U= <t (164.5) 
The components of the 4-vector U change according to the Lorentz transforma- 
tion formulas when we pass from one inertial reference system to another, which 
can readily be verified. To find the expressions of the components of the 4-vector 
U we use the relation 


_ dR(dt, dr) _ dt dr\ _ 
U =U (Fe ae) = Ue, aw) Cpe 
; , ; dt dr at ar 
which is valid because z= and ° c=o5 = A =au. Consequently, 


the velocity 4-vector of a particle (of a body) in space time (¢, z, y, z) has the 
first (time) coordinate equal to a and its other three components form the (spa- 
tial) vector au where u is the ordinary 3-vector representing the velocity. It 
should be noted that the length of the velocity 4-vector U (understood as the 
square root of the scalar product of U by itself) is equal to unity. Indeed, 


U2? = UU =a? — a*u? = a? (1 — uv?) = 1 (461.7) 


Equality (161.7) is quite evident because dt is equal to the interval ds corres- 
ponding to dR. 
It is also possible to introduce the acceleration 4-vector (although it is used 
very rarely) W: 
= ae da d (au) 
Wa = W (7 a? at re (at) = W (a 


Hh? = ap (161.8) 
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In the theory of relativity is more frequently used the momentum 4-vector 
which is naturally defined as the product of the mass by the velocity 4-vector: 


P =mU =P (ma, mau) = P (E, K) . (161.9) 


The first (time) component of the momentum 4-vector P in space-time is equal 
to the energy and its other three spatial components form the ordinary momen- 
tum (3-vector) K. That is why the vector P is referred to as the energy-momen- 
tum vector in space-time. The square of the length (the length is understood here 
as in the case of the vector U; see (161.7)) is obviously equal to 


P? = PP = EF? — K? 
It is convenient to rewrite this equality in the form 
PP =f — K* =m’ (161.10) 


because for a reference frame relative to which the body in question is at rest 
we have K’ = 0 and the energy £ is equal to the rest mass m. Formula (161.10) 
can also be obtained by using the relation UU =1: 


PP = mUU — m? 


From the universal relationship between the energy, the mass, and the mo- 
mentum expressed by formula (161.10) follows the relationship between the 
energy and the work of a force. On differentiating (161.10) with respect to time ¢ 
(the same result can readily be obtained by differentiating with respect to 1) 
we obtain 


dE dK 
E “at K “dt 
that is 


dE 
E—-=KF 


since es = F, 
Now, taking into account that E = ma and K = mau, we arrive at the fa- 
miliar equality 


dE 
Tr =Fu (161.41) 


In the SI system of units equality (161.11) retains the same form for on replac- 
ing t by ct and u by w/c and cancelling by c we obtain the same relation because 
E and F do not change. Equality (161.11) can also be written as 


that is, as in the Newtonian mechanics, the increment of the (total relativistic) 
energy is equal to the work of the external force acting on the particle (on the 


body). We used the last equality in order to determine the value of the relati- 
vistic energy of a moving body; to this end we substituted 


into the equality. 
Now let us form the 4-vector 


f= (164.12) 
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which can naturally be interpreted as the force fowr-vector in space-time. 
To determine the values of the components of the 4-vector f we use the relation 


pat (EE) =r (a8 2) =r (28 a 


We see that the first (time) component of the 4-vector f in space time (tf, z, 
y, z) is the derivative of the energy with respect to time (the power) times a 
and that the other three (spatial) components are equal to the components of 
the ordinary 3-vector of force multiplied by a. We can also write the relation 


dU : 


whose form is analogous to the form of Newton’s second law stating that the 


force equals the mass times the acceleration. 
It should be noted that the vectors P and f are orthogonal in space-time (in 
the sense that their scalar product is equal to zero). Indeed, by (160.10), we have 


PP = m? 
whence 
dP 
P—— — Pf=0 


From the last relation we can directly derive equality (161.11). 
The general conservation law for an isolated svstem of particles (for an isola- 


ted body) can now be written in the form 
> P; = const (161.14) 


This general relation includes the law of conservation of energy 
S| E; = const 

and the conservation law for the momentum 
>; K; = const 


as special cases. 
When operating on 4-vectors one should take into account that the scalar 


product of two 4-vectors is an invariant of the Lorentz transformation. For in- 
stance, such are the expressions 


PR=Et—Kr, fR=a5~—aFri 


and the like. 
To sum up what has been said, let us write down the basic quantities involved 


in relativistic kinematics and dynamics of a particle described in the four- 
dimensional space (space-time) with coordinates ¢, z, y, 2: 


the position 4-vector R 


the velocity 4-vector v= =e 
; dU 
the acceleration 4-vector W=-—- (164.15) 


the momentum 4-vector P=mU 


the force 4-vector f= = —m = = mW 
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All these quantities are obviously defined in a complete formal agreement 
with the Newtonian mechanics; the corresponding relations of the Newtonian 
mechanics can be obtained from formulas (161.15) by replacing the 4-vectors by 
the corresponding 3-vectors, substituting ¢ for the proper time t and retaining 
the mass m. 

In| connection with what we have studied it is expedient to note that the 
components of the 4-vectors involved have been written in the special system 
of units with the basic units 1 m, 1 J, andc = 1; in the SI system these vectors 
have a slightly different form. For the comparison we give the following table: 


System 
of units 


We see that in the passage from one of these systems of units to another only 
the first (time) components of the 4-vectors change while the other three (spa- 
tial) components remain the same; however, when using this table one should 
take into account; that, with the exclusion of R and f, the dimensions of the 
components of the 4-vectors are different in these systems of units. 

As was mentioned, the basic notions used in relativistic mechanics and in 
the Newtonian mechanics have only a formal analogy. Only in the case u < 1 
we can pass from relativistic mechanics to prerelativistic (Newtonian) mechanics 
by passing to the limit for c — oo. Hence, the classical mechanics is an approx- 
imation to the more precise relativistic mechanics, the latter being based on the 
postulate of the independence of the speed of light of the relative motion of the 
light source and the light detector and on the postulate of relativity (the equiv- 
alence of all the inertial reference systems). As was shown, these basic assump- 
tions lead to the unified notion of space-time, to the mass-variability, to the 
dependence of the length and time on the choice of the inertial reference frame 
and to the inseparable relationship between the energy and the mass. Because 
of the small values of the velocity in the everyday phenomena and experiments 
in comparison with the speed of light all these fundamental inferences of the 
relativity theory were unknown and could not be detected until human expe- 
rience encountered processes in which velocities close to the speed of light were 
attained. That is why in the limiting case c — oo leading to the Newtonian me- 
chanics it is legitimate to deal with invariable masses, lengths, and time and 
to consider the energy as being in no connection with the mass of the body. In 
the limiting case c —>oo the Lorentz transformation goes into the Galilean trans- 
formation, and space and time become independent, mass length and time are 
invariable in all inertial reference systems and the energy is not connected with 
the mass of the body. 


36—0776 
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162. Theory of Elastic Impact of Two Particles 


As was mentioned (see Sec. 158), in relativistic mechanics by an elastic impact 
of two particles is meant a collision of the particles after which (or, more pre- 
cisely, after a very short period of their interaction following the moment the 
particles get in contact) the total rest mass of the system of the particles re- 
mains invariable. All the other cases are inelastic collisions in which the rest 
energy of the particles may change and even new particles may appear after 
the impact (decay of particles). The latter class of collisions also includes the 
classical case of a perfectly plastic impact in which the rest mass of the newly 
formed particle exceeds the sum of the rest masses of the colliding particles. 

To investigate the phenomenon of an elastic impact (and also an inelastic 
impact) we can choose either a laboratory reference frame or a centre-of-mass 
reference frame relative to which the motion of the particles is considered. 
Since in the latter system the total momentum is equal to zero it is preferable 
first to consider the motion of the particles relative to the centre-of-mass refer- 
ence frame and then pass to the laboratory frame. To give a complete descrip- 
tion of the phenomenon in question we begin with studying an elastic impact 
in the laboratory reference frame, after which we solve the same problem in 
the centre-of-mass reference frame and then again pass from the latter frame to 
the former. 

Let the first particle (particle 7) of mass m, move and collide with another 
particle (particle 2) of mass m, which is at rest. Such a situation corresponds to 
the conditions of experiments in which a flow of accelerated charged particles 
is incident on target particles (atomic nuclei at rest). 

Let before the collision the momentum of particle 7 be equal to K and its 
total energy be equal to £,,; the initial energy £,, and the momentum K of 
this particle satisfy the relation 


in= K?-+ mi (162.4) 
The total energy of the other particle before the impact is equal to mg. 


Let the momenta and the energies of particles 7 and 2 after the impact be K,, 
E, and K,, E,, respectively. For this case the conservation laws imply 


K=K,+K, (162.2) 
and 
E=E,,+m=£,+£, (162.3) 


Let us suppose that after the impact the velocity of particle 2 is directed at an 
angle of 0 to the velocity which particle 7 had before the collision (that is the 
vectors K, and K form an angle of magnitude @ as shown in Fig. 435). Then, as. 
it follows from conservation law (162.2), see Fig. 435, we have 


Ki = K?+ K}—2KK, cos 3 (162.4) 
We now express K7{ in terms’ of the known quantities EF, m, and K and substitute 
this expression in (162.4). For the square of the momentum of particle 7 we have 
Ki = Et —mi (162.5) 

Taking into account equalities (162.1) and (162.3) we obtain 
Ki = E} + K*—(E—m.,)? (162.6) 


Using the relation 
Et = K?4m! 
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we bring conservation law (162.3) to the form 


E,=E—Y K?+m (162.7) 
On substituting this expression in (162.6) and then in (162.4) we arrive at the 
equality 
(E— VK K? + m?)’ =s (E —m,)*?-+ Kj} —2KK, cos 6 

Finally, on rationalizing the last equality we obtain the equation 
E2K) = K*K}cos? 6 +2Em.K K, cos § (162.8) 
connecting the unknown A, with the known quantities K, FE, and m, for any 
value of the angle @. This equation 
makes it possible to find all possible 
values of the momentum of particle 


2 after the impact. 
Let us introduce the notation 


K,cos@? =x and K,sind =y 


and substitute these expressions in 
(162.8). This results in the equation 


E? (2? + y*) = Kz? + 2E Km, x (162.9) 


describing a curve traced by the tip of the vector K as it passes through all 
its possible positions. Equation (162.9) describes an ellipse passing through the 


origin z = y = 0 from which the vector K is issued. The semi-axis of this ellipse 
along the x-axis is 


FIG. 435 


a= pK (162.40) 

and the semi-axis along the y-axis is 
b “TRO K (162.44) 

It should be noted that 6 < a because 
b=a V1-£ (162.12) 


Hence, a is the major semi-axis of the ellipse and 0 is the minor one. 

On carrying out simple transformations of the expression for a we find that 
2a << K when m, >™m,. Similarly, for m, << m, we must have 2a > K and 
for m, =m, we of course have 2a = K. Indeed, taking into account (162.1) 
and (162.3) we find 


E? — K?=2Eym,+ mi+m}=2Em,+ mi—m} (162.13) 
Finally, the substitution of this expression in (162.10) results in 
K 
a= Pees} (162.14) 
+r Em, 


whence follows what has been stated. 

Thus, for m, > m, the ellipse described by the end of the vector K, is of the 
shape shown in Fig. 436. In this case after the impact both particles always move 
forwards (relative to the direction of the vector K). The angle @ can assume any 


36* 
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FIG. 436 FIG. 437 


value from 0 to n/2 and the angle @g is less than a definite maximum value Qa; 
which is less than x/2. To a given admissible value of @ there correspond, in 
the general case, two values of the angle 0. The point B corresponds to the case 
of a central impact after which both particles move in the direction of the vector 
K. The point A corresponds to a “miss”, that is in this case particle 7 goes past 
particle 2 without getting into contact with it, that is without interacting with 
it; this simply means that K, = K for the point A. 


FIG. 438 FIG. 439 


In the case m, < m, the possible distributions of the momenta after the im- 
pact are shown in Fig. 437 which in some way differs from Fig. 436. In this case 
the angle of incidence 9 of particle 7 may vary from 0 to x and it is possible 
that after the impact particle 7 moves backwards (relative to the direction of 
the vector K), that is it can be reflected after the interaction with particle 2. 
To the point B in Fig. 437 there corresponds the case of a central impact after 
which particle / is repelled backwards while particle 2 proceeds to move in the 
direction of K and K, > K. The point A again corresponds to a “miss”, that is 
in this case there is no interaction between the particles. From Fig. 437 it is 
seen that to every admissible value of the angle 0 there corresponds a single 
value of the angle 9. 

For the case m, =m, all possible types of a collision are represented in Fig. 438. 
In this case @ varies from 0 to 1/2. In the case of a central impact (the point B 
in the ‘figure) particle 7 stops moving while particle 2 starts moving after the 
impact with a velocity equal to the velocity of particle 7 which it had before 
the collision, that is K, =K and g =0. 
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We now investigate the phenomenon of an elastic collision of two particles 
in the centre-of-mass reference frame. In this frame the total momentum of the 
system of the two particles is equal to zero and therefore before the impact the 
particles move towards each other and after the impact they go apart with 
momenta of the same magnitude and opposite directions. The velocity ov of 
the centre of mass of a system of particles is expressed by the well-known equa- 
lity which takes the form 

eae ae 


VE 


in the system of units we are using here. In the case under consideration the 
velocity of the centre-of-mass reference frame relative to the laboratory reference 
frame is 
K 
In the centre-of-mass reference frame the conservation laws for the momentum 
and for the energy have the form 


%+% =0, 4g +e, =E' (162.16) 
before the impact and the form 
mi+x3=—0, ef+es=—E 


after the impact where the letters x and e with the subscripts 1 and 2 denote the 
momenta and the energies of the corresponding particles, the asterisk marking 
the quantities after the impact. 

From the conservation laws and from the constancy of the rest masses it follows 
that 


y= Xo = Hy =X, = % (462.17) 


Indeed, let us consider Fig. 439 which represents geometrically the law e? = 
— %* + m® for each particle before the impact together with the condition 
%, = %,. Since ef + e§ =e, + e, the distance OA must be equal to xj = 
= %5 = % whence it follows that 


€é;=e; and e.=—e} (162.18) 


The absolute values of the momenta of each particle before and after the 
impact are equal to each other; this fact is the’major simplification in the study 
of the collision in the centre-of-mass reference frame. It is only the directions 
of the momenta of the particles that can change during the collision (see. Fig. 
440); the angle p can take on an arbitrary value.  “ tk 

Since the centre-of-mass reference frame moves with the velocity v in the 
direction of K relative to the laboratory reference frame, particle 2 which is at 
rest 2 the latter system before the impact has a momentum after the impect 
equal to 


Xe — —ymo.0 


in the former reference frame where, as usual, y = (1 — v*)-/?. It follows that. 
according to (162.17), we have 


% = YM.v (162.19 
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and the energy of particle 2 in the centre-of-mass reference frame is 


@, == M2 me; (162.20) 


Using the transformation laws for the momentum and for the energy we can 

find the magnitude |of the energy of particle 7 in the centre-of-mass reference 
frame but we do not need it for our further aims. 

We now pass from the centre-of-mass reference frame to the laboratory refer- 

ence frame and find the momentum K, of the second particle in the latter frame. 

We denote the projection of the vector 

K, on the direction of K (coinciding 


zi) with the direction of v) by z and the 


N # 


projection of K, on the direction per- 
. pendicular to v by y. Using the nota- 
tion in Fig. 440 and taking into 
yf account the transformation formula 
—” for the momentum from the moving 
centre-of-mass reference frame to the 
laboratory reference frame we can 

write 


x=y(xcosp + ve,)=yx (1 + cos) 


(162.21) 
FIG. 440 and 


y = %*Sinp (162.22) 
(see (162.19) and (162.20)). On eliminating from these equations we arrive 
at the equation 
z 2 y \2 
(=—1) + (+) —{ (162.23) 
which describes the same ellipse having equation (162.9) which passes through 
the origin.and is traced by the end of the vector representing the momentum of 


the second particle after the impact as this vector takes on all the possible values. 
The semi-major and semi-minor axes 


a=yx and b=x 


of the ellipse are obviously equal to the corresponding values (162.10) and 
(162.11) because we have (162.15) and (162.19). 

We see that the centre-of-mass reference frame is more convenient for the 
investigation of the collision phenomenon. 

When two particles undergo an inelastic collision and the rest masses of the 
particles change after the impact the momenta after the impact in the centre- 
of-mass reference frame are of equal magnitude and opposite directions but they 
do not remain invariable after the impact. In this case the calculations become 
more intricate but it is also preferable to begin with the centre-of-mass reference 
frame. 

The laws of impact of particles established in the Newtonian (prerelativistic) 
mechanics can be obtained from the relativistic relations by putting u <c 
or, in other words, by neglecting K in comparison with m,. It is readily seen 
that this condition is written in the SI system of units in the form mu, < myc 
where w, is the velocity of particle 7 before the impact. From (162.1) and (162.3) 
it follows that 


E=m,+V K*+m; 
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whence, in the approximation we have assumed, 
£E=m-+m, 


Therefore, we neglect K? in comparison with E? in formulas (162.10) and (162.11) 
to obtain 


ME i Me pe 
a= ak whe 
and 
b me Km~ 72K dis 4 
V E?— K? E mM, 


We see that in the limiting case of the Newtonian mechanics the ellipse dege- 
nerates into a circle passing through the origin of the vector K (this agrees with 
what was established in Sec. 34). 

The results of the theory of relativity (of Einstein’s mechanics) have not 
only turned out to be in the complete agreement with the laboratory experi- 
ments in different branches of physics (in the first place, in atomic and nuclear 
physics) but also have become the foundation of many remarkable achievements 
of physics in recent decades. These new results of physics in their turn have 
given rise to the development of completely new divisions of engineering. For 
instance, on the basis of the achievements of modern physics powerful nuclear 
power-plants and nuclear propulsion plants using nuclear fuel have been cons- 
tructed and so on. Therefore, we can say that the validity of the laws of Eins- 
tein’s mechanics and of the laws of the Newtonian mechanics (which is a limi- 
ting case of the former) is confirmed by the human technical experience. 
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